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IOTRODUCT^ON ,, 

The text Analyst ic " G etnsotr^ had its beginnings in 19c2 when a small 
committee of mathematicians and teachers met to discuss the question as to 
whether there was a need for a new text in analytic geometry for high school, 
and whether the School Mathematics Gtudy Group should undertake to write one. 
Since the conclusion was aff irmartmre, some guidelines were prepared to indicate 
the form and content desired. ° 

In the summer of 1963 an experimental text and accompanying commentary 
s^ere prepared by an SMSG writing team consisting* of university mathematicians 
and high school teachers. During the following school year this text was used 
by about 30 teachers in schools distributed from California to New England, 
but mostly in 2 centers where the teachers had the benefit of conferences 
with each other and with an interested college professor. The complete re- 
vision of the text and commentary in the summer of IjCh took into account both 
the comments and criticisms of these teachers, and the recommendations of an 
advisory committee of the SMSG Board. We are deeply indebted to those who 
helped with suggestions, especially to the teachers who used the experimental 
text. 

Analytic Geometry is intended for use as a one-semester course in the 12th 
grade. It is expected 'that the students would have completed SMOG Intermedia te 
Mathematics or the equivalent. If it is planned to use •Elemental Functions 
with the same class, it .is suggested that that text be used before the Analytic 
Geometry . However, knowledge of £1 ementary Functions has not been assumed in 
this text. ^ 

The suggested time schedule here is only tentative; the teacher will ada^t 
it to the particular class. Certain topics are presented here for complete- 
ness; for example, some of the work on forms of an equation of a line, on conic 
sect-ions, or on vectors, will have been studied* previously by many classes. 
Very little time need be spent on familiar work, giving* more time' for new 
topics or for supplementary work. **** ^ ^ 

We believe that a reasonabi , well-prepared class of the students who elect 
12th grade mathematics can complete our basic text (Chapters 1 to lb) in a 
semester. The material in the supplementary chapters was placed there because 
it was not felt essential to the continuity of the course. However. Ve feel 
that this is important and. interesting material; we think that it is within 
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gra^v of able students and will broaden fheir mathematical background. 
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It is hoped that good classes and individual able stu J cuts will use the supple- 
mentary chapters. 

Following the opening remarks for each chapter in this Commentary, you 
will find running comments keyed in the margin to the pages of the student ! s 
text. These contain further explanation and background which we hope will be 
useful to you. 

o 

A WORD ABOUT THE EXERCISES % * 

Come of the exercises are designed to provide just exercise, bu't you will 
find that some other* are far from routine. Within each set of exercises the 
arrangement is usually from the more routine to the more complex problems. 
The most difficult problems are listed separately as "Challenge Problems". 
A few problems have been included which extend the material beyond the regular 
textual treatment. We advise you to look at each such problem before assign- 
ing it to a student so trat you may ascertain whether it is appropriate and 
how much time it will consume. 

We ca^.iot suggest appropriate class assignments since they will vary with 
the preparation and ability of the class. T course, enough drill vori; should 
be included to fix the fundamental skills and concepts. In the case of a 
well-prepared class, the drill-type problems might be omitted entirely on any 
topic previously studied. While the particular problems assigned will vary 
with the class and perhaps even with the individual pupils, it is hoped that 
all students will bfc assigned some of the problems which may be more time 
consuming but which will show them some of the "fun" of Analytic Geometry. 

Solutions for the exercises appear at the poiut in the running commentary 
corresponding to the placement of the problems in the student's text. Any 
given problem ma^ have several acceptable solutions; therefore, the solution 
presented here should not be considered as the "right", or only, solution. 
The student is encouraged frequently to use his own judgment in pursuing a 
solution; hence, if he presents a solution ^ich is correct, it should be - 
accepted. 



A SUGGESTED TIME SCHEDULE 

The basic text (Chapters 1 to 10) was designed to be covered in one 
semester of eighteen weeks. The time^schedule gi\en below is the result of 
combining the opinions of the authors with the experience of the teachers who 
used Xhe*preliminary edition. 

If you find that your class is falling behind the suggested schedule, 
you may wish to compensate by treating some topics in less depth or by assign- 
ing fewer exercises. ^If this procedure is not satisfactory, you probably 
„ should consider cutting short, first on Chapter 10 and then on Chapter 9. The 
text was designed so that the least loss to the students would occur in this 
circumstance. { 



Chapter > . No. of Cummulative 

Days * Total 

1. Analytic Geometry ~ 1 1 

2. Coordinates and the Line 10 11 

3. Vectors and Their Applications * 12 23 
k. Proofs by-Analytic Methods 8 31 
5. Graphs and Their Equations * .9 

«> 6. Curve Sketching and Locus Problems 11 51 

7. Conic Sections 9 60 

8. The Line and the Plane in 3-space 7 67 

9. Quadric Surfaces . 10 '7 
10. Geometric Transformations 8 85 



Chapter 1 t 
* ANALYTIC GEOMETRY • . 

Chapter 1 is a brief introduction to the text. It is intended to give C 
the students an idea of what analytic geometry is and to show them they 
already know something about the subject. If possible, they "shoul/ read it 
before the first meeting of the class and reread it at intervals during the 
course* * / 

Since coordinate systems are so important ia analytic geometry, Jit is 
advisableN^o discuss in class some of the examples mentioned. The students 
should be asked to explain latitude and longitude, which are mentioned but 
not defined in the text. They might be invited to suggest other coordinate 
systems for a line, a plane, space, a spherical surface, and a torus. How-., 
ever, the coordinate systems which are important in the course are treated in 
detail later, so not much class time should be spent on them at this point. 

Chapter 1 also includes a discussion of the reasons for studying analytic 
geometry. It is felt that students should know something of the role of 
analytic geometry among the various branches of mathematics, and that they 
should realize that their main goal is not information about the particular 
topics studied, but rather understanding of and ability to use the techniques 
of analytic geometry r * 

Analytic Geometry really began when it was realized that every geometric 
object and every geometric operation can be referred to the number system and, 
hence, to algebra. The most significant steps in this arithmetization of 
geometry were taken by two French mathematicians, Pierre Fermat (l601 - 1655) 
and Rene Descartes (1596 - 1650). Fermat began work on analytic geometry in 
1629 "but his treatise Ad Locus Pianos et Solidos Isag oge was not published 
until l6T9* Chief credit, therefore, is given to Descartes whose Geometrie 
was published in 163,' and who influenced the work of many irrthematicians. In 
% the Geometric , one finds the earliest unification of algebra and geometry. 
Apollonius and other Greek mathematicians had used coordinates to locate pofnts 
in a geometric figure. It was Descartes who introduced the algebraic represen- 
tation^of a curve or surface by an equation involving two or three variables* 



Descartes 1 book does trot contain a systematic development or\the subject 



such as you find in UirTif text, The method must be constructed froi\' isolated 
statements in different. parts of .the treatise. It is interest, ng tlW Fermat 

vork ihcluded the equations, y s mx , xy s k , x 2 4 y 2 = a 2 , x 2 i a^ 2 ■= b 2 
for lines and conies. \ 

Many mathematicians extended Descartes 1 work. Among these were Jolrn 
Wallis in his Tractatus de Cectionibus Conies and John DeWitt in hilNklemWta 

Curvarum Litiearum . Most of the work of Descartes* and his ccntemporari* 

r 

concerned with the geometry of Apollbnius. Newton worked with algebraic 
equations in* his study of cubic) curves in 1703* The first analyUc geometry 1 * 
of conic sections divorced fromHhe work of Appollonius was developed by Eule^ 
in his Introductio in 17^8. ~ 

Since that time the methods of Analytic Geometry have become the most 
significant in the study of geome^rj. In more advanced mathematics they have 
essentially replaced the synthetic method. More recently vector methods' have 
been incorporated in Analytic Geometry and are being used more and more 
widely in mathematical applications. 
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Teaches Commentary 
Chapter 2 
COORDINATES AND to'LINE 
i 

This chapter is fundamental to the re^t of the book, In it we discuss 
coordinate systems for a line and a plane. We also\reat the Analytic 
geometry of lines in a plane, A good deal of/ .the material in the* chapter 
is familiar from previous courses; it is repeated here" for purposes of 
review, and completeness, You will probably find that tne material of Sections 
2-1, 2-*2, 2t3, and 2-5 may be covered very quickly, It is likely that the s 
material on polar coordinates, direction on a line, angles between lines, and t 
the normal and polar forms of an equation of a line will be new to most 
students s The majority of the class time should je spent on these topics. 
'Many examples have been interspersed throughout the text. Though these 
increase the number of pages in the' chapter, hopefully they will help the 
student to proceed more rapidly and decrease the need for classroom explanation 
and discussion, Many more exercises have been included, than qny given class 
might be expected to dq. You will probably find it advisable to break the 
chapter into two units for testing purposes • For this reason, a set of \ review 
exfci-e^ses .has been included after Section 2*5. " 

-5 If the students are to get anything out of this section, they must 
* understand clearly the treatment of distance *n SMSG Geometry , By the 
Distance Postulate, to every pair of ♦different , points there corresponds a 
unique ppsitive number, It is called the distance between the points because 
it is the* ^official' 1 * version of the intuitive notion of distance* The'Ruler 
and Ruler Placement Postulates enable us to make any point on a line the 
origin of a coordinate system, and to rcak? either direction "from that point 

4 

the positive one. However,, we can not choose the scale. It is already there 
in tao geometry. Betweenne'ss and congruence are defined in terms of coordin-P 
ates, and thus coordinate systems are fundamental in the development of the 
-SMSG Geometry , £ 

Nevertheless, intuition tells us* that scale doesn*t really matter* If 
,two boats are equally ong, their lengths expressed in meters are e*qua]« Just 
as their lengths expressed in feet are equal. Let a, b, and c be the 
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•coordinates* of the points A, B ; and C" on a line, in a certain coordinate 
system, and a < b < c . Then if we change the size of ' the units (but nothing 
else) in our coordinate system, and a', bj, and c' are the new coordinates 
of the same points, w C should find that a« < b* < c * • We have not attempted 
to prove that we do have this freedom in the text. In order to get started 
on the task before us, wc have offered examples illustrating the ways in which 
we normally' assume thi»/freedom in applying Geometry. The examples themselves 
are trivial in difficulty and were deliberately chosen so; their purpose is 
to illustrate the many assumptions wc make in solving even a simple problem 
as well as the importance of these assumptions. 

9 The techniques of analytic geometry are more saleable if we exploit to 

the fullest the freeaom to choose various coordinate systems. When the 
occasions arise to mention this freedom, we shall make much of it, usually by 
invoking a grandiose principle as we do here in t.ie Linear Coordinate System 
Principle . 

In this principleW are actually postulating a theorem we could prove, 
but the proof is difficult for most students. We have included material in 
the supplement to Chapter 2, for able students who arc well versed in SMSG 
Geometry and the concept of function, and who arg interested in the deductive 
nature of mathematics. 

Note that the symbol "d(R,S) M is defined in terms of a fixed coordinate 
system. It would be nice if our notation showed this, but that would make 
. it rathei* complicated. It is advisable to stress this point when the symbol 
is introduced, so the students will be reminded of it every time they see it 
later. 

10 The definition of a 'directed segment will probably seem rather unnatural 

to the students. They will feel that the idea of the segment AB considered 
as running from A to B is quite clear and they will wonder why we give 
this strange definition. It may help to ask them to try to define the concept 
in terms which are "official" in our formal system. They will find that any 
definition of this kind, and no other kind is permissible, seems unnatural. 

This is not the first time the students have seen such a definition. 
They undoubtedly felt they knew what the inside of a triangle was before they 
studied geometry, and most. of them were probably surprised to find out how 
much trouble it was to give an acceptable definition. 
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Exercises 2-1 

1. There should be some agreement between the numbers obtained by comparing 
these measurements and those numbers in the text. However, the degree 
of agreement will depend upon how well the subdivisions of the units are 
estimated. The constants of proportionality should be consistent. 

2. The side is measured to 2 place accuracy and the results are correct 
to 2 place accuracy. The discrepency between 2.53 and 2.5^ is 
not significant because they are the same to 2 place accuracy. 

3- Hopefully, students will be able to anticipate that the proper units 
are feet; the computed answer (12* ft. = 37.6992) seems so idealized 
to be meaningless. 

k. The answer will depend upon the source of zhe information as to the 
distance from New York to San Francisco. The answer should be close 

s 

to hOO miles to the inch. 

5. 1 inch represents « v 33O miles; the "line" from New York to San Francisco 
would be approximately 9-2 inches long. 

6. The bicyclist travels at the rate of 8 mi/hour. The friend travels 
at the rate of 32 km/hour or * « 20 mi/hour. 

a) 8t - 20(t - 2) = distance apart at time t .* One hour after the 
friend begins (t = 3) the distance apart is h miles. 

b) When the distances both have traveled are equal, 20(t - 2) = 8t 

and t = 3 ~ hours,. The distance is (approximately) 27 miles. 

?. Rate of bicyclist A is h miles/hour. 
Rate of bicyclist is 5 miles/hour. 
■ Rate of preposterous bee is 10 miles/hour. ^ 

a) lot + 5t = 30 
► l5t = 30 

t = 2 hour 
Distance bee traveled = 2 X 10 = 20 mi. 

b) kt + 5t = 30 

9t = 30 

. " 10 0 l . 

t = j or 3- hourt. 

Total distance bee traveled = 3^ X 10 or 33^ mi . 



ERIC ' , 91 O 



2r2 



16 The statement of the Linear Coordinate System Principle clearly indicates 
that the measures of distance are proportional, but it is perhaps not so 
clear that the criteria for order, or betweenness, ailso carry over in the 
coordinate systems which we consider* It is not a trivial matter to show 
that it does. Unfortunately, any numerical example would be hopelessly 
artificial. An illustration of this idea can be found in physics. The 
boiling point of alcohol is between the boiling point of water and the 
freezing point of water. The relationship of betweenness would hold for the 
corresponding temperatures at these points, whether indicated in the 
Fahrenheit or the Centigrade scales . 

18 The notion of a point of division may be extended to include the endpoints 

of the segment and points external to the segment, but directed distance 
should be used in this case in order to pssure uniqueness. If in the equation 

= t, we define T(P,X) to be the directed distance from P to X and 

«(P,Q) 

d(P,Q) to be the directed distance from P to Q , we may write 



a - p 

In this case, when 0 < t < 1, ve still obtain internal points of division. 
When t = 0 , we obtain the coordinate of P ; when t = 1 , we obtain the 
coordinate of Q. ' When t < 0 , we obtain the coordinates of points in the 
ray QP whj ch are external to PQ ; when t > 1 , we obtain points in the ray 
PQ which are external to PQ t 

18 If your students are like ours, they will comprehend the notion of a 

weighted average even more clearly when it is applied to test grades which 
are "weighted" in calculating the final average. 

20 There is additional material on linear combinations in the Supplement 
to Chapter 3 and in SMSG Intermediate Mathematics on pages 37^-376 and page 

The parametric representation is equivalent to the extension of the 
notion of point of division given in the note on page 18, ' If the SMSG 
Geometry with Coordinates is available, you may wish to look a'fc the material 
on pages 107-111. 

21 The material on the analytic representations of the subsets of a 1 \ne is 
more important as an introduction to later work than it is in. itself. It 
provides a review of the notion of the graph of an equation and a reminder 
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that conditions other than equations also have graphs. II' the students are 
not familiar with the properties of inequalities, it may be necessary to 
spend a little time on them at this point. 



(a) 



(b) 



(c) 



(a) 



(e) 



(f) 
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+> 

(g). 
-6 



(h) 



(i) 



-2-1 0 1 2 
♦ 1 1 1* 
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2. (a) 3<x<l* (f) ( x + 2)(x^l)(x-l)(x-3)|jfy| < 0 

Alternative: (x- 3)(x- U) < 0 

M -2 <x < 2 (g) |x - || <i 

(c) if b > a: 1 ^ 
x>a +2 (b-a) = 2b-a Alternative: 5 < x < ^ 

(d) x < x 2 + i(x 2 - xj (h) * < 3 

(i) sin jt x ^ 0 

(e) (x+l)(x)(x-l)(x-3)j < 0 

Alternative: -1 < x < 0 (j) sin * > 0 
or 1 < x < 3 

3- (a) 3a , -3a 

(b) All values of x such that 0 < x < 1 . 

k. (a) m « ^ a = 6 b = 9 

(b) m = ^ a = 3 b = 8 

(c) m = r a = r + ~s b = r - is 

3 3 

(d) m = (r + t) + 1 a = (r + t) b = (r + t) + 2 

(e) m = r + |t a = |r + t b = |r + 2t 

(f) m = |r + |s ,-L. a s b-fr-is' 

* d 3' 3 <s* 3 3 

(g) m = |(r 2 - r + s 2 - s) a = |(r 2 - r) + i(s 2 -s) b = i(r 2 -r) + 



2/ 2 v 
3(2 - 3) 



(h) m = i(or + s) a = |r + is b = |r + f s 

5. (a) X = Q 

(b) X = P 

(c) X is betveen P and Q 

(d) Q is between P and X 

(e) P is between X and Q* 

(f ) Q is between P and X 
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6. (a) 



(b) t- = 



(c) 
(d) 



-1 

1 

3 
2 
3 
2 
3 

-1 
-1 
1 



7-. (a) 



(b) 



(c) 



a(A,B) 



iCC, 



0 



d7 



d(C,D) 



1 




l 




-4 


" 2 1 




-4 


- 1 = 2 
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-4 


-1 1 




-4" 


-2 2 
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-4 








-2 4 


4 


- 9 


T 5 



8. (a) b = |a hi c 



(b) 



2 v 1 
c. f b + - d 
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(c) d = -^c + e 



9- (a) T x = l| 



(b) t x = a| 

(0 T 1 = f 



3| 
Ul 



10. P = 1 or 2 

Q = i or it 

R = 6 or 12 
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26 The teaohtr will have to use his own judgment as to how much time should 
be spent on coordinate systems in the plane not of the type we define. 

For example, if we consider two mutually perpendicular lines and on each 
oi them a perfectly arbitrary linear coordinate system, then by the method 
described in the text there is established a one-to-one correspondence 
between the points in the plane and the ordered pairs of real numbers. 
However, many things become more complicated. The distance between two 
points, for example, is no. longer given by the usual formula. Probably 
no lore than a few minutes should be spent on this in class, after which 
Challenge Exercise k on page can be assigned. (See Supplement C for 
more on this subject.) 

27 We may, of course, extend the notion of point of division as we did on 
page 18. 

29 If the SMSG Geometry with Coordinates is available, you may want to 

look at pages 5^3-550, where there is an alternative development of the 
parametric representation of the points on a line. 

\ 

Exercises 2-3_ 



(a) 


M = 


(3,*|> > 




A = 


(2,3) 




B = 


(M) 


(b) 


M = 


(5,t£> 




A - 


(M) 




B = 


(6,9) 


(c) 


M = 


(5^4) 




A = 


<4.5§) 




B = 


<5§,-f) 


(d) 


M = 


<-2±, 3§) 




A = 


(-i 1±) 
1 3' 3 ; 




B = 


I 3 > 3 ) 
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(e) M = 
A = 
B = 

(f) M- 

A = 
B = 

(g) M = 
A = 
B = 

(h) M = 
A = 
B = 

(i) M = 
A = 

,B = 



(0,G) 

(-2,-1) 

(2,1) 

(-»»,-5) 
(-5,-<0 

. P l 4 h , P 2 + 
2 ' 2 

2p i + h 2p 2 +q 2 
^~3 '— 1 . 

Pl + 2< 4 p 2 + 2q 2 



3s 3' \ 
2 'V 



5s gj 
3 ' 3 



) 



Us t * 



2* 2' " r 2 ; 



4 



+ S 



7r 



3 

3 ' 3 



' 3 
5r 



) 

- s) 



2. (a) x 

y 

(b) x = -la + 2b 
y = 5$ - Tb 

(c) x = -"Ja - 6b 

y 



2a + 6b 
3a + b 



-*<5a 4- lib 



3- (a) x 

y 

(b) x = r k + 6t 

y 

(e) x 

y 



9 + Vt 
$ - 2t >. 



r. 5 - I2t 

= : -3 - 3t 
= -6 + lot 



2-3 " 

O 

It. If, in equation (2) , x Q = x L or y Q = y 



or 

y = 



c + d ". 



c + d 

Simplifying, x = x. 

y = y 0 § j 

v These are conditions describing points on lines parallel to the y-axis 
J or x-axis respectively. 

5- (a) Substitutin&7.into equation (l) we see that 

7 - (-3) 0 - (-6) 
22 - (-3) = 9 - (-6) 

10 _ 6_ 

25 " 15 

2 2 

5 = c • • Points A , B , C are collinea?:' 
Check: ' 



9 
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(b) 



d(A,B) = J(j - (- 3 )) 2 + (0 J (-6)) 2 

* /130" = 2/3^ . * ^ 

d(B,C) = /((-3) - 22) 2 + ((-6) - 9) 2 
= /B50 = 5> / 3 I * 

d{A,C) = 7(7 - 22) 2 + (0 - o) 2 
= 7305" = 373^ 

d(A,B) + d(A,C) = + =. d(B/C) 

• fc .*. A, B, C must be collinear 
I -1 - 3 I h - (-Ik) 

-5 - 3 - -6 : (-14) 

3g r "JJ" not collinear 



Ch6Ck: d(A,B) = /((-I) - 3 ) 2 + (fc -(-l'f 
= = 2/8^ 

d(B';c) =/( 3 - (-5)) 2 + ((-HO - (-6)) 2 
= A25 = 8i/5 

d(A,c) = J((-l) - (- 5 )) 2 + (k - (-6)) 2 
= >^92 = U^37 
d(A,B) + d(B,C) ^ d(A,C) • 
This verifies that the points are not collinear. 

• 16 20 - 
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4 6. Given that: A (1,-1) , 

B (lf,7) , and 



P (h, 


■3) 


1 - 4 


-1-7 


h - k " 


_o _ 7 


-3 


-8 


h - h " 


-10 


-8h + 32 = 


30 


- 3h = 


-2 


h = 


1 


5 



30-38 Polar coordinates are a new topic for most students and care must be 
taken in their presentation. The primary difficulty is the multiplicity of 
the polar representations of a gjven point. 

31 Other examples of the physical application of polar coordinates occur 

in air and sea navigation. The path of a racing sail boat beating up to a 
mark may appeal to some students. The pauhs across newly planted lawns on 
•corner lots bea? this out, "too, 

31 In the definition of the polar angle it may be necessary to stress that 
the terminal ray of the angle need not contain the point. This is a recurrent 
pitfall in verbal descriptions. The angle POM is not the only pola- angle 
of the point P . 

32 * The fact that (r,0) and (-r,e '+ jt) both t represent the same point 

is worthy of emphasis. A student of the calculus must exercise particular care 
in the use of polar coordinates. If a curve is symmetric wit$i respect to the 
origin, it is all too easy to sum up the area bounded by the curve on one 
side of the origin— and at the same time subtract away an equal area on the 
other. A judicious use of symmetry and boundaries is essential in such cases.' 

35 Once again we want to stress the fieedom to choose our analytic framework 

in any way which will make algebraic manipulation as painless as possible. 
In general, if P and Q are any two distinct points in any plane and if 
(p^/P^) and (q^,^) are any two distinc 4 rdered pairs of real numbers, 

there exists a rectangular coordinate system in that plane in which 

0 

P = ( p l> P 2^ and Q = (q^q^ . Furthermore, if we let (r^e^ and (x^/^) 

be any^^wo distinct ordered pairs of real numbers, there exists a polar 

coordinate" system in the plane in which P = (r,^) and Q = (r o ,0_). (Note 

N. 1 2 » 2 

that the. c^angeNCrom (p x ,p 2 ) and (q^q^ to (ipft^ and (r 2 ,© g ) was 
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unnecessary; any two distinct ordered pairs of real numbers may be coordinates 
of P and Q in coordinate systems of each type* If at least one of the 
points is not on an axis, the coordinate system is unique.) 

35 A moment* s thought should convince you that the usual equations relating 
polar and rectangular coordinates are completely dependent upon a particular 
orientation of both coordinate systems in the same plane. If either coordinate 
system should be introduced differently into the plane, we would have to 
develop new equations of transformation. 

36 The ordered pairs (r,0) satisfying equations (c) describe two distinct 
points, but once the student Las developed some facility with polar coordinates, 
it will be easy to choose the appropriate ones. If the students are familiar 
with the inverse trigonometric relations, they may prefer some equivalent of 
the follwqing definition, 

P a {(r,0) : where r = tA 2 + y^ ^0,0= cos" 1 £ 

. -1 y . 

- sin — ; 
r 

2 ' 2 * 
where x + y = 0 , r = 0 and 6 is any real number.} Hopefully, a student 

will ask what to do when x - G , since one of the equations of transformation 

is not defined* Some other stud en*, should be able to point out that in this 

case 6 = ^ + mt , where n is any integer. 

37 ^Example 5 is worth some attention, for the application of the Law of 
Cosines as a distance formula in polar coordinates is often convenient. 
Again there is a loophole, for it may not be apparent that the Law of Cosines 
still applies if 6^ = 6^ + mt ,* where n is any integer. In Section ?-? 

we shall have occasion to point out that the relations* ".p described still holds 
even^when the' "vertices of the triangle" are collinear. 

Q 

38-I1O There is a wealth of practi-ce exercises liere. Exercise 5 would require 
seventy different answers if all parts were done; Exercise 10 has over thirty 
answers. You will probably want to pick and choose within this set of 
exercises, but there is plenty of extra drill available for students who need 
it. . 
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Exercises 2-4 




(5,135°) (-5,315°) 
■(5,495°) 
(-5,-45°) 
'(2,90°) (-2,270°) 
(2,450°) 
(-2,-90°) 
(.!,, 45°) (4,-135°) 
(4,225°) 
(-4,405°) 
(3,-120°) (-3,60°) 
(3,240°) 
(3,600°) 




• 23 



- A(2,270°)* " 


(2,-90°) 


B(3,300°) 


(3,-60°) 


C(k K0°) 




D(5,0°) 


(5,-0°) 




(6,-330°) 


F(7,60°) 


(7,-300°) 


0(8,90°) 


(8,1270°) 


H(o,120°) ' 


(9,-21.0°) 


, 1(10,150°) • 


(10,-210°) 


J(|,180°) 


(|,-180°) 


K(| ,210°) 


(1,-150°) 


* T 




2*0°) 


(|,-120°) 


M(5^*5°) 


(5,-75°) 


N(6,315 ) 


(6,-45 ) 


(a) (0,0) 




(b) (1 -1) 








(d) (U,0) 




(a) (^,J.5°)- 




(b) (2^2,315°) 




(c) (p,0°) " 




(d) -(*,§) 
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2-»t 


(-2,90°) 
(-3,120°) , ^ 


) " 
(3 ,-§-") 


„(-2,90°) 
'.(-3,120°) 


(- ! »,150°) 
(-5,180°) 


" N >, llju 
(5,0) 


H( ; U,1 5 0°) 
(5,0°) 


(-6,210°) 




(6,30°) 


(-7,21*0°) 


(7,f) 


(7,60 ) 


(-8,270°) 


(8,f) 


(8,90°) 


(-y,300°) 


(9,f) 


(9,120°) 


(-10,330°) 


(10,?) 


(10,150°) 


o°) 


(§,») 


(-f,o°) 


(- \, 30°) 

(-|,60°) 
(-5,105°) 


,5 7n\ 
l 2 'T ; 

,7 'inx 

l 2'T ; 

(5 i2«) 


(-§,30°) 
' (-|,60°) 
(-5,105°) 


(-6,135°) 


(6,? ) 


(-6,135°) 


(e) (-1,0) 

(f) (0,^2) 
(<? x , f_i J?\ 

(h) (^2,-v^) 







(e) (2,150°) 

(f) (2,2).0°) 

(g) (>^9,22°) 

(h) (7l7, 166°) 



v 
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(a) d(A,B) when A (2,L50°,K and B - 0»,2LO°) 
Using rectangular coordinates 

£ s (2,150 O ) in rectangular coordinates, i) 
* * * 

B = (Uj^lO ) in rectangular coordinates (-?/3,-c) 

v d(A,B) = A-fi - (-Z/5)) 2 + U - (-2)) 2 



= i/(£) 2 + (3) 2 - 2^ 
(b) Using rectangular coordinates: 

A -\(5j^n) in rectangular coordinatec (- %fi y - 
B = (12,^ n) in rectangular coortti|io,tes (6-/2,-G-/2) • 

(a) d(A,B) = ^ 

(b) A = (2,37°) , B = (3,100°) 

d(A,B) = A + 9 - 2(2)(3) cos (100 - 37) 

d(A,B) = A + 9 - 12(.1»5M 

d(A,B) = V*5 + 9 - 5^5 ^/T35 = 2.75 

(c) d(A,B) = SZ 

(d) d(A,B) . Sj 

(e) d(A,B) = Y 

(f) d(A,B) = -5>5 ' v 



22 
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10. 



CC/0,/20 4 ) 



E(/O.M40°) 



& (fO. 6O 0 ) 




f (/0,30O°) 



DF 



CF 



CE 



BF 



BE BD 



AD AC 



ST 

AD 

a£ 



(^30°) 



(5,60°) 



(^5,90°) 



(5,180°) 



(5,0°) 



.0 



- D 



0%r$ 270°) 

3 r 



(5,3©P°) 



y (^3,330°) 



(^3,150°) 



(5,2^0°i 



BF 
CE 
J5F 




This chart shows the points 
Qf intersection pf the dia- 
gonals of a hexagon inscribed 
in circle with radius 10 
one vertex at (10,0°)* 



The twelve interior points of intersection different from 0 are" 



(f^,30°) 
(f/3,210°) 

(5 >) 
(5,1&0°) 



(^3,90°) 



(f/3, 150°) 



(^3,270°) (^3 , 330°) 



(5,60°) 
(5 , 2^0°) 



(>, 120°) 
(5,' 300°) 
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11. (a) ((-l) k r o ,(e o+ 180k) 0 ) 

(b) ((-i) k r Q ,e Q * «sw 

hl-h*) Students should find little if any new material in this section. It if 
* included for review and completeness. 

kl The geometric form is useful in developing equations for a line, since 

it is closely allied both to the geometric picture and, since the denominators 
are direction niimbers for the line, to the parametric representation for the 
line. It corresponds ,to the symmetric equations for a line in 3-space. 

J *3 Inelinaxion is defined geometrically, since our point of view is 

geometric. This definition may also prepare the student for the definition 
of direction angles in the following section. 

hh Note that inclination is defined even when slope is not. 

^9 Gince the general form of an equation of a line does not reveal 

immediately the geometric characteristics of the line, it is worthwhile to 
develop facility in interpreting the geometric properties from the coefficients. 



Exerci ses 2-5 



1. 


y + 3 = 2(x - 


2) 


2x-y-7 = 0 p = 7 q 


2. 


.y - 5 - - f(x 


+ 3) 


1 

p = -6 q = - 3 




,y_= 3x + b 




P = ' q = 15 + b 


1*. 


.y-?=f(x- 


M : < 


The two lines are parallel. 


. 5- 


y = k(x - a) 


c 


y- intercept at (0,-ka) 


6. 


ax + by = 0 

5* + 3y = 0 




- a b real numbers . 
contains (-3 > 5 ) 


7. 


Slope of OA 


u \ 


slope of OB is - 



"Two lines are perpendicular if and only if 

(a) the product of their slopes is -1 or 

(b) one has no slope and the other zero slope. 
x + 8 _ y - 8 




28 



24 
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9. , (1) -j- = (5) + -gp - 1 

(2) 5x + 6y - 28 = 0 



3 5 



(3) y-8=-5(.x + M ^) y-8=f-HHx + M 





y = 




3 


(7) x + h , (y - 8 ) 


Slope : 


5 

" 5 


X- 


. . .28 . , t 1J» 
intercept: ^- y-intercept: — 








• 


a c 
y - " b x " b 


10. (a) 


if 


b = 0 } 


ac / 0 , 


/ C \ 

line is vertical, through ( ; 0) 

a 


(b) 


ir 


a = 0 } 


be ^ 0 , 


line is horizontal, through (0)- g) 


(c) 


if 


c = 0 ; 


ab / 0 , 


line has slope - r . through (0.0) 
b 


11. (a) 


y = 




5 




(b) 


y = 


x - 5 






(c) 


>• = 


2 

" T X + 


IT 

7 




(d) 


y = 


-x - 2 






(e) 


■ y = 


~ X + 


- 9 

3 





IP ( a ) x - 3 . y - 2 
u - i . 3 -_ 2 - 2 

(b) The midpoint of BC is (| ,3) 

Median from A can be represented by 

= 3 [(if) ' ^ " y " ^ 

2 " 1 



(c)- The midpoint of AC is , 1) • And from (b) midpoint of BC 

is (j, 3) « Line joining these two points is represented by 
1 

X " 2 y - 1 

3 1 = JTT i or 2x - y = 0 . 

2 " 2 



LIS 
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13» Given the conditions of the problem, it appears that there are. three 
possible solutions ♦ *(sketch below) 







A 


v. , 






X P 






(0,0^ 






(-b„0) . 




/ \ 


Q 

\(d,,0) 






|tf <b,,0) 






I 


<0,-o 2 ) 





Triangle (T) : Hi is triangle is not" satisfactory, since its area must 
be greater than ^0 ; that is, its area includes that of the rectangle 
with 0 and P as opposite vertices, and adjacent sides on the axes. 

Triang*.i (Q: The area of the triangle is 4 a • The slope of 
BP = slope of AB and 



5 ♦ b x bl 



Solving for a 0 , 



8b, 



5 » b, 



Substituting into ^a 0 b , we find that the positive root is 5(b. = 5) 

<d d 1 x 

! 8b * 

Using a 2 * c - ^ , we find - . 

The' equation of the line through (0,M , (-5,0) , and (5,8) using' 
the | symmetric form is 
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Triangle (3): Area of triangle 3 is ~a 0 b., . 

x . Slooe of H3 = slope of AB 

2 



5 - b. 

Solving for a^ , we see that 



1 °i 



8b. 



2 5 -' b. 



20 ^ 
Substituting in area formula, b ^ = "B" and a 2 = ® ' 

The equation of the line through (0,-8) , , 0) and (5,8) in 
symmetric form is 

rHI b-^hj > ° r l6x - - "0 = 0 . 




Since this is such a long chapter, you may */ant to test the students at 
this point* With this in mind we have included a copious set of review and 
challenge exercises from which selections may be made. 

Review Exercises - Section 2-1 through Section 2-5 



1. (x: 1 < * < 2} 



J L 



■I 



2. (x: (x - l)(x + 2) = 0} 



J L 



3 4 



J L 4 I I 

4 -3 -2 -I 0 



t 



J L 



3 4 
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3- (x: |x| < 3} 



— 1 — a ■ 

-_4— * 2 -\ 



T 



1*. (x: |x - 4 1 > 2} 

«<! I I — 1 I 1 1 \ j I 1 t 1 1 1 

-• -5 -4 -I -I -I 0| 114117 • 



5- One-space: A point four units to the left 
of the origin. 

Two -space: A line parallel to the y-axis 
four units to the left of it. 

£ # The empty set. 

7 # One-space: A segment of the x-axis 
between, but not including the .points 
x = 2 and x = 6. 
2- spa.ce : A portion of the xy-plane 
between but excluding Knes x = 2 
and x = 6. 



One -space: ^ The portion of the x-axis 
to the right of 2 including x = 2 
and to the left of and including x = -2. 
2- space: The portion of the plane to the 
right of and including the line x = 2 and 
the portion of the plane to the left of and 
including the line x = -2. 



-2 . 0 



-J 1 L_ 








y 












* 




— * 




' -2 


0 




* 1 1 

4\ 



32 28 



9. One -space: A segment of the x-axis be- 
tween and including the .points -x = 6 



and x = -6. 

2 -space: The portion of the plane 
"between and including the lines 
x = 6 and x = -6. ^ 



-6 



-6 



O 6 

y 



J .7 I'm 



10. Let m represent the midpoints and t , t represent the trisection 



points. 





(a) 


= 0 and tg = 1 








(b) 


m = -2 

= -3 and = -1 




• 




(c) 


1 

*i = " | and *a = L l 






11. 


(a) 


(2,f) 


(d) 


(1/13,236°) ; approximately 




(b) 
(c) 


(*^) 

(5,-53°) , approximately. 


(e) 
(f) 


(1,0) 

(l,f) 


12. 


(a) 


(2^2,2^2) 


(d) 


(3^,3^7) 




(b) 


(-3 3^T) 


(e) 


-5^ 
1 2 ' ~~ 2" ; 




(c) 




(f) 


: 2 '2 ; 


13- 


3x + 


ky = Ik 






Ik. 


8x - 


lly +U6=0 







15. 5x - 2y + 10 = 0. 
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17. y = 6 

18. x • '» 
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19. 


The ^equation for 


AB 


is 


y = -A x + 6/3 






The equation for 




is 


y - ^vj 






The equation for 




is 


y - r j x + ovj 






Tlje 'equation, for 


jib 


is 


y •= -yj x - ov3 






The equation for 


EF 


is 






1 


The equation for 


T?A 
i?A 


is 


y = V j x - ov j 




20 ♦ 


ine equation lor 


AT) 


is 


V3 x + y - (?v3 = 


0 




Th§ equation for 


BC 


is 


y - 3v5 = 0 






The equation for 


CD 


is 


x - y + 6/3 - 


0 




The equation for 


DE 


is 


V3 x + y + 6/3 ^ 


0 




Ihe equation for 


EF 


is 


y + 3/3 y = 0 






The equation for 


FA 


is 


x - y - 6/3 = 


0 


21. 


The equation for 




is 


x - 6 _ y 






.The equation for 


BC 


is 


not* defined 






The equation for 


CD 


is 


x + 6 y 

3 " 3^ 






The equation for 
The equation for 


D£> 
EF 


is 
is 


x + 3 y + 3/3 
-3 3^5 ■ 

not defined 






The equation for 


FA 


is 


x - 3 y + 3/3 
3 3^3 




22 . 


is the slope of 


AC 








& is the slope of 


BD 


• 






^ is the slope of 


AE 








is the slope of 


DF 


30 





2h. 



Let 


h 


and represent the trisection points. 




For 


AB 


, \ = (5,^3) and t g = (k t 2JS) . 




For 


EC 


, tj_ = (1,31/3) and t 2 = -1,3^3) . 




For 


CD 


, t x = (-lf,2/3) and t g = (-5,^) . 




For 


DE 


» t, = -^3 ) and t = (-I4.-2/T) : 




For 


EF 


, \ = (-1,-3^ and t 2 = (1,-3^3) • 




For 


FA 


, tj_ - (lt,-2v^) and t 2 - . 




(a) 


P = 


(l*,2v/3 ) or (8,-2v/3) 




(b) 


Q = 


, 3Vj ) or (21,3^) 




(c) 


R = 


or ( 9>15 ^) 





25 • The inclinatibn of AB - 120 

The inclination of AC = 150° 

The inclination of AE = 30° 

The inclination of AF = 60° 

2^. Symmetric form. 

displays direction pair 



does not exist for lines 
parallel to either axis 



General form. 

always exists 
displays direction pair 
ease in computing intersections 
ease in telling if. L contains (0, 0) 

Point -slope form. 

displays slope 

ease in testing if P is on L 
Slope-intercept form. 

displays slope and intercept 

Intercept form. 

displays intercepts 
* * * 

displays^ a direction pair 

Two-point form. . 

usual way of finding line 

( through two points 

determines slope 



conceals intercepts 



does not always exist 

does not always exist 
does not always exist 

must be used in different form 
if I^P 2 is vertical 



(a) general form (e) 

(b) intercept form > (f) 

(c) general form (g), 

(d) slope- intercept form (h) 

27. A square a>s shown in the figure 



slope- intercept 
symmetric 
symmetric 
symmetric 




28. It is interesting to have students note what happens as the constant 
term shrinks to zero. At this instant the square shrinks to a point. 
The teacher might ask what happens when the constant is negative. 

29. The half -plane above and excluding the line x - y = 1. 

30. The half -plane above and including the' line x - y = 1. 

31. The "triangular" portion of the plane below and excluding the lines 
x - y = 1 and x + y = 1. 

Graph for Exercise 17. 

Cross hatch shows intersection set 




36, 3? 



32. The graph of 1^ in 2-space is the vertical' strip of the plane between 




The graph of R g in 2-space is the horizontal strip of the plane between 
and excluding lines y = k, y = -U, The cross-hatch in the graph 
represents Rg* ^ 

In one-space is a segment between and excluding points x = h and 

x = for R^ the same situation prevails on the^y-axis. 

(The line for points y may be any line,) is a single point, 

provided the x-axis intersects the y-axis, 

v In 3- space we can visualize R^^ and R 2 as the path of the 2-space graph 
for each separate set as it moves perpendicular to the plane of the page; 
R l^ R 2 as a rectan 6 ular solid perpendicular to the plane of the page. 
The bounding planes are excluded from the graphs. * 

33. If < is replaced by < the graphs would be as in Exercise 18 except 
the boundaries would be included in every case. For ^ ^ R 2 apply 
definition of union of sets. The instructor may very well use this 
group of exercises as an informal introduction to families of curves. 
Note the role of the parameter. 

3^* Use two-point or point -slope or otherwise to obtain F = + 32 and 

C = ^(F - 32), Science students need not memorize the formula; they can 
derive it. 



y 

i 


* 










Challenge Exercises 


\ 


* ✓ 

1 Good students should enjoy this confrontation with ideas that go beyond 
the routine. 

(a) Set of lines parallel to y-axis through points (x, 0) where x 
ranges qver the integers. ' 

(b) Set of lines parallel to the x-axis through joints (0, y) where * 
y ranges over the integers. 

(c) The set of all lattice points of the plane. 
* 

v ex/ .includes cu.1 oi ti^ f n^. a grill sucn as paper ruled in 
cross section. 

(e) Boundaries on the heavy sides are included. 

(f ) Same graph moved k units to the right. 

(g) and (h) Notice effect of placement of minus signs. 


(a) 




((* 


> y 


):[x 


] = 


x) 


(b) R g = ((x, y):[y] = y} 


V 




« 






y 






• 


y 










3 
2 




















■ 










* 








/ 


























/ 






-3 






0 
-/ 

-2 

•3 




/ 




3 x -3 -Z -/ 0 


/ ^ 3 x 
















-/ 
















f 


-z 


















-3 




• 


c 














i 


* 

* 

\ 

j 


f 

O 
















35 39 


» 



(c) R 3 = {(x, y):[x] = k) O {(x, y):[y] = y} 



-3 -2 -/ 0 



/ Z 3 



(d) Rj. = K 











y 














3 
































/ 










-3 






0 






2 










-) 






























-3 











(f) R 6 -= ((x, y):[x] = [y + k]) 

y 

3 
Z 

I 

1 



-3 -2 -/ O 




m -z 



-3 • 



(e) ^ = {(x, y):[x] = [y]} 

y 



-3 -2 -/ 



# 

-5 



/ Z 3 



(g) Ry = ((x, y):[x] = [-y]} 

y 



-3 -2 



-/ 0 
-/ 

-Z 

-3 



* 3 
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2. {(r, 0):r = 0} [dotted line accounts for negative values of r] 




k. (a) d(P i ,P 2 ) = J(x ? - x x f + 



(y 2 - y x ) £ 



(b) d(P. 



i» P 2> = )2(X 2 " X l ) 



2 + (y 2 - y L ) 2 



(c) PQ and RS must either be parallel or have supplementary 
inclinations . 

Let a = ^ . From part (a) we know that for d(P,Q) = d(R,S) we must 

2 2 2 2 2 

have (p x - q x ) + a (p 2 - a^) = - s 1 ) + a (r 2 - s 2 ) , 



But also 



(P X - \) + (p 2 - q^f- (r x - Sl ) 2 + (r 2 - s 2 ) 2 . 



.Thus (1 - a 2 )(p 2 - qg) 2 = (1 - a 2 )(r 2 - S g) 2 . Since r / s , we 

2 2 2 

know a / 1 • Therefore, 1 - a / 0 and we may divide by 1 - a . 

From the result we see that the distances in the y- direction must be 
equal. But then the distances in the x-direction must be equal. These 
conditions are. satisfied 'only when ^ and RS are parallel or when 
they have supplementary inc ligations. 

/ 

y The line may be written. 

in a simpler analytic 
representation. 

+ 3y - 5 = 0 . 

(4x + 3y- 5) 2 = 0 




6. The graph of (ax + by+c) = 0 is the same as the graph of 

ax + by + c = 0 . A simpler representation is ax + by + c = 0 . 
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• * 10* 




• 


y 

xy = 0 






< 








X 












1 


V 

/ 




* 




11. 


(a) 
(b) 


rational 
rational 


• 










(c) 
(d) 


real 
complex 






-> 




12. 


(a) 


/ h 

R may be any line containing the point (- — , - 


5' 


except 










L = ((x,y) : x + y + 1 = 0 } . 










(b) 


S may be any line containing the point (- ^ ,- 


¥ 


except 










L = ((x,y) : 3x - 2y + 2 = 0 } . 






• 




(c) 


T may be any line containing the point (-• ^, - 




• 




13- 


(a) 


U is the whole plane except for the points of 














L = ((x,y) : x + y + 1} 












other than 


(.ii .1) 












'} 




- 






(b) 


V is the whole plane except for the points of 














L = ((x,y) : 3x - 2y + 2 = 0 } 












other than 


(-- -i) 










(c)' 


W is the whole plane. 
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1*. There are two possibilities: L Q = {(x,y) : a Q x + b^ + c Q = 0 } 
'and 1^ = {(x,y) : &] x + ^y + q = 0 } may intersect at a point 
(x Q ,y Q ) . In this case, 

(a) R may be any line containing (x Q ,y 0 ) except 1^ , 

(b) S may be any line containing (x^y^) except L Q , 

(c) T is the whole plane except those points of 1^ other than (x 0 ,y Q ) , 

(d) U is the whole plane except those points of L Q other than (x 0 ,y Q ) , 

(e) V may be any line containing (x Q ,y ) , and 
^(f) W is the whole plane. 

L Q and 1^ may be parallel. In this case, 

(a) unless R is empty, it is a line parallel to L Q and -1^ except 

1^ , when k = 0 , R = L Q ; when 0 < k R is between L Q and 1^ ; * 
when -1 < k < 0 , L Q is between 1^ and R ; when k = -1 , R ds 
empty (the null set); when k < -1 , L is between L n and R ♦ 

(b) The same argument holds for S , but the roles of L Q and L are 
reversed. 

(c) T is the whole plane except 1^ . 

(d) U .is the whole plane except L Q . 

(e) unless V is empty, it is a line parallel to L Q and 1^ . When 
n = 0 , V = Lq ; when m = 0 , V = L Q . 

(f) W is thev whole plane. 

15* (a) the null (or empty) set. 
(b) the whole plane. 

We include a copious set of Illustrative Test Items from which we may 
wish to make selections. 



er|c " * m 



Illustrative Tes,t Items for Section s 2-1 through 2-5 

If P and- Q have coordinates 3 and -5 respectively in one linear 
coordinate system on the line and corresponding coordinates -2 and 3 
respectively in a second linear coordinate system, what .are the 
corresponding coordinates of points with the following coordinates in the 
first coordinate system? 

(a) 0 (e) - l| 

(b) 1 (f) -13 
(C) - 1 (6) 11 
(d) - | (h) 10 '„ 

If M , A , and B are the midpoint and trisection points of PQ , 
find m , a , and b when 
(a> p = 3 , q = 12 

(b) p = -3 , q = i 

(c) p = -2 , q = 13 

(d) p = 2r + 3s , q = 3r - 2s ' 

If the coordinates of P , Q , and R are 2 , x , and 1^? respectively, 
find the value (s) of x such that 



(a) 


d(P,Q) 


= \ d(P,R) 


(b) 


d(r,R) 


= 2d(P,Q) 


(c) 


d(P,Q) 


= 5d(P,R) 


(d) 


d(P.Q) 


= '2d(R,P) 


(e) 


d(Q,P) 


= |d(P,R) 



If M , A , and B are the midpoint and trisection points of PQ , 

find the coordinates of M , A , and B when 

(a) P = (2,1) , 0- = (-V2) 

(b) P = (7,D , Q = (-2,1) 

(c) P = (-2,5) , Q = (7,12) 

(d) P = (p L ,P 2 ) , Q =. UpOg) 

(e) P = (l,r) , Q = (s + r,2s - 3) 



he 



# 



P , Q , and R are points in a plane with a rectangular coordinate 
system. Determine whether the three points are collinear if 



(a) 


P = 


(-5,5) , 


Q = 


(0,0) , 


R = 


(7,-7) 


(b) 


P = 


(-1,5) , 


Q = 


(8,-3) , 


R = 


(-7,-6) 


(c) 


P - 


(1,2) , 


Q = 


(9,lu) , 


R = 


(-3,-2) 


(d) 


P = 


(9,-10) , 


Q = 


(-8,5) , 


R = 


(0,-2) 



. r 



6. A line with slope 

and (5, a) are on the line, find p and 



- passes through (-3,'t) 



If the points (p,7) 



7/ Sketch the graphs of the sets of points on a line with the following 
analytic representations . 

(a) [x: -1 < x < h] 

(b) [x: |x - 5| < 2] 

(c) [x: (x - l)(x - 3) < 0] 

(d) [x: x(x + 2)(x - 3) = 0] 

8. Find analytic conditions which describe the illustrated sets of points. 



(a) 
(b) 
(c) 
(d) 



I I, 1 I L 



-7 -6 -5 -4 -3 

—I 1 — 4 1 I 

-7 -6 t5 -4 -3 -2 - 

— I 1 I — I — 4 — I 

-7 -6 -6 -4 -3 -2 - 



c I 1 1 1 l I I 4 
-7 -6 -5 -4 -3 -2 - 



0 



2 3 
J L 



+ 



J ' ' 



T Z 3 4 5 



J L 



6 7 



t 



\ I ,1, I I 



3 4 3 6 7 



-I I L 



I 



t 



J I 



4 5 6 7 



Find three polar representations for the point with rectangular 
coordinates 



(a) (3,3^) 

(b) (-2,-2) 

(c) i-l,/3) 

(d) (-2^,-2) 



(e) (h,-h) 

\f) (1,-i) 

(g) (6,0) 

(h) (0,-12) 
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10. Find rectangular coordinates for the point with polar coordinates 

(a) (4,0) 

(b) (J2,k?) ■ ■ 

(c) (6,-120°) 

(*) <5,£> 

<-3,-fc> 
(f) (-U,- 

11. Without changing to rectangular coordinates find the distance between 
the points whose polar coordinates are 

(a) (5,0) and (l2,|) 

(b) (6,0) and (6,-*K 

(c) (1|,U5°) and (5,-135°) 

(d) (3,f) and (k,Zf)' 

(e) (-6,- J) and (5>{) 

(f) (-3,-90°) and (6,90°) . * 

12. Find an equation in the indicate^ form for the line which 

(a) contains (5,3) 'and {6,k) ; symmetric form. 

(b) contains {0,h) and (£o) ; intercept form. 

(c) contains (7,-6) , slope - | ; point-slope form. 

(d) contains (13,-6) and (-2,12) ; general form. 

(e) contains (0,-5) , slope | ; slope-intercept form. 

(f) contains (9,10) and {-/2,h) ; two-point form. 

(g) contains (-5,12) , inclination ^ ; point-slope form. 

(h) contains (5,7) and (5,-3) ; two-point form. 

(i) contains (3,-6) and (-3/3) ; intercept form, 
(j) pc-intercept 2 ; y-intercept k ; general form. 

(k) x-intercept 5 ; inclination 6o° ; slope-intercept form. 

(l) contains (-5,7) , slope y ; symmetric form, 
(m) contains (-5,-*+) , inclination 1+5° ; general form, 
(n) contains (7,-2) , slope ^ ; symmetric form. 

a o hh 





contains 


\b, -5) 


and (-3,2) 


, two-point fojm* 


(p) 


contains 






interppTit' "Potto ^ 


(0 


contains 


(6,1). 


and (-2,5) ; 


slope- intercept form. 


*(r) 


contains 


(9,3) 


and (9,12) i 


general form. 


(s) 


contains 


(2,3) 


and (-7,3) ; 


general form. 


(t) 


contains 


(-5,«0 


, inclination 


; point-slope form. 



13* Show that the triangle ABC is a right triangle if 
A = (-1,-3) , B = (11,8) , and C = (-3,M . 

Ik. Find an equation in general form of the line containing the median 
to side BC of triangle ABC if A = (-2,7) , B = (3,*0 , and 
C = (1,-2) . 

15. Find the area of the triangle determined by the lines 

\ =. Ux,y): 2x - 8 = 0} , 

L 2 = {(x,y): 12x - 5y - 53 = 0} , 

L 3 =, ((x,y): kx - 5y + 19 = 0} .. 

16. . In triangle ABC , A = (0,0) , B = (6,0) and C * (0,8) . 

(a) The bisector £ A divides the segment BC i.i what ratio? /: 

(b) The point D at which the bisector of £ A intersects BC? 

(c) Find d(B,D) and d(C,D) . 

17. FirldTthe coordinates of the points in which the line that contains 

(-8,3) and (3>-2) intersects the axes. 

' '' 

Answers 

i: (a) -J" (e) 1 



(b). 



(f) 8 



i (g) -7 



(c) I (h) -6§ 

(d) 0' 



er|c • 



49 



t 



(a) 


ra = 


i> 

2 


a 


= 6 , 


b 


- 9 


(b) 


ra = 


-i , 


a 




b 


1 

- - -rx 


(c) 


m = 




a 


= 3 , 


b 


= 8 


(d) 


m = 


5r + s 

' 2 


, a 


7r + hs 
~* 3 ' 


b 


8r - 

3 



3- (a) 0,1+ 

(b) -3,7 

s " (c) 52 v ' ... 

(d) -18 , 22 

(e) -3,7 v 

It. '(a) M = (-1,- |) A = (0,0) B = (-2,-1) 

• (b) M = (2^ ,1) 1 A = (lt,l) B = (1,1) 

(c) M = (s|, 8|) A = B = (U,^) 

«„ »".^;y*;*) a.(%* V%^) 

, N „ /r + s +1 r + 2s -3\ . /r + s+2 g"r+ 2s- l \ „ ^2r + 2s + 1 r+ ';s-6 \ 
(e) M=^-^— ,— -j-— j A=\— — ,—5 j »— ~ / 

5, (a) Yes * (Determine the distances between the 

(b) No pairs of points; the points are collinear 

(c) Yes if and only if the sum of the two shorter 

(d) No ' distances equals the longer, Kore pimply, 

use slopes; the points are collinear if 
and oniy if the slope of Ki equals the 
slope of 1 .) 



'V 



(a) 

-6 -4 -3 -2 -T 0 I mTTT 

-J — I — i — t ' ' ' 6 i J I 

0 12 34 5 6 7 8 9 10 

/ 

(c) 

— I 1 1 1 k 1 k I I I I 

-3 -2 -I 0 I 2 3 4 5 6 7 

(d) • . 

— I 1 1 4 — I — 4 1 I A I L_ 

-5 -4 -3 -I -I 0M 2 3 4 5 

(a) (x: -2 < x < h) , (x: |x - l| < 3) , (x: (x + 2)(x - h) < 0}' , 
or the equivalent. 

(b) (x: -5<x<l},(x: |x + 2| < 3) , (x: f-^(x + 5)(x-l) <0}, 
or the equivalent. ^ 

(c) [x: x(x + 3)(x - 2) = 0} , [-3,0,2[ , or the equivalent. 

(d) (x: x < -2 or x > 3) , (xt |x - || > 2|} , [x: (x + 2)(x - 3)>0}, 
or the equivalent. ^ 

(There are, of course, unlimited possibilities for the answers to this 
question; we give only a few.) 

(a) (6,^) , (-6,i|i) , (6,60°) •, (-6,21*0°) . " 

(b) J2J2,%), (-2^,f) , (2^,225°) , (-2^2, V>°)' 

(c) (2,f ) , (-2,55) , ( 2 ,i20 0 ) , (-2,300°) 

(d) (4,£) , (-4,£) , (4,210°) , (-4,30°) 

(e) iM§£) , (-4^) , (^,315°) , (-4^,135°) 

(g) (6,0) , (-6,n) , (6,0°) , (-6,180°) 

(h) (I2,f) , (-12,f) , (12,270°) , (-12,90°) 



'* 7 51. 







• 

• 


r 10. 


(a) 


(»»,o) 




(b) 


(1,1) 




(c) 


(-3,-3^3) 


11. 


• 

(a) 


13 


• 


(b) 


12 




(c) 


9 ' 


12. 


(a) 


x - 5 y - 3 
6-5 ^ - 3 




/v. \ 


x ^ y i 




(c) 


p 

y + 6 = - |(x - 7) 




(d) 


6x + 5y - = o 




(e) 


y = fx - 5 




(f) 


y = 11 " 10 (x - 9) 
-•- -V2 1 -9 




(g) 


y - 12. = -l(x + 5) 




(h) 


v 5 - 5 / 7 \ 
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d 

(j 
(k 

(i 

(m 
(n 

(o 

(P 

(q 

(r 
(s 
(t 



*• + JL = i 
-13 



Ux - 2y - 8 = 0 

y = /3 x - 5VT" 

x J- 3 _ y - 7 
2 + 5 13-7 

x - y + 1 = 0 

x - 7 y-+- 2 
20 - 7 = 5 + 2 

y + 5 = „JTT (x " 6) ' 

* + X _ ! 
5 10 • 

y = - |x + I* • 

x = 9 
y = 3 

y - h = -V3(x + 5) 



(a) 



(f) (-2^,2) 



(e)- 



(a)' VI3 

(e) 

(f) 3' 



.. 1 



* 



2-6 



13. 



17. 



.(a) (d(A,B)) 2 = (-1 - U) 2 + (.3 . 8) 2 = 265 
•(d(£,c)) 2 -= (11 + 3) 2 + (8 I k) 2 = 212 

53 



td(A,C)) 2 



(-1 + 3) 2 + (-3 - h) 2 



Since (d(A,B)) 2 .= (d(B,C)) 2 + (d(A,C)) 2 , by the converse of the 
lythagorean Theorem .triangle ABC is a right triangle with / ACB 

f - , *~ 

the right aftgle. | 

(b) • If you*permit students to use. the fact that the product of the 
slopes- is* -1 if and only if lines are perpendicular, the proof 
follows more readily from the fact that 



AC 



BC d ' ( < 



Ik. 3x + 2y - 8 = 0 

15. 20 

t 

16. (a) 3 to h 

00 (a^af) 



(c) d(B,D^= *| ; d(0,£) = ^ " • 4 

. i 

i ~ 

The line intersects thje x-axis at (--^ ,0) ; 

i > 

the line intersects ^this y-axis at (0, - . 



57-63 Most students will probably believe they have a clear intuitive under- 
standing of the idea of thej two directions on a line and may feel the 
discussion here is pointless. As with the notion of a directed segment, it 
may help to ask them to try; to explain whst they mean accurately, using 
terms with clear geometric meanings. When they find that *his "*'s wot at 

all easy, they .may be convinced that our approach is w.orth studying. 

' i 

57 The open question of lines 'without slope is considered*in Exercise 5 

on page 6k. At this poinf *>e assume that the student recalls that parallel, , 
nonvertical lines have the same slope. In Section 2-7 we shall reafirm this 
fact. I ■ 

57 We shall use the idea of equivalent direction numbers for a line a great 

deal; if a student does not jgrasp this idea now, he may find it a frequent 
stumbling block. j . 
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58 You may veil note that had ve chosen directed angles to describe the 

lines in the j)lane, a single angle would suffice* However, a pair of 
nonnegative angles is conventional and leads to symmetric representation; it. 
is also desirable, since a triple of direction angles is much neater in 
3-space» The extension to spaces of higher dimension is immediate with the 
- approach adopted here. 

59-60 Th e fact that the pair of normalized direction numbers and the pair of 
direction cosines are equal is extremely convenient. 

6i. The context which specifies a direction for a line varies and is, of 
course, frequently quite^ colloquial, as "the line from P to Q". 

y Exercise* 6 on page 6h asks for a justification that the alternative ♦ 

direction angles for a line are respectively supplementery. 

A 

62 The information developed in the solution to Example Mb) is quite 
useful. The student should develop facility in extracting from a general 
form of an equation of a line direction numbers and direction cosines for 
the line. 

63 Tlie importance of Example 5 may not be apparent* It provides what littl 
initial motivation there is for the normal form of the equation of a line. 

6k Exercise 7 might well be discussed briefly even if it is not assigned, 

for it develops a relationship which is useful in relating the equations of 
, a line in polar and rectangular coordinates . 



Exercises 2-6 



(a) 


(-3,'0 


or 


. (3,-0 


(b) 




or 


U,-D 


(c) 


(0,6) 


or 


(0,-6) 


(d) 


(-5,0) 


or 


.6,0) 


(e) 


(1,1) 


or '(-1,-1) 


(f) 


(2,2) 


or 


(-2,-2) 


(g) 


(-1,1) 


or 


(1,-1) 


(h) 


•<-M.) 


or 





2. (a) 
(b) 



3 h ) nr . (?> k \ 
or (5,-5) 

ll 1 V - 1| - 1 

——, ) or ( , ) 

717 Vrf vT? Vrf 











(c) 


(0,1) or 


(0,-1)' 






(-1,0) or 


(1,0) 




(e) 


& ft 


or 

^2 


-i) 


(f) 


(— , — ) or ( 


±0 


(g) 


(- -A) 


or (— ,- 


±0 


(h) 


(- Mo 


or (— ,- 





(a) 


a = 127° , 


P- 37° 




or 


a = 53° , p « 


*3° 


(b) 


a = 76° , 


P = U° 


) 


or 


a = 10U° , p « 


166° 


(c) 


a = 90° , 


P - o° , 




or 


a = 90° , p - 


l8o° 


(a) 


a = 180° , 


P= 90° 


> 


or 


a = 0° , * p = 


9Q° 


(e) 


a = hf , 


P= ^5° 




or 


a = 135° , P = 


135° 


(f) 


ai U 5 ° , 


P= V>° 


> 


or 


a = 135° , P = 


135° 


(g) 


a = 135° , 


P= ^5° 


y 


or 


a = hf , p = 


135° 


(h) 


6 = 135° , 


P= ^5° 


) 


or 


o = hf , p = 


135° 


(a) 


(3,-1) 


(2,0) 




(0,-3) (-1,2) 






h 

' 3 


0 


not Refined -2 





(-2,1) 
1 

" 2 



9 
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(b) (|,- -) , or any equivalent given by (|^, - -y) , c ^ 0 . 
a = 53° , P = 1^3° ; or a = 127° , p = 37° 
(1,0) , 40?a.ny equivalent "giveh-^by 'c,0) , c ^ 0. 



p = 90° ; or a = l8o° , p = 90 0 



(0,-1) , or any equivalent given by (0,-c) , c / 0 . 



90° , 



p = ISO j or a r-90 



, P 



(- ) , or any equivalent given by (- -,— ) , c ^ 0 . 

a = 117° , p = 27° j or a = 63° , p = 153° 
(- ~,~) , or any equivalent given by (- — ,— ) , c ^ 0 . 



a = 153° , p = 63' 



V5 v5 



J or o« 27° , -0-117° 
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2-6 



(c) and (d) 







1 












a * 















5~» 







~1 



















>< 



5. A pair of direction numbers determined by P Q and ?^ are 

(S 1 ,m 1 ) = (0,y x - y Q ) ; = y ± - y Q ^ 0 , £ ± = 0 . 

A pair of direction nrjnbers determined by P^ and are 

C* 2 >m 2 ) = (0,y 2 - y Q ) ; m 2 = y 2 - y Q ^ 0 and = 0 . 

Since m^ ^ 0 and m ^ 0 , both 

m m^ 

c, = — and c^ = — 
1 * m 2 

are defined and not equal to zero. Thus, 

(0,y x - y Q ) and (0,y 2 - y Q ) 

are equivalent pairs of direction numbers for the vertical line. 
i n m 



6. cos a 



ERLC 



+ m 



cos a 



VFT7 



cos j8 



cos jS 



So cos a' = - cos a cos jS'= - cos j3 

Hence a' = + a + pjr jS' = + j8 + qjr p, q odd integers but a , a' f 

6, and are between 0 and jr, so the only solutions are 

&'+ 0 = n, a'+ a = jr. 

5 V 6 52 



' 2-6 

7* (a) 1. In the Figure 2-13a , oo = | - P + 2*n • Therefore 

sin a) = sin (| - p) but since the sine of an angle is 

equal to the cosine of its complement, 
sin oo = cos (3 

2. 1 In Figure 2-13b , a) =* P - | + 2jcn. Therefore 

sin oo = sin (p - -|) , > 

sin oo = sin [- (| - p)] 

sin oo = cos (-p) 
sin oo = cos p 

3* In Figure 2-13c, oo + ~ 2 + P = l8o + 2«n and oo ~ 2 - P *• 2«n . 

The result is the same as part 1 above. 
h. In Figure 2-13d, oo - p - | + 2*n and oo = | + p + 2nn . 

Therefore sin oo - sin + p) 

#in oo = sin ^ cos p + cos ^ sin p 

Since sin ^ = 1 and cos £ = 0 
sin 0) - cos p 

(b> 1. If the positive ray lies on the positive half of the x-axis, 

<J0 = 2*n and p = | 

Since we wish to show that sin oo = cos p , we may substitute 
and see that 

sin 2nn = cos £ = 0 
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2. If the positive ray lies on the positive half of the y-axis, 
a) = § + 2nn and (3=0 and sin | = cos 0 - 1 ' 

3. If the positive ray lies. on the negative half of the x-axis, 
0) = n + 2nn and" (3.= i and sin n - cos ^ - 0 

lw If the positive ray lies on the negative half of the y-axis, 
(0 = 4j~ + 2nn , £ = n and sin 4r - <; os n « -1 



8. (a) (-2,2) 

a = 153° P - H7° 
0>> (-2,1) 

a = 153° , f! = 6 3 ° 
(e) (6,5) 

(A, -5.) 

Vol Vol 

a = l*o° , & = 50° 

6^ It is traditional to talk about the angle between two lines, but present 

standards of precision require that we take account of the fact ti.at at least 
four angles are formed when two lines intersect. These angles can be distin- 
guished in a diagram by various methods, but all of these methods must induce 
a sense along each of the lines. 



\ 

67-68 The second solution to Example (2) is given as a suggestion to the 
student that once he has recognised the form of the equations of the lines 
normal to a given line, he may write immediately the equation of the normal 
containing a given point. 

68 Spmetimes the results of our analytic approach describe additional 
situations not usually approached in the sanu- way geometrically. The 
situation here furnishes ,a nice example of this.. 

69 Example 3(b) is also offered to show the student how he may use an 
equation of a given line in £ene*al form to % write immediately an equation 
of a parallel line containing a given point. 



70-71 Since (bp-a^ and (b^-a^) are pairs of direction numbers for 
lines and L n respectively, we also note that 

V 2 + T2 



the 



cos d 



2 2 V2 , 2 
or, cos 0 - >, X X 2 v ^ 0 . 

In Exercise 12 on page Y 1 * the student is asked to develop this relationship. 

It has some merit when the lines forming £ B arc directed lines. In this 

case £ G is the angle formed by positive rays of L and L 0 with 
> 1 2 

en^points at the point of intersection (if any) cf and . Exercise 

15 on page 87 also calls for such an interpretation. 

71-72 Example ^ is really a lemma to be used in the development of the normal 
form of an equation of a line in the following section. 



Exercises 2-7 

1. (a) d(A,C) - d(B,C) t- d(A,ii) , by the definition of Letweennese for 
points. This is equivalent to 

d(A,B) - d(A,C) - d(B,C) , 

which implies 

(d(A,B); 2 * (d(A,C)) 2 f- (d(B,C)) 2 - 2d(A,C) d(B,C) ; 
since cos C - cos 0° = 1 , we may write 

(d(A,B)) 2 . (d(A,C)) 2 + (d(B,C)) 2 - 2d(A,C) d(B,C) cos C 



.2-r 



(b) Here we have 

d(A,B) = d(A,C) + d(B,C) , 

which implies 

(d(A,B)) 2 = (d(A,C)) 2 + (d(B-,C)) 2 + 2&(A,C) d(B,C) ; 
since cos C = cos l8o° = -1 , we may write 
(d(A,B)) 2 = (d(A,C)) 2 + (d(B,C)) 2 - 2d(A,C) d(B,C) cos C 

2. (a) Equation (6) states that 

a L a g * b b 
cos 3 = . 
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/ 2 f , 2 [2 ~2 
Va x + b x 7a 2 + b 2 

Substituting into Equation (6) , 



a l a 2 
cos B = 



/ 2 / 2 >A , 2 
/a x /a 2 > + b 2 



ia 2 

COS 0 



/ 2,2 

A 2 + b 2 

Let a be the inclination of L 2 • Then the measures of the 
angles 0 between and are 90° - a and 90° + a • 

cos G = cos (90° - a) - cos 90° cos a + sin 90° sin a = sin a 
or 

cos 0 - cos (90° + a) = cos 90° cos a - sin 90° sin a = - sin a . 

a^ 

a'i , , sin a 2 

Also we have tan a = = - ? — 

cos a b 2 

b 2 sin a = -a 2 cos or , 

2 2 2 2 2 2 

and b 2 sin a = a 2 cos a = a 0 (l - sin a) • 

2 

2 & 2 
This is equivalent to sin a = 



2 A v 2 ' 
a 2 + b 2 

md ' ±a 2 

sin a = = cos 



A 2 + b 



2 

2 ' "2 
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(b) - cos e = * 1&2 . = +1 



0=0 or 180 , which is the case for parallel lines. 

$• ^ • and L ^ are the ,same lines 
1^ and are the same lines 
is perpendicular to 1^ and 

k. (a) 0 = 7° 

(b) 6 = 90 Q 

(c) e = hf 

(d) e=.8 3 ° 

(e) 0=0° (lines are parallel). 

(f ) e = 90 6 



5. The slope of OP is £ and the slope of 0Q is — 

a , _b 

Since m «m = -1 , OP I 0Q . 

OP 0Q 



6. 


(a) 


2x - 3y = 0 






(b) 


3x + y - 8 = 0 






(c) 


3x + 2y - 17 = 


0 




(d) 


x - 3y - 5 = 0 




7. 


(a) 


2x - 5y + 31 = 


0 




(b) 


2x - _/ + 17 = 


0 




(c) 


l6x - 6y - 13 = 


0 




(d) 


y = 7 






(e) 


x = 5 . 




8. 


D = 


(V8) . 





3 possibilities; (12,2) and (-2,12) are the others. 



9. The slope of 1^ is ^ 



y + 2 = ^(x - l) 
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10. (a) AB i/2x + 7y - IT = 0 

BC: x + y- l = 0 

CA : 3x -r 8y - 23 = 0 

(b) m^B = " f ■ 



"BC 



(c) ' n» /CBA = 151° 



cos e. * 2 * 7 - = .871* 

1 A + 1 A + 49 



e 1 = 29° 



The angle desired is the supplement of or l80° - 29° or 151° 

m /BCA 



cos e 0 - 3 - = .910* 

d A + 1 + 6^ 

e 2 - 2!,° 



m 



/CAB = 



cos * = ^6 = #99r 

■ : " ' 3 = 5 ° 

(d) Altitude to side AB 
7x - 2y + 29 = 0 
Altitude to side BC 
x - y - h = 0 
Altitude to side AC 
8x - 3y + 25 = 0 

11. (a) L x ' = f(x,y): bjX - = 0 } 

L 2 T = {(x,y): b 2 x - a 2 y ^ 0 ) 

a a + b b ' 

(b) ,\ cos 6 = ■ — and using Equation (6), 

/ 2 ^ , 2 rr~~2 

Q /a l +b l Va 2 +b 2 \ 

ERLC 
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COS 



V 2 + a i a 2 



12. 
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\f * (-a) 2 ^ I (-a/ 

cos 8 = cos <J) 

If I^ 1 is J_ .to 1^ and is J_ to Lg , then the measure " 
of an angle between and L g is equal to the measure of an 

angle between and LgJ « * 

(fe) 1^ = {(x,y): T^x + + c 1 = 0) 
I» 2 = ((x,y): ?yc + M 2 y + c g = 0) 



cos 0 



but 



2 2 2 P 
\ + Mi = ^ + Ms = 1 



■ cos 0 = ^ + n lP2 

(b) If cos 6 is positive 0° ^ G £ 90° and /e is the least angle 
formed by 1^ and L g • 

(c) Assume L I L 

1 - J — 2 



i 



4 



{T and ■ " JT 



-1 . 



^2 



-1 and 

V2 = - ^ 



Conversely assume + = 0 

but + \i^i 2 a 0 = cos e 

and cos 0 = 0 

~o 



or 



.\ e - 90 and 
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75-78 The normal form of . an equation of a line is troublesome tc develop, for 
students have usually not considered the characterization of a line by a 
normal segment from the origin • Therefore, the argument for bothering to 
develop it at all must rest upon its applications; it IeT not at all a natural 
extension in the students* eyes. With this^in mind, before beginning this 
section it might be helpful to challenge the students to find the distance 
between a line and a point not on the line. Once they have been forced to 
the trouble of * finding (a) the slope of the perpendiculars to the given line,, 
(b) an equation of the perpendicular containing the given point, (c) the 
point of intersection of this perpendicular, and the given line, and (d) the 
distance between the point of intersection and the given point, they may be 
more in a mood to pursue a development which solves this problem more easily. 

76 The conventional notation does lead to confusion here. It is easy for 
,the student to confuse the coefficients in the normal form with the direction 

cosines of the line itself. Emphasis on the reason for the name "normal 
form" may shorten the period of confusion. Then, too, an oral drill on the 
following information to be gleaned from the normal form may help. 

If X > 0 and |1 > 0 , the line extends above the origin from upper 
left to lower right; if A < 0 and |i > 0 , above the origin from lower left 
to upper right; if 7\ < 0 and \i < 0 , below the origin from upper left to 
lower right; if X> 0 and [i < 0 , below the origin from lower left to 
upper right. If 7\ = 0 and \l = 1 , the line is horizontal and above the 
origin; if X = 0 and |i = -1 , horizontal and below the origin; if \i -= 0 
and 7k = 1 , vertical and to the right of the origin; if \i = 0 and 7k = -1 } 
vertical and to the left of the origin. 

To make sense of this information a student will have to keep in mind 
that (X, \i ) is the pair of direction cosines of the normal segment. 

77 The fact that authorities differ in the case of lines containing the 
origin has a backhanded sort of .significance. There seems to be little 
reason to recognize a difference which does not make a difference. E.g., 
1.0 = 0.9 ; there is no numerical difference. 

78 If your students are already versed in the parametric representation 
of lines, there is a neater approach to the problem. 

The line FP^ has the parametric representation 

x = x^ + "Kt 

q y = y x + • 
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With this representation |t| is the distance between (x,y) and 

P l 58 ( x i^i.) • In particular, if ve let F = (x 0 ,y Q ) , for some t * F 

has a representation 



Then 



and 



x 0 = x l + At l 

y 0 = y x + nt x . 



At, 



y 0 y x - ^ 



1 



= \\\ A 2 + n 2 = | tl | . 

Since the point F = (x 0 ,y Q ) satisfies the equation Ax i- \xy - p = 0 , 
ve have 

Mx x + At x ) + \i(y x + ji^) - p = 0 , 
which is equivalent to 



^ + ny x - P = -(A 2 + |i 2 ) t x = -t x 



Thus, 



d(P r F) = |tj = |Ax x + W x - p| . 

With this approach ve do not have to consider the five different cases. 

79-82 The amount of classroom explication necessary on the polar form will 
depend upon the students* background in analytic trigonometry. Some 
familiarity with the addition formulas is essential. These are developed in 
SMSG Intermediate Mathematics , pages 605-610, and, of coarse, in any standard 

trigonometry text. * , ' 

\ 

79 At tM^'i50ln1r-you^may wish to consider that since P = (-^,0 + it) , the 
line also has the polar representation 

-r cos (e + (n - co)) = p • 
This opens a question to which we shall return in Chapter 5, when we consider, - 
related polar equations. 

80 Although the polar angle which contains the normal segment to L is 
the same set of points as the direction angle a and /<o = /a , our 
conventions for measuring these angles are different. The measure of /u> 



9 
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" may be any real number, while 0 < a < n (or 0 < a < 160°) » Thus, even if 
we choose an Jp such that^ |co| Is minimal, we st*ll are assured only 
that |a)| = a , or a> = i a • However, since u) = ± a + 2nn for any integer 
n > in^the case we describe, we do have cos a) - cos (2nn ± a) = cos a • 
The test should read 0) = i a + 2nn ' for any integer n . 

8l Students may not be familiar with the technique of "normalizing 11 

coefficients in order to rewrite 



where 



/2 p 

a cos B + b sin 6 as /a + b sin(0 + cr^) . 

a b 
sin CL = and cos cl = - , 

/ 2 \ v 2 /T~2 

va + b va + b 



— — 

or as Va + b cos (0 - p^) , where 



P^ = • and sin p. 



/ r 2~~2 ' 1 A2 

Va + b va 



; , ,2 
Va + b 

Therefore, you may wish to consider other examples than Part (e) of Example % 

In assigning exercises you may well wish to consider Exercises 7 through 
9j which suggest a further application of the normal form, and Exercises 12 
through 17, which furnish practice in transforming equations from representa- 
tions in one coordinate system to the other. 

These last exercises open questions which will be considered in detail 
.in Chapters 5 and 6. In the algebraic manipulation of polar equations ve 
may frequently do some rather wild things which would get us into trouble 
in rectangular representations. The freedom we exploit stems from three 
considerations: ^ 

i) the multiplicity of the polar representations of "a point, V 
ii) related polar equations, (See Chapter 5.) 
iii) "factoring" equations* (flee Chapter 6#) 
For example, in Exercise 13 we suggest multiplication of both members of the 
equation by % r • In rectangular representations such multiplication by a 
factor containing a variable is quite likely to add points to the graph, but 
here the points (0,6) , which might be added, are already included by the 
original representation as (0,(n + ^) n) , where n is any integer. 
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In Exercise 12 we first obtain 

I 

r 2 = 36 , or r 2 ^ 36 = (r - 6)(r + 6) = 0 < 
Now the equations obtained>y setting the factors of the left member equal 
to, zero, 

r - 6 ancl r = n6 , ** 
are related polar equation? (as defined on page 167 of the text), for they 
each have the same graph as r^ = 36 * Since each is a simpler representation 
of the graph, later on we shall prefer either one to the first equation, 

! 9 

In Exercise 17 we fir^t obtain 

(r 2 + r sin 0) 2 = r 2 , 

! p 

If we divide both members by r , we obtain 

( . f \ (r + sin e) 2 = 1 , 

but we have not lost any points from the graph.. The pole is the only point 
we might have lost, and it jis still represented by 

. . J (0,(n + |)n) , 

where n is any integer, |Then we may factor to obtain 

(r + siri 6 - l)(r + sin 9 + l) = 0 ; 

the equations 

r = 1 - ;sin d and r = -(l + sin 0) . 

I 

which are suggested by the factors of the original equation^ are related 

polajr equations. Their graphs are identical to the graph of the original 

i 1 1 

equation, and either one,i$ a far simpler representation, 

? In summary, multiplication or division of both members of an equation 
by a factor containing the variable and taking the square roots of both 
members of the equation, are techniques which are fraught with danger and 
seldom desirable in rectangular representations. They are more frequently 
acceptable and even desirable in polar repreaentations. 

However, we are not suggesting 'that the teacher should open these questions 
no T ', They will be considered in Chapters 5 and 6, To discuss them now 
would probably only confuse the students. We prefer that the answers to the 
exercises here be left in the original form obtained wxthouv any attempt at 
simplification. Rather we include this discussion to alert .the teacher to 
the questions laid open and! to prep<ax nim or* her for the questions that may 
arise from curious and inquiring students. 
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1. (a) 

(»') 
' (c) 

(d) 

(e) 

(f) 



* 3 
- 5 x + | y - 3 = 0 



Exercises 2-8 
(g) 



5 ,.12 
13 X+ 13 y 



= 0 
6 



_3_ x _JL y _^ =0 
/EJ V13 >/i3 

r5_ x + _3_ y .^2 =0 
7 



8 , 15 

if + r? yu 



= 0 



^2 

17 



(i) 
(j) 

(k) 



12 
13 



13" 



(h) y-f =0 



5x 
13" 



l2y 
13 



60 
13 



8 15 
•l7 X+ l7 y 



= 0 

120 
17 



= 0 



(1) t^- ^y 



I.o 



2. (a) 
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hx - 3y + 15 




5x + 12y 



(a) 

(b) 
(c) 
(d) 



Of" course this is not an efficient way to draw the graph. The 
exercise was put in to help familiarize the students with this form 
of equation for a line. 



(e) * cos (6 - 300°) = I 




(e) 

(d) 
(e) 

(f) 
(g) 



r sin 6 = h 
r cos 0 = h 

e =.6o° , or e.| 

r coc (6 - 315°) = 3 

r 

cos 6 - h = 0 - » 
sin,0 + h =• 0 

0 - 90° , or 9 = I 

r cos 0 + r sin 0+2=0 
3r cos 0 - 2r sin 0 + 6 =<^ 

r cos 0 +,</3 r sin 9 -2 - 0 
15r sin 0 - 8r cos 0 * 3 1 * = 0 

.68 a,. 



(f ) 0 = !*5° , or 6 



n 



(g) r cos (0 - 150°) = 2 

(h) r cos (0 135°) = 2 
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f>. (a) If P 1 is on L , then |Xx x + - p| = 0 . But the distance 
from P 1 to L is zero when P is on L . 

(b) P 1 is on the same side of L as 0 ; P^^ is closer than' 0 to 
L . In this case dfP^*) = p - = 1?^ + |jy - p| . 

(c) P^^ is on the same side of L as 0 ; P^^ and 0 are equidistant 
from L •. In this case contains the origin, p = 0 , and 
d(P 1 ,F) = P - Pl = |Xx L + ^ - p| . 

6. (a) g 

(b) f 

(c) 12 

(d) 2. 

(e) 0 

7. A pointy P Q = (x Q ,y 0 ) on the bisector if the distance from P to L, 
is equal to the distance from P to L g . 

Then from our distance formula, we have 

Taking both choices for the signs yields the two desired equations: 
21x + ??y - 130 = 0 



9. 
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and 



- 3y = 0 



8. 7x + 9y - 152 = 0 

and 

99x - 77y - ikk = o 



l\x + l^y - P x | = (X 2 x + [i 2 y - p 2 | gives 
- A 2 )x + - [i 2 )y - (p x - p 2 ) = 0 and 
+ A 2 )x + + pt 2 )y - (p x + p 2 ) = 0 . 

65 6'9 
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10, x - 3 = 0 

ll t r cos 6 - r sin 9 = 0 

12. r 2 = 36 / 

13. r = h cos B 
r 2 = h r cos 9 
(x 2 + y 2 ) = kx 

x - hx + y = 0 

When 0 = -| , r = 0 ♦ Thus the pole is in the graph of the original 

equation. One must make this cneck "because both sides of the equation 
have been multiplied by r ; r = 0 is then a root of the nev equation, 

lh, r = 2a cos 6 

2 

Note that the pole is in the graph of the equation. Then r ^ 2ar cos 6 

2 2 
or x + y = 2ax , 

15* (a) y = x 

(b) y + h = 0 

(c) 7x 2 + y 2 = 5 

2 2 

* + y = 25 

16, 



(b) 



o - 




17 • (a) r - hr cos 6 = 0 

\ 

(\) Note that the pole is in the graph of the equation. Then 



r = 5** cos 6 - 3** sin 



x + y - 5x + 3y = 0 



(c) -y»ii, 

or y = -4 • 

(d) (r 2 + r sin 6) 2 = r 2 



Review Exercises - Section 2-6 through Section 2-8 



1. direction numbers direction cosines direction angles 

(approximately) 

7 . 42_ } 



(a) (7,-10) 

(b) (25,24) 

(c) (-6,5) 

(d) (7,6) 

(e) (3,-3) 

(f) (U) 
(«) (1,2) 
(h) (-2,1) 



/K9 vTH9 
25 2't 



71201 /L201 

JL ,— ) 

/2 £ 

Jl,_L) 

755 765 



ri. A) 



■6 -6 
■6 S 



a = 55° , P = 1^5° 



) a * W. 0 , p = U6° 



a = lltO 0 , p - 50° 



a - in 0 , p - H9° 



a = L5 0 , p - 135° 



a = 60° , p = 30° 



a , 63° , p - 27° 



a = 153° , P = 6 3 ° 
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2. The points are collinear if two line segments determined the points 



have the 


same 


slope. 










(a) 


13 


-1 12 It 










11- s 


•k) ~ 15 " 5 












13 - 


5 8 it 




points 


are 


collinear 




il - 


l 10 5 










(b) 


-2 - 
1 -( 


7 -9 3 
-5) 6 "2 












-2 - 


(-12) 10 


£ 


po-.nts 


are 


not collinear 




1 


- D 


1 








(c) 


17 - 
23 - 


(-1) 18 3 
(-1) " 25 ~ ¥ 












17 - 
23 - 


(-13) 30 3 
.(-17) -5o _ 5 




points 


are 


collinear 



(1) 



-k - 8 _ -12 

0 - (-3) " 3 

-_h - (-11) _7 

0-5 -5 



3. d(A,B) = /CI 

AB : 4x - 5y + 17 = 0 
AC : 2x + 7y - 1 = 0 
BC : 3x + y - 11 = 0 



19 

5. length of altitude from A : — - 

/I6 



points are not collinear 



d(A,c) = 753 



d(B,C) = 2/l0 



6. 

7. 



length of altitude from B 
length of altitude from C 
area (MBC) = 19 



_38 
_38 



(a) x(27Ia - W53) + y(7^1 + 5> / 53) - + 17^3) = 0 

(t) x(Wio + 3A1) + y(-5^io + Ai) + (17^35 - nV5I) = o 

(c) x(2/l0 + 3^53) + y(7^10 + m - iG3 + 11^3) = 0 
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8. (a) 


d(A,L 1 ) 


3 17 


d(A,L 3 ) 


1 

= /5 


(b) 


d(B,Lj_) 


/13 5 


J 


_ jt_ 
" /5 


(c) 






d(C,L 3 ) 


_ 10 


9- (a) 


x(10 - 
x(10 + 


3/13) + y(-15 - U/i3) + (30 + 12/13) 
3^13) + y(-15 + ^/i3) + (30 - 12/13) 


- 0 
= 0 




(b) 


x(2/5 - 
x(2*5 + 


>^13) + y(-3^ + 2/13) + (6/5 - 1+/T3) 
^) + y(-3>^ - 2/13) + (6/5 + U/13) 


= 0 
= 0 




(c) 


x(3»5 - 


■>) + y(W5 + 10) + (-12/5 - 20) = 0 
5) + y (W5 - 10) + (-12/5 + 20) = 0 






10. (a) 


6 

/l3 


(b) f 


( \ 6 

(c) — 





U p (£ & P ( §1 8 s ~ 

P A^17' 17 J P B (_ 17'"TT ) 

12. e x 82° 

e 2 98° 

13. iuay be written 3x + ^ - ly = 0 
L 9 may be written 5x - 3y t 7^0 

If a-j^a^ + b T D ^ " 0 the lines are perpendicular 
Substituting + (j)(-3) . 0 

and L l J- L 2 ' 

l 1 *. Find the angles between 1^ and L 0 , where contains the points 

(i,*0 . -1,-1' : and contains the points (-h,b) , (3,0) . 

Cince no sense is imposed on and ^ we will find their 

angles of intersection. ' 

We nay take as direction numbers for , (U,^) and for , . 




'9 



(Why?) Therefore: 

cose. (»)(w) +(3)(6) „ -03k 

A 2 »■ <> 2 - 6 2 ^ 

.\ p s 88° 

We may, mo9t simply, find the other angle of intersection as the supple- 
ment of 9 , but it is instructive to use equivalent direction numbers 
for which have the effect of reversing the sense induced by the 

first choice. We use now (A, -5) , and (-7,6) as pairs of direction 
numbers and get 

Cos . , (A)(-7) j ( gKg_ B . >03 , 
/(JO 2 + (-5) 2 /(-7) 2 + 6 ? 

.*. P« s 92° 

which is, as we expected, supplementary to 6 . 



15. cos e . y^ g / 3 _ .6i (7 

AT 1 . 9 

✓ 5 5 ✓ 5H 58 



6 s 130 0 



16. A = (3,10 B = (-2,7) G = (6,9) 

7 - U 3 

m _ = .rn - - 5 

9 - 7 _ 2 1 



AC 



9 - U 5 

rr~3 - 3 



Since mAB m AC = (- |)(|) = -1 

AB J_ AG and AABC is a right triangle 



17. 


(a) 


-S5 v^S >^5 




(b) 






(c) 






(d) 


3 7 

— X - -Uy = 0 




(e) 


x - ± = 0 


18. 


(a) 


r cos (e - 60) ^ 1 




(b) 


r cos 0 - -U 




(c) ' 


e = i>*7° 


19. 


(a) 


x + y = -5 




(b) 


3y - ^x - 12 


20. 


(a) 


r (8 cos 0 4 7 sin e) 



(b) r (15 sin S ■* Q cos 0) - - l8o 

Challenge Exercises 
1- 3x - ify + c ^ 0 or ax t- by + c ^ 0 , with ^ ^ . 
3. kx + 3y + c - 0 or ax + by + c * 0 9 with f - j • 
3» ax + by = 0 

y - 3 = m(x - 2) 

5» y - - '+) . (Fixing the value of m reduces the family to one member.) 
6. y = -3x + b (a pencil of lines.) 

7* Let L 1 ; ax + by + c = 0 and : mx + ny * p - 0 be two intersecting 
lines. The equations of the lines of the angle bisectors are then 

X (fF77 JJT^f y (^T7 ff7?j + (^T7 ~JF77) 
UTT? JTT7) JJ77) vS^TX 



Their slopes are m ^ f ^ ' ^ f ^ } -m/a 2 + b 2 - a/m 2 + n 2 
b/ ^ 2 + n 2 - n/a 2 + b 2 ' h JJ77 + n/a 2 ^ 

The product of the slopes is -"^(a 2 *^ 2 ) + a 2 (m 2 + n 2 ) = -m^ 2 + a 2 n 2 

bV + n 2 )-n 2 (a 2 b 2 ) = ra 2 b 2 -a 2 n 2 
Hence, the lit. ,3 of the bisectors are perpendicular. 

8. L - {(x,y): ax *- by + c f(x,y) ^ 0} and 

- ((x,y): ax x + by L + c - ffx^y ) - 0} 

The direction numbers of each line are (a,b) . Therefore the lines 
are paralleL. 

9. Given MBC with vertices A(0,0) , B(l,0) and C(a,b) . 

To prove that the altitudes are congruent at a point H and find the 
cooidinates of H * 



C(a,b) the slope uf AB is 0 



— b 

the slope of AC is — 
a 

the slope of BC is — ^-7 
1 a - 1 



A(0,G) — — — BttfO) — _ "'" " 

a - 1 

The slope of the altitude from A is g — 

a 

The slope of the altitude from B is - - 

b 

a - 1 

The altitude from A is represented by y g — x 

The altitude from B is represented by y - - g(x - l) 

a - 1 a, N 

If the altitudes are concurrent, g — x = - -(x - 1; 

a(a - 1) 

and x = a and y - - g 

xhe equation of the altitude from C is x - a and t'.ie point of 
intersection of the other two altitudes is clearly on this line. 
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10. The midpoint of AB = (|, 0 ) 



The midpoint of BC = ( a * 

The midpoint of AC = (| ,|) 

The median from A is represented by 

y = (J + Dx 

a 

The median from B is represented by 

These two medians intersect at the point 

/ a + 1 bx 
K 3 'V 

The median from C is represented by 

b , lx 

y = 1 (x - -) 

and the point ( a j ^) is contained in this line. 
Therefore the medianr are concurrent at *( a * 1 



11. The bisector of [_k m is given by 



bx - ay , , . 

y - and solving ior y , 

Va + d 
bx 



12 2 
■/a + b + a 

The bisector of /B is given by 

b - bx - (1 - a)y 



(i) 
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and solving for y , 
Vb 2 + (1 - a) 2 

b(l - X) (2) 

A> 2 + (1 - a) 2 - a + 1 
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Equating (l) and (2) 
bx 



b(l % - x) 



/a 2 + b 2 + a Jb 2 + (l - a) 2 + 1 - a 
Solving for x ve get, 



x = 



/I 72 
va + b + 



vt> 2 + (l - *fr 2 + 1 + »Va 2 + b 2 



Substituting x into equation (l) , 



Jb 2 + (1 - a) 2 + 1 + /a 2 + b 2 

i 

So the point of intersection is 

A 2 + b 2 + a b 



Jb 2 +(1 - a) 2 + 1 + /a 2 + b 2 ' X 2 + (l - a) 2 + 1 + A 2 + b 2 



12. 



C(a f b) 




A<0,0) 



Midpoint of AC = (|, |) = D 
Midpoint of BC = ( & * 1 , |) = F 
Midpoint of AB = (|, 0) « E 

Slope of AB = 0 | 
Slope of AC = | 



Slope of BC = 



8(1,0) 



a - 1 



ERLC 



Equations of perpendicular bisector through D = 



y= "b X + 2b + 2 . (1) 



Equation of perpendicular bisector through E = 

i 

Equation of perpendicular bisector through F = 



(2) 



a.- 1 A a 2 - 1 A b 
y= - — x + 2 . (3) 

If x = -| is substituted into equation (l) and (3) the values of y 

are the same» Therefore the perpendicular bisectors are concurrent at 

* /I a - a b v 

\ 2 > 2b 2 ; . 

» ■ («^) 
•o.(4I,|) 

,1 a + b - a ^ 
E = [ 2 ' 2b ' 

a - &2 - * 2 2 

The slope of HG = 1 « ^ b J 

a-^i 

a - a a + b - a g ^ 

The slope of HE = b \ 2b . ^ . 

a - g 

Therefore, the points are collinear* An equation of the line is 

2 2 ^2 
(3a + b - 3a)x + (2ab - b)y + a - a J - ab » 0 . * 
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Illustrative Tost Items - Sections 2-6 through 2-8 
Find a pair of direction numbers for the line PQ . 

(a) P = (2,3) , Q-»(fc,5) • 

(b) P -J (1,J0 , Q , ( 7 ,J») . 

(c) P » (-2,7) , Q a (1*,3) . 

(d) P = (-2,-j) , m = -1 . 

(e) P == (-1,7) , * a - 150° 

(f) x-interccpt h ; y-intercept 3 . 

Find a pair of direction cosines for a line, 

(a) L = ((x,yh x - y +.2 = 0) . 

(b) containing (3,5). and (l,7) . 

(c) with slope -t/J • 

(d) with inclination a = 30° . 

(e) parallel to' the x-axis . 

(f ) perpendicular to the x-axis . 

Find direction angles for - . 

(a) the line containing ( T l,-3)' and (-3,-1) . 

(b) the ray emanating from the origin and containing the point (6,-6^3) 

(c) the line with equation 73x+y-7 = 0. 

(d) the normal segment to L = {(x,y): x+V3y+7=0) . 

Which, if any, of the lines with the given equations are parallel? 
perpendicular? the same line? 

*V y -i = §(* + 2) v y-fx-i 

r . ' x + y i t . x + 2 

\r s + s = 1 y 2 

3* + 2y + 3 = 6 V 



Find the cosine of the least angle between the pairs of lines with the 
indicated equations. 

(a) x + 3y - 1 = 0 ; 2x + jy - 7 - 0 . 

.(b) 2x + hy - 5 = 0 ; 3x + ky - 1 =.0 . 

(o) x - y + 13 = 0 ; 5x + 3y + 12 = 0 . 
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6. Let L = {(x,y): Ux L 7y + 13 s 0) . Write an equation in general 
form of a line ' 

(a) parallel to L and containing the poiut (3>2) . 

(b) perpendicular to L and containing the origin. 

(c) parallel to L and with x-intercept h . 

(d) % ^perpendicular to, L and containing the point (3>2) • 

'V , 

7. Find an equation of the^ perpendicular bisector of AB , where 

A = (1,-3) , B (7,1) . 

8. Ijet A = 0,1) , B = (8,3) , and C - (5>8) • Find the area of 
triangle ABC • 

9. A line makes an angle whose cosine is ^ /5 with 

L 2 = 2x + y - 7 = 0} . What is the slope of L ? Find 

an equation of L if it contains the point (-^,2) • 
^ r- * 

10.- Find the » normal form of each of the following equations, 
(a) ,3x - ky + 15 = 0 




(e) y = ^ x - 2 

K ' 21 + 3 i> - 5 

(g) 7x - 2y 

(h) 7 - 3y « 

11. Find the distjfoce between P and I>- : 

„ (a) PM5,10) ; L n {(x,y): 3x - Uy + 10 -= 0} . 

t (b) P« (5,-1) ; L * {(x,y): 12x - 5y + 26 - 0} 

(c) P . (6,U) ; L m {(x,y): x + 2y - h 0} . 

(d) P=-(7,-3); L«{(x,y): 2x - 3y + 5 = 0} . 
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12. Find equations or the lines bisecting the angles formed by 

<■ * 

(a) L L . {(x,y): Jx - h ■* i> ' 0} and L *- t(x,y): ^x - 12y + 26 - 0} 

(b) L x - ((x,y): x * y - L . 0} and ^ {(x,y): 8x - ljy h ^ - 0} . 

13. Write in pplar form the equations of the following Lines: 

(a) parallel, to the polar axis and 2 unite above it. 

(b) perpendicular to the polar axis and « units to the right of the 
pole. 

(c) containing the point (-2,^) and navin S inclination ^ . 

(d) through the pole with slope -1 . 

l'u Transform each of £7ie following equations into polar coordinates. 

(a) 3x - 2y + 5 ' 0 J 

(b) 7x +'8y 

(c) x 2 + y 2 - 25 

(d) y - x c *• fcx + 1* 

y 

15 • Transform ca:h of the folio tfiog equations into rectangular coordinates. 



(a) r cos 0 a h 

(b) 2r cos 6 +^5r sin 6 = 6 

(c) r =- 3 sin 0 

(d) r cos (0 - |) = fa A 

. 

16. Let the vertices of the triangle ABC be A = (-H,2) , B = (6,6) , 

C = (U,-k) . 

(a) Find the lengths of the sides. 

(b) Find the equations of the lines containing the sides. 

(c) Find an equation of the perpendicular bisector of side AC « 

(d) Find an equation of the line containing the altitude to side AC • 

(e) Find the length of the altitude to side AC ♦ 

(f ) Find an equation of the line containing the median to side AC • 

(g) Find the length of the median to side AC • 

(h) Fine? the area of the triangle. , « 

(i) Find the centroid of triangle ABC (intersection of the medians), 
(j) Find an equation of the line containing the bisector of / A . 
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Answers 



1. (a) (£,2) , or equivalent pair 

(b) (6,8) , or equivalent pair 

(c) (6, -H) , or equivalent pair 

2. (a) (1,1), or (- -V -Ly 



(b) (-7,-7:) , or (- ±±) 

(c) , or (-§,f) 



(d) (l,-l) , or equivalent pair. 

(e) (-/$,l) , or equivalent pair, 

(f) > or equivalent pair, 

(a) (#,|),or (-£,-§) 

(e) (1,0) , or (-1,0) 

(f) (C,l) , or (0,-1) 



3. (a) a - 135° , & - *5° ; or a - 1(5° , p 135 0 . 

(b) a - b0° , p _ 150 0 . 

(c) a = L20° , p =• 30° ; or a - 60° , £ L 150 0 . 

(d) a - 120° , 6 - 150° . 



/ 



U. L. and L c are the same, 
1 5 









and 


are parallel 




and 


are 


parallel 






H > 


and 


are perpendicular 


5.- 


.(a) 


11 

VI30 




»»).■»: 


6. 


(a) 


Itx - 


Ty + 


2-0 




(b) 


Tx + 




0 




(c) 


hx - 


7y - 


16-0 




(d) 


Tx + 




29 - 0 


7. 


.5X + 


2y - 


10 - 


0 


8. 


4 








9. 


m - ■ 


3 
IT 








3x + 


ky -1 


k * 


0 
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10* (a) - ^ x + ~ y - 3 - 0 

V2 72 V2 

( e) £L x+ _3_ y . J2 a0 
^ ^8 ^ 

(d) i|x + ^ y -|=0 

(«) — x - -S- y 0 
^ (h) y 1*0 

11. (a) 3 

(b) 7 

(c) 275 

. (d) ^ 

vij 

12. (a) Ihx + fciy - 65 = 0 and 6ltx - 112y + 195 ^ 0 

(b) x(l7 - 872) + y(l7 + 15V2") - (17 + j't/2) - 0 and 
x(l7 + 872) + y(l7 - 1572) - (17 - jl»^>) - 0 . 

13. (a) r.cos (6 - |) -= 2 

(b) r cog 6 ^ 3 

(c) r cos (0 - J) -- 2 

(d) 6.4a 

lit. (a) 3r cos 6 - 2r sin 0 + 5-0 
(b) 7r cos 6 + 8r sin 0 - ^6 - 0 



(.0 r 2 = 25 



c 2 2 
(d) r sin 0 = r cos 0 + Ur cos 6 + U = {. zos 0 + 2) 
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15. (a) 
(b) 



2x + 5y = 6 
2 ^ 

x + y* = 3y 



x = k 



(c) 




(a) y = h J 

16. (a) d(A,B) = 2>^9 ; d(B,C) = 2M> ; d(A,C) - 10 . 

(b) AB: 2x - 5y + 18 - 0 
BC: 5x - y - 2U = 0 
AC: 3x + ky + li = 0 

(c) fcx - 3y - 3 - o 

(d) kx - 3y - 6 = o 

(e) | = 9.2 

(f) 7x - 6y - 6 = 0 
(g) 

(h) 1(6 



(j) x(3> / 29 - 10) + y(W29 + £5) + (1(729 - 90) - 0 
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Chapter 3 
VECTORS AND THKIH APPLICATION 

3-1, Why Study "Vectors" ? 

91 In the opening paragrarhs reference is made to the increasing importance 

of vectors and vector methods in the fields of applied mathematics, science, 
and engineering. You need only pick up any text in these subjects to be 
assured of the accuracy of this statement. Most recent books in calculus 
(e.g,, Calculus and Analytic Geometry by G.B, Thomas) make considerable use of 
vector methods , You may like to read Analytic Geom etry: A Vectur Approach by 
Charles Wexler for an extensive treatment of this subject. 

It is quite likely that most of your students will go on to study calcu- 
lus and more advanced mathematics. Most students in science and engineering 
are now encouraged to take courses in vector analysis and linear algebra. The 
latter course starts witn vector algebra and uses it to approach the subject 
of matrices. In this context, a vector is a row pr column of a matrix. Our 
approach is from the geometric point of view (as is vector analysis) but the 
two are clearly closely related. 

The beginnings of this subject can be found in the writings of Aristotle, 
and later in the works of Galileo ( 1564-16^2, Italian). However, serious 
study of the subject began with William Rowan Hamilton (18O5-I865, Irish) and 
Herman Grassmann (l809-lo77, German). Their work was dependent upon the 
earlier development of analytic geometry. Hamilton was inspired by problems 
arising from Newtonian physics and astronomy. In solving problems related to 
the motion of particles, Hamilton needed a non-commutative algebra. The 

2 2 2 

quaternion A = a^ + a., i + a^j + a^k (where i = j = k = i, k = -1 and 

the a*s are real), provided the answer since, for example, i t j = -j • i , 
The quaternion led to the vector and, in the cross-product of vectors, 
A X B = -B X A , (See this Commentary on Section 3-7). 

Grassmann approached the subject of vectors from the algebraic point of 
view. He was seeking an algebraic method of extending geometry from three 
into n dimensions. A vector in two dimensions is defined as an ordered 
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• 3-2 

pair of real numbers and in three dimensions as* an ordered triple of real 
numbers. In n dimensions, a vector is an ordered n- tuple of real numbers. 
This is the approach used tod.*/ in the study of vector spaces ii^ modern 
algebra. 

If your students hav already studied vectors in SMSG "Geometry with 
Coordinates", "Intermediate Matl^matics" , or "Matrix Algebra", a large par£ 
of the material in this,, chapter will^serv* as a review? Some time should *be 
spent, heweyer, in , analyzing {.he different approaches to the subject. In this 
way the students will review the topic from another point of view. Gome of * 
the subject matter and many of the problems are new to all. 

3-2. Directed Line Segments and Vectors. 

02 For more information regarding directed line segments, you shouL<j read 

the 3 MSG "Intermediate Mathematics", p. <^-f ih. 

c 

Probably the most distinctive part of our approach to the study ol 1 vec- 
tors lies in our definition of a vector. Since th^re is no way to distinguish 
any directed line segment from another with the same magnitude and sense of 
direction, it is therefore reasonable to define a vector as an infinite set 
of equivalent directed line segments. Any member of the set can be used to 
represent this vector. The origin-vector new term created here) is very 
often used to represent the set because of its convenience in geometric 
proofs and in the study of vector components. 

Unless specific geometric conditions obtain, our approach to the subject 
also gives us the freedom to use free vectors or bound vectors as wc choose. 
The "Origin Principle" on page 93 and the "C rigin-Vector Principle" on page 
96 are carefully and explicitly stated to make this point clear. 

93 The question of equality or inequality of vectors refers only to sets. 

When we say "two vectors are equal" we are only talking about the same in- 
finite set of directed line segments. Thus "equality" really means "identity" 
The use of the term in this sense is consistent with its use in all other GMSG 
texts. For example in earlier texts, if AB = CD , then AT and CD are 
identically the same segment, with A - C and B = if . 

However, in applications of vectors, it is convenient to use the term 
vector, as we state in the text, to mean a single member of the se' We con- 
sider it proper to do this when there is no danger of ambiguity. The students 
will then be on more familiar ground when they meet vectors 1,. other courses. 
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96 The discussion surrounding the origin-vector principle is of greatest 

importance. You will have many occasions to refer to it in the succeeding 
sections, particularly in Chapter h, where many proofs of geometric theorem 
are discussed. 

* Exercises 3-2 

1. * 




2. FE and JI ; LK and UT ; QR , OP and MN , QS and TV 
Each set is a representation of the same vector. 




3-3 
5. 




m 




6. Motion of a car, winds, weight, momentum, angular momentum, electrical 
and magnetic fields, etc* 

3-3. Sum and Difference of Vectors * Scalar Multiplication . 

97 The definition presented on this page is concerned only vith the sum of 
two non-zero vectors not lying in the same line. 

If A and B lie in the same line and have the same sense of direction, 
then A + B is a vectoi in the same line vith the same sense of direction and 
with magnitude \K\ + |b| . If A and B have different senses of direction 
and, let us say, |a"| > |b| , then A + b\ will have the direction of A and 
magnitude |a| - |B| . 

98 By part (2) of the definition of the sum of two vectors, P f P is a 
vector with magnitude twice the magnitude of P . Similarly (P f P) v P is 
a vector with magnitude 3 times the magnitude of P . Thus the definition 
of rP generalizes naturally from what we think 2P and 3P should be 

( neither being defined at this point). r 

99 An emphasis on subtraction of vectors defined in terms of addition should 
be made. This should be done not only for purely algebraic- reasons, but also 
to simplify finding the difference of two vectors in a vector diagram. 
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Exercises 3-3 

1. (a) C 

(b) C 

(c) E (requires assumptions that vector addition is associative and 

*hat diagonals of a parallelogram bisect each other) 

(d) 2 (requires second assumption in part c) 

(e) C 



e = -a 






d = -b 






e = a + b 






(i) e = 


a - 


d" 


(ii) e= 


a" -f 




(iii) e = 


"b - 


c 


(iv) e = 




- T 


(i) o 






(ii) o 







3. 




3-3 



k. 




a + b = c 

It can also be seen that -"a + c" = "b . * . "b = c* - "a 



5. (a) ± 

(b) 2 

(c) -1 



(d) 



3 



(.) 1 




From the diagram above ^a = b and c = d 
also b + d = t and a + c" = ~t . 

. * ♦ a + c = b -i d 

7. \kk\ = 12 

I "5A| = 15 
- |5A| = -15 

8. Since a = b } a and b are representatives of the same infinite set 
of equivalent directed line segments. Thus 

| a | = | b | and a | | b 

Nov ra|ja and ra is r times as large as la . Also rb | |b" and 
is r times as large as b . Thus % 

| ra j = | rb | and ra | | rb 

^ . . ra = rb 

9. |kbj is equal to the magnitude of "a . 
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b =. 


e 




h - 


p 




g" - 


-n 




cT = 


-a 




c - 


-T 




T r 


m 




T - 


k ~ 


b 


g + 


b 


a 


7 - 


c -t 





0 

h 4 n = T 4 k 
b f e - 2n 
e ^ h -- -a 
(and others) 




11. 



1 Q 

(4,6) 



P 

(1,2) 

-I I I 1_ L_ 



R 



One example: One could follow the path from P to R , from R to S , 
from S to Q . 

12. (a) not necessarily 
'b) yes 



erjc ; % 2 



c 



|a[ is»length of a 
|b| is length of b 
|a + b| is length of a + b 

Since c is equivalent to a', then |c| = }aj , 

Since ihe sum of the lengths of tvro sides of e triangle is .greater than 
or equal that of the third, vre have 

N |c| -4 | to I > |a + b| . 
/ , ] a] + \b | > ! "a + b | • 



4 Mi 




|B| = 2" 

ipi=4" 

C is the resultant 

In"! ~ T 4 



, representing approxi- 
mately 3^ miles in the 
direction indicated* 
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15. Let the speed and direction of the 
current be represented by C along 
the y-axis. Let the actual speed 
and- direction of the boat be repre- 
sented by ,R. We want to find the 
vector B representing the boat ! s 
motion in still water which when added 
to C represents the combined ef- 0 
feet of current and engine on the, 
boat. R = C *• B. I B I represents 
6 m.p.h. at /ROB. 




lb. 




A and B are distinct vectors 
Let A have coordinates (a,b), B coordinates (c,d) 
Then 1 -B has its terminal point at (-c,^) 
and -A has its terminal point at *(-a, -b) . 
Thus ^ - B has its terminal point at (a - c, t - d) 
and B - A has its terminal point at (c - a, d - b), 

Cage one : b / d^ 



Then slope of line 



IS i 



s given by 



a - c 
(b - d) - 0 b - d 



and slope of line OC is given by ( a ^ g) q 
Therefore the lines are parallel. 



\ 
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Case two: b = d. 

Then .line AB has no slope defined, but it is parallel to the line 

x = 0. which is the line OC. 
The proof that B - A lies on a line 'parallel to the line through A 
'and B i S3 similar. 

d - b 



If b/d then m( AB ) = 
and 1 m( OD ) 



c - a 
(d - b) - 0 
(c - a) - 0 



c - a 



, %l N So the lines are parallel. 

If b = d, then AB is parallel to the line x = U which is OD. 

1 * 
Alternatively, we 'need not urse coordinates: 

Let D = -B and E = -*A . ~A - ~B is 
the vector determined by the vector 
opposite 0 in the parallelogram 
formed with OA and OD as sides. 
Hence F = *A - "b. But d(F,A; = d(D,0) 
and d(D,0) = d(0,B) . So 
d(V,A) = d(0,B) . Because OD = OB 
and FA | | OD, we see that . 
£ FAO = /BOA. With d(0,A) = d(A,0)* 
we now know that A FAO =: A BOA. 
We get d(F,0) = d(a,B) which tells us that OFAB is a parallelogram 
since we already have d(F,A) = d(0,B) . So F = A - B lies on a line 
parallel! to AB . 

Given thlt a , b , c , and d , are consecutive vector sides of a 
quadrilateral. We wish to prove that the figure is a parallelogram if 
and only if b + d" = 0 . We must show that: 
/ \ U * * 

llJ if ;b + d = 0 , then the quadrilateral is a parallelogram and that 
(2) if the quadrilateral is a parallelogram^ then b" + d" = 0* , 




Proof; ! 

(1) Assume b + d - "o 

I ' b = -d" 

b and d are parallel, have the ^ame magnitude and are 
opposite > ides. 

Quadrilateral is a parallelogram. 

(2) Assume the quadrilateral is a parallelogram. Then the opposite 
sidep must be equal and parallel; i.e., b = ;1 . 

b'+ d" = 0" . 
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S 



\ 




The diagram above shovs labeling which leads to a simple proof. 
To prove: The sum of six vector .= drawn from the center of a'regular 
hexagon to its vertices is zero. , 



a + ( - a) + b * ( -S) + c" * ( -c") = (f 



b 




D , 



(1) Let AB = a , BC = b , CD = c , . . . , PA - p" . 

(2) Note that for triangle ABO , we have 

AB * BO v - OA' 
. \ AL + BO 4 OA = 0* 

(j) Then if we divide our polygon into triar/les as shown, we have: 

(AB + BO + OA) + (BC t-'CO + OB) + . . . + AO = o\ 
* But AO = -OA , BD = -DB , etc. ... 

Q ,\ (h) a+b+c+... +p=0,or AB + BC + . . . PA = 0 . 
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3-*U Pr^erties cf Vector Operations . 

10^ The purpose of this section is to develop come algebraic structure for 
the operations of vector addition and scaler multiplication. 

Perhaps the best way )f shoving the associative property by means of 
Figure 5-9 is to consider the quadrilateral whose vertices are the terminal 
points of Q,P + Q,Q+R, and (P + Q) + R . It is a parallelogram since 
each of a pair of opposite sides is parallel to R and has length equal to 
the length of R. Similarly the terainal points of R , P + *Q , Q + R , 
and P + (Q + R) arc* vertices of a parallelogram (opposite sides equal in 
length and parallel to P). Thus the two parallelograms are identical and 
the fourth vertices must coincide. 

105 A nicer proof depends on the one-to-one :orre3pondencc between points in 

the plane and ordered pairs of real numbers. Tt appears in the solution in 
Exercise 17, Section 3-o. 

THEOREM 3-*r . The vectors (rs)P anJ r(sP) both have terminal point X 
such that d(0,X) - rs d(0,P) . 

Exercises 3-^ 

1. (a) Show that: B* -4 < * - B) .- a" 

If B •*+ (A - B) = A , 

then B 4 ( -B 4 A) A* 
(b a (-B)) 4 A - A 

and A -- A . 

Since this last statement is true, the steps can be reversed to 

prove that B + (.A - B) ~ "A . 

(b) If (A - B) + B - T , 

then A • ((-E) 4 b) - A 

and " A A . (oee remark in part (a)) 
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(a) A 




Let 0 be the origin and points P, Q,R determine vectors P, Q and R* 
Let A be the vertex opposite 0 in the parallelogram determined by 
R and Q , i.e., A = P + Q . 

Let B be the Vertex opposite 0 in the parallelogram determined by 

Q and R , i.e., B = Q + t . 

Let "T = A + R * and T = P + B 

= (P + Q) f R =f r +(Q+R) 
We wish to prove T = T* . It is enough to show that T and T* coincide. 
By using Exercises 3-3 > Problem 17, AT | | OR | | QB and p 
d(A,T) = d(0,B) = d(Q,B) - _ _ 

Thus ATBQ is a parallelogram so BT | | QA and d(B,T) = d(B,T) • 

By construction of A , OP | | QA and d(OP) = d(QA) . 

By construction of T 1 , W 7 * | | OP and d(B,T ! ) = d(0,P) * 

Therefore BT || W and d(B,T) = d(B,T ! )* 

So we must have BT = BT 7 ". 

Whence T = V and T = T 1 . Q.E.D. 
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6. If (-r)P = r(-P) , 

then (-r)P = ,r[(-l)(P) j 

(-r)P * (r)(-l)(P) 
and (-r)P = (-r)P . 

Since this last statement is true, the steps ^can be reversed to prove 

N that (-r)P = r(-P) . 
c 



3-5* Characterization of the Point on a Line . 

109 In the proof of the distributive lavs (Theorem 3-6), ve left two items 
- as unfinished business. The first was the proof in the case where P* and (} 
are collinear and have opposite senses of direction, ^ 

In this case, assume |p| > |q| , Then: 

(1) By the same definition we used earlier, P + Q has the same direc- 
tion as P and has magnitude |p| - |q| , 

(2) If r > 0 , then 'r(P + Q) has the ssme direction as (r + Q) , 
and, by (l) above, the same direction as P . The magnitude of • 
r(P + Q) = |r(P + Q)| = r|p + Q| and is, by (l) above, equal to 
H|P| - |q|) • The distributive law gives the magnitude as 

r|p| - r|Q| . 

(3) We now consider rP and rQ , which, since r > 0 , ha"e the same 
r * directions respectively as P and Q . By 'our hypothesis, P* and 

<4 have opposite senses of directions, and therefore so do rP and 
rQ , Since we have assumed |P| > |q| , we have r|p] > r|o] , 
and, therefore |rP| > |rQ| ♦ 

ERJC v 1 
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3-5 

(h) Our definiuion for the sum of vectors now requires that rP + r(J 
have the same direction as rP and thi', is the same' direction as 
? . The same definition requires that the magnitude of rP + rQ 
be |rP| -|rQ| ; but thic latter expression can be written as 
r(|P| - |5l) • 

(5) Since we nave shown that the vectors r(P + Q) and rP + rQ have 
the same magnitude and the same sense of direction, we have shown 
that they are equal , 

The second item we did not discuss concerned the proof when r < J) In 
this case, our figure must be changed to the following: 



Q ' 



V P 




A = rQ 
B = rP 



Since r < 0 , rP and rQ have directions opposite those X)f P and Q 
respectively. The proof for the case r > 0 in the text will need to be 
modified as follows in order to hold when r < 0 . 

In step (1) , since r is negative and the absolute value? positive, 
|A| = -r|Q| and |b| = -r|p| . 
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instep (2) JIL.^IIL-JE. 

|A| -r|Q| iQl 
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» 

In step (5) , d(0,D) = |rd(0,C)| , 
^ |D| = |rC| . 

In step (6) , since the vectors are in opposite directions, D = rC . 

11C When teaching this section, we would recommend that at first specific 

numbers be used for p and q ♦ As an example, consider the line 

^ * *. ( 12 

AB = {X:X = pA -4 qB , where p 4- q\== 3 } . Let p = ^ , q = ^ . Then 

2* 




Take any vectors A and B . Find the sum of ana ^B nntf verify, by 



con: 



— ' h 1 

struction, that X 3ies or AB • Then let p = ^ and q = - ^ and 



see if the statement still holds. 

Such experiences will help the students visualize what is really taking 
place • 

111 In Chapter 2, a formula was developed for finding the coordinates of a 

0 point which divides a line segment in a given ratio. A comparable result for 
vectors is derived in Theo* em 3-8. It may be of interest to the student to 
compare the derivations and the applications of the results. 

4" 



1. 



Exerciges 3-5 
C 





i 


1 4 

p / „ 




c 


/b 



ERIC 



(a) If A is the zero vector, C = qB and 
if B is the zero vector C = pA 



(b) if C = A , p = 1 , q = 0 



40 2 . 



X 



3- 



(i) if p > 0 % and q > 0 , the terminal point of C* lies 
in AB . 

(ii) if p < 0 , the terminal point of C* lies on *B but 
not on AB ♦ 

(iii) if p = 0 , C = qB and c" lies on OB . - * 
U) P = q = | 
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(b) 



\ 



-2A ' 




/ 



/ 



/ 



/ 



/ 

/ 



k. Prove: (r + s)P = rP -4 sP 
• We note that (r +-s)P || rP + sP 

Case 1; r > 0 , s >.0 . 



0 



r > 0 , s > 0 imply r + s > C . Thus (r » s)*P and rP + sP 
have the same sense of direction, and 

7 a 



|(r + s)P| = (r + s)|p| = r|?| + s|p| = |rP| -4 |sP| = k'p + sP| . 



Case 2: r > 0 , s -< 0 . r > |s| 

— Then r + s > 0 and |(r + s)pf = (r -4 s)|p| = (r - |s|)|p] = 

r|p| - |s|P = | rP| - |s?| = |rP + sp] . 

» 

Case 2: r > 0 , s < C , y < | s | 

Then r + s < 0 and |(r + s)p| = -(r + s)|p| - (-lr| « |s|)|p| = 
-|r|P + | s | P* = - 1 rP| + |sP| = |rP + s?| . 

Case k: r > 0 , s < 0 , r = | s | 

|(r + s)*P| = 0 and |rP + sP | = 0 \ 

Cage 2 : r = 0 or s = 0 The proof follows from the definition of 
scalar multiplication. 

3- 6. Components , 

113 The notation introduced in this section simplifies vector manipulations. 

A component is itself a real- number and not a vector. 

What is actually done in this section is to establish an isomorphism 
between vectors with certain operations and ordered pairs of real numbers for 
which certain operations are defined. This leads eventually to vector spaces 
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vhi?h arc characterized abstractly by postulating the'haA^ piippeftier/ ex- 
hibited in this treatment, A stt A of postulatou^for a vector -tpa,u\-an be 
found in JMSG Intermediate Mathematics , page* o/H-t*^ or any* Uext on modern 

" * ** • o « 

algebra or linear ^algeb^a. * * m • 

Since the 'origin-vector is unique, the vector Ja,b] * equals the vector 
I c , ci J if and only if a - c and b - ci ♦ This 'description of equal i£y is 
used throughout- the rest of the text and in many- probKmsl * ' 

115 Part of the material presented earlier on the topic of. linear combina- 

tions (Cee pages lCu-109) is especially pertinent here. The unit vectors 
i s'[l,0] and j = [0,1] in twb dimensions and i,s= f.1,0,0}, , j = [0,1/0] 
and k - [0,8,1] la three 'dimensions are used in most apji} ications of vector 
analysis. The i , j , k vectors are discussed in Chapter 8. 




Exercises 3-6 

1. (a) [f,3] . ' (e) [-5,-6] 

(b) [-1,-1] ; (f) . [-%-6] ■ 

(c) [20,24] (g) [10,9] ' 

(d) {-20,-24] (h) [D.,-3] 

2. (a) "(1) [1,5] 00 [2,-loj 

(2) [11,-8] (5) '[12,-22] 

(3) [13,-7] (6) [-10,-6] 

(b) (1) x" = X + B - C = [0,-2] 

\2) 'X = i(2A + 3B - 4C) = [-1,- |] 

(3) x = c-|a< |b= [-|, ^] 

(4) X =i(B + C - A) - f- f ,y] 

(5) X = -2C - 3B -'(-1,-24] 

» 

(6) X = - |A - |f- [- \, - \\ 



0 

1*. (a) 42 
(b) 5 

• (c) •/& + b~ 

(d) 1 ' 

O 
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A 

V. 



(5,-1) 



A = ki + 2J 
B £ 51 - J 

p = B - A n (5-fc)i+(-i-2)j 
= i - 3j 



6. 0 = 0* X + 0. Y i 

\ * 

-7. The midpoint of the line segment*joining (2,5) 'and C5,8) is 
(I 12) : * ' 



- 7 15 



8. (a) p=^i + ij 



(b) 

(c) ***i-fj 



13 



9. (a) 
(b) > 



(c) 

(a) 



-i 

5 

27 
13 



x = r 



23 
T 

'k 

5 

_8_ 

13 

-1 - r 



for each real number. The real numbers 



" -form an infinite set. 

10. *(a) [a,b] = a[l,0] + b(0,l] ' 

(b) [a,b] .±££[1,1] .^[.1,1] 

(c) [a,b] = -b>^ [- — , s. — ] + (b - a)[-l,0] 



11. T = 251/3 lbs. = U3.3 lbs. , T = 25 l'l 

x y 



lbs. 



9 
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letting 1 lb. correspond to 1 unit, set up a coordinate system. 





B*- (B ,B ] =ijB|cos(-3C°), |B|sin (-30°)] 
x y • 

= [30^,30(-i)] * 



A + B * ll6,12] + (15/3, -15] = (16 + 15^, -3] = V'2, -3] • 

13, (a) 2h° , below x-axis in hth quadrant. The components of the second 
vector, IT = [26,-12] j 
(b) 32° from y-axis in 2nd quadrant. The components of the second 
vector, B = [-16,30] 

IK. 2ii°30» • 

15. (a) 21,3 lbs.* acting 3° north of vest, 
(b) 31,3 lbs, acting 2° north of vest. 



16, lh.6 lbs, 

l 

17, THEOREM 3-1 . Let "p - [a,b] Q = [c.d] 

P + Q= [a { c , b + d] and P' - (c + a , b + d] 

But addition in the real numbers is commutative so a+c=c+a, 
*. b+d=d+b\ Therefore [a + c,b + d] = [c + a,d + b] which 

means P + Q = Q * P , 



In part (a) the components are (-15^2, - 20] 

In part (b) the components are [-10 - 15^2, 15^2 - 20] 



THEOREM 3-2 , P == [a>,V] Q = [c,d] R = [e,f] 
(P + Q) + R = [(a + c) + e , (b + d) * f] 
P + (q + R) = [a + (c + e) , b +, (d + f)] 



But addition the reals is associative vhi~h means 

[(a + c) + e , (b + d) + f] = [a * (c + e) ,b + (d + f ) ] , 



Hence, (P + q) + r" = P + (Q + R) . 



THEOREM 3-6, r and 



are real numbers. P = [a,b] , R = [c,d] 



(1) r(P + Q) = r([a + c,b + d]) 



= [ ra + rc , rb + rd ] 
= [ra,rb] + [rc,rd] 
= rP + rQ 



(2) (r f s)P - (r * s)[a,b] 

= [(r + s)a, (r + s)b] 

= [ra i sa, rb + sb] 

= [ra,rb] » [sa,sb] 

- rP i sP"' 

18. THEOREM 3-10 . If X = [a,b] and r is a real number, then 
* rX = [ra,rb] . 

Case li a ~ 0 . Then X lies along the y-axis. By definition, rX 
lies along the y-axis also with terminal point at rb . So 
r X = [r • 0 , rb] - [ra,rb] . 

Case 2: b ~ 0 . By 'same argument rX = [ra,rb] . 




Let Z rX . 
X . (a,b) 



Case 3; a £ 0 and b £ 6 . 
We get A OXA - A OZC 
and A OXB ~ A OZD . 

d(p,X) _ d(0,A) _ d(0,B) _ 1 
00 d(0,Z) d(0,C) d(0,D) r 

But d(0,A) =. a d(0,B) = b 

Therefore d(0,C) = ra d(0,D) rb ' and -= (ra,rb) . 

( alternatively) 

If X= [a,b] , define A - [ a ,0] B M [0,b] so that X * A + B . 
rX = fA + rB 

By Cases 1 and 2, rA - [ra,0] , rB =- [0,rb] . 

So rX [ra,0] 4 [0,rb] ■: fia,rb] . 

19. The vector representation of each set below is vritten so that if r 



ve obtain 


A and if r 
* 


= 1 ve obtain B . 


(a) 


([2 - 


6r , 3 ^ 2t ) ' 


r is a rea3 number) 


(b) 


{[1 H 


2r , 3 + 6r ] 


r is a real number) 


(c) 


Wi, 


-7 ■* 9r) : r 


is a real number] 


(a) 


{[2 H 


r] : r is a 


rea] number] 


(e) 


{[-3 


+ iir, 2 - i»r] 


: 0 < r < 1) 


(f) 


{[1 ' 


r] : 0 < r < 3} 


(g) 


{[3 - 


5r ,4 - r] : 


0 < r < 1) 


(h) 


{[1 - 


, -2 •* -Ur ] 


: 0 < r) 


(i). 


.{[2 - 


r] :,0)< r) 




(j) 


{[3 - 


5r , r ] : 


0 < r) 


(k) 


{(-2 


+ 5r , 3 * r) 


r < r) 
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20. 



(1) (h - r] : 0 < r] 

(m) {(3 - 5r , h - r] : 0 > r} 

(n) ((-3 + hr ,2 - kr] : 0 < r < 2) 

(a) M = [3,6] , T x = [2,4] , T £ - [It, 3] 

■*>> M= [!,-§], T 3 = [*,-$] , T 2 = [^,-f] 



(c) M = [ 



*1 



+ a 



9i ^ 

2 \ 

9 



4) 



, 28 s + \ 



2a 2 + V 



T = A 

2 1 



+ 2b, 



a 2 + 2b £ 



] . 



21'. (a) [2,8] 

(b) [7] 

(c) [0,0] 

v<0 [|,|] 



(e) ( 



39«H2v^ 26k f 2W2 



26(/2 + n) 39d/2 + it) 
(f) [7] 



] 



3-7- { Inner Product .. 

121 though it is desirable algebraically to have some kind of vector 

multiplication, it is a little more difficult to introduce in a geometric 
framework. It would be possible to start by simply defining the inner product 
of two vectors by 

[ V a 2 ] . [b x ,b 2 ] = a 1 b 1 a a 2 b 2 . 

This is quite satisfactory from the algebraic point of view, but does not 
connect very well with our development of vectors to this point. Hence a 
geometric approach is used by applying the law of cosines to the triangle 
formed by X and. Y , The definition of inner product is then made in terms 
of the resulting expression. The physical concept of work is one of the 
simplest applications of the inner product. It is included hereto show that 
the inner product has relevance to a practical problem in science. 

123 Theorem 3-13 establishes the connection between the geometric definition 

of inner product and its representation by components oi the vectors. Either 
form can be used as indicated by a particular situation. 

■ i 

* 6 i0 
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12^ We did not present the vector product (or cross-product) a X b because 

some limitations had to be set for +his chapter. The magnitude of 
a X b = |a||b| sin Q ; its direction lies along a line perpendicular to the 
plane determined by a and b ; and its sense of direction is determined by 
the motion of a right-hand screw when a is rotated into b . 




You should note that a X b = -b X a because the sense of direction is 
reversed. Thus the commutative lav fails. |a X b| is the area of the 
parallelogram with a and b as sides. 

Your interested studentr may like to investigate this topic in a standard 
text on vector analysis. 



Exercises 3-7 



1. 


(a) 


0 


(e) 


0 




(b) 


0 


(f) 


-7 




(c) 


I 


(g) 


ac + bd 




(a) 


1 






2. 


(a) 


-11 


(f) 


-205 




(b) 


-66 


• (g) 


-76 




(c) 


*8 


(h) 


0 




(a) 


-11C 


(i) 


3V7 




(e) 


29 


(j) 


6h 


3- 


(a) 


90° 


(e) 


132° 




(b) 


80° 


(f) 


3'.° 




(c) 


109° 


(g) 


0° 




(a) 


60° 


(h) 


180° 


h. 


(a) 


l^l 2 - 25 , 


(b) 


|Bl 2 = 16 9 
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5. (a) 



6. 



-16 

3 



(c) -3 

(d) k> 

(e) -l6i + 12j ; l6i - 12 j 



0 

(0,0) 



B 

4(3,6) 



8/ i 

/ 



(2,-1) 



MOB is a right A 
If C is as shown, 
C = B - A 

C = i + 7 j 



7. 



B 



A 



A = 21 - 3J 
B = 21 + j 

A • B = J A | • |B| cos e 
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(a) A- B = (2)(-2) + (-3)(1) = -7 

Vrom A*B - |A| |b| cos 0 > we find that cos 6 = -.863 
B is approximately I50 0 
(h\ Since W = F . S and F = A = 2i - 3,1 

we have W = F • S = a^ + , and 

W ='(2)(2) + (-3)(0) a k (in proper units). 
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8. (a) 9^0 ft, lbs, 
(b) . 8660 ft. lbs. 

p. (a) 10. v ft. 
(b) 538.2 ft. 

10. 









B/ _ 



















(a) jA | = jos 6 + sin" 6=1 , |b| = cos 4- <$> f s^h ft = 1 , and 

A* B = |a||b| cqs ^ where ^ is the angle between A and B . 

(b) In this case ^ = $ - G 

.\ B = |A| |B| cos ($ - 0) = 3 • I • cos (<♦> - e) = cos U - 6) . 
Using components A • B = cos <t> cos 6 •* sin <t> sin 0 . 
Thus cos -8) = cos $ cos 6 + sin $ sin 0 . - 

11 # To show -1 < J" ' Y _ < 1 '. 

- |X1 • lY| - ^ ^ * 

This expression is defined only if X / 0 and Y 0 r In this case 

X • Y ' is defined as |x||Y| cos 6 . Now -1 < cos 6 < 1 for any angle, 

XOY , |x| |Y| ^ 0 so we may multiply through by 

l= j|Lll[ gating -3<JLl2L<i. 

|x||y! - |x||y| - . 

12* There is no associative law for inner products. The inner product of 
two vectors is a scalar. 



3-8. Laws and Applications of the Inner ( Dot) Product . 

128 Most of the proofs of geometric theorems have been left for Chapter 

r ,nese two proofs are given here to demonstrate that an abstract concept, such 
as the inner product of vectors, can be useful. The proof of the concurrence 
of the Altitudes of a triangle is, we hope, impressive. » 
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129 A bright student ma> w;k why %v BY, must Intersect OF or why AH must 

intersect BC . f Hie answer Ls far from simple and Involves a number of 
theorems involving the concepts of order , incidence, and betweenners. A 
careful treatment of such questions is given by I'..K. Moise in hio book 
Elementary Geometry from an Advanced Viewpoint. A careful non-vector proof 
of this theorem is in flMSG Geometry with Coordinates , p. f 00-601. 

131 A second derivation of the formula for the area of a triangle, 

Kj= \ l-\y 2 " x ^il ir> as follows: 

y 




(1) Consider AOXY and the real ted non-zero vectors X - [x,,x 0 ] and 
Y E fy^jY^] and the angle © between them. Applying the trigo- 
nometric form for the area of a triangle, we have \ 

K = i |X| )Y| sjn ^ . 

(2) Since T =- |x| |y| cos © ., we have *|x| |y| = , and 



K - i(X. Y) tan 6 , 6 { | 



(If the vectors are perpendicular, K = ^|X||y|) 

(3) To write the result in terms of components, we observe the following: 
-(a) X. Y = Vl + 

X • Y X l y l - X 2 y 2 ' 



(b) cos © 



I x 1 \\\ r~2~ 2 / 2 2 

1111 7^ + x 2 /y 1 r y p 



(c) sin © = t A - cos 2 © - + /l - 



+ x 2 )(y 1 2 + y 2 2 ) 



/2 2 /it" 

*1 4 X 2 y l y 2 
(fc) Thus K = \\\Y 2 - Vl' ' 



|X||Y| 
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Exercises 3-8,9 
X = [2,h) Y = [-1,-3] , t = 5 
'(tX). ? = t(X- T) = (X) • (tY) 

[10,20] • [-1,-3] = 5([2,if] . [-1,-3]] = [2,k] • [-5,-15] 
-10 - 60 = 5(-2 - 12} = -10 - 60 
-70 = -70 = -70 

If X = [x L ,x 2 ]- and Y = [y^] , prove that 

(tx)* Y = X • (tY) for any scalar t . 

Proof : (tX) . Y = X • (tY) if 

[tx^tXgl. [y^g] = [x L ,x 2 ][ty 1 ,ty 2 ] or 

tx L y 1 + tx^ = tx L y 1 + ty x y 2 . 

Since this last statement is true, the steps can be reversed to 
prove the original statement of the theorem* 

To prove; 

X*(aY + bZ) .^(X.- Y) + b(X- Z) , note - 

that X • (aY) + X . (bZ) = a(X. Y) + b(X* Z) (Theorem 3-l^a) 

and a(X - Y) + b(X. Z) = a(x". Y) + b(X.?) (Theorem 3-l^b) 

(a) (A +\) • (A - B) = (A + B) • A - (A + B ) • B* (Theorem 3-l^a) 

= ,(A- A) + ( B* • A) - (A* B) - ( B • B ) (Theorem 3-l^a) 

= |A( 2 - |b) 2 (Commutative Property of Iriner 
Pi* o duct and the fact that 
A* A = |A| 2 , B . B* = |B| 2 )" 

(b) Construction: Two lines are parallel or intersect at a point. 

(1) Theorem 3-12 and Theorem ♦ 

(2) Same reason. 

(3) Equality of real numbers and the commutative property. 
(h) 'Additive property of equality, 

(5) Theorem 3-l^a and Theorem 12. 

(6) a" lies on AD and (c*- b) lies on BC • 



115 in 



5. 



4i 



,6) 



(3,-1) 



6. (a) 
(b) 



13. 
5 

7/L3 
13 



(a) x direction, I5/2 
y direction, I5/2 

(b) 26.0 
(c) 



-||18 + 2| 
= %|ao| = io 



Check by alternate method : OAjOB 
since is the negative 

reciprocal of m^g . .'.OB is an 

altitude of AOAB . 

d(0,A) = /Eo and d(0,B) = -/5o 

A = ±(JlO)(M) = 10 



CHALLENGE PROBLEMS 



Let N P be any point not on A ABC. 
Let 6$ intersect 

si des respectively 
at points Q, R. S. 
_ . a(A.S) d(B.Q) , d(C,R) 

Take origin at A. 

£ d (A,R) * ? 
Then R = d^ C ' ^ 

CS contains points xC + (l - x)S = xC + (l - x) ||^|y B 

BR contains points yB + (l - y)R = yB + (l - y) f|^|y C 




a(A,s) £ 



(i) 

(2) 



For intersection y = (l - ,) ^> x „ (l - y) §j£jj> 

' . . . . „ a(A,R) * d(S;B) 

which reduces to x = a ( A>B ) . a ( A ; c ) . a ( A ; s ) . a ( A>R ) 

d(A,S) • d(R,C) 

: 7 " d(A,B) . d(A,C) - d(A,S) • d(A,R) „ 

™ t d(A,S) t d(R,C) t" . 

^ P = d(A,B). &(A,C) - d(A's) .d(A,R) B " 

a(A.R) • a(s,B) ~ 

a(A,B) • d(A,C) - d(A,S) • d(A,R) v • 



But Q is on i^, so for some t ue have 

/ d(A,S) * d(R,C) \ ' d(B,C) - d(Q,B) * d(Q,C) 

\d{A,B) • d(-A,C) - d(A,S) . d(A>R)j " \ d(B,C) ~ d(B,C) % ** 



whence t 



and 



.J d(A,R) * d(S,B) \ _ d(QjB) 

L \SUA,B) • d(A,C) - d(A,S) • d(A,R)y d(B,C) 



Substituting the expression for t obtained from (3) into CO and 
simplifying ue get 

d(A,R) • d(S,B) • a(Q,C) • a(B,C) • d(B,C) . a(A,^) '"d(R,C) • d(Q,B) 
. . . . d(A,S) • d (C,R) » d(Q,B) . 

Which e ives a(s!3).a(R|A). arte) = 1 
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Consider A ABC 
CD | AB 

P is a point cu CD 
P§ intersects AC at N 
fft intersects b£ at M 

Take origin at D, x-axis along ft, y-axis along CD. 
A - [a,0] B = [b,0] C = [0,c] P= [0,p] 

(This exercise considers only the case D strictly between A and B 

, b i P ^ 

so that a < 0 < b anr' - - • ) 

If (x, y) is on AC, then y = ^ (x - a) 

If (x, y) is on PB, then y = ^ (x - b) 

Solving these to find coordinates of R we get 

[ab(p - c) cp(a - b)l = [ N N ] 
N ■ [ ap - be ' ap - be J x' y 

If (x,y) is on BC , then y - ± (x - b) 
If (x,y) -is on PA , then y = -J (x - a). 

"^Solving for' the coordinates of ' M we get 

w r ab(p - c) ap(b - a)j [M M j 
M = 1 be - ap ' be - ap x' y 

Because both /NDC and /MDC are smaller than 90° , angles they are 
• / ^„ . P i hn^nl * ..u-i/%v> -n- * c pnnuch that 

x congruent if |sin /NDC| 



I sin /'MDC | for which it is enough that 
I sin /NDC| 2 = | sin /MDC| 2 . But this follows from 

, l2 l N x! 2 aV(c - P) 2 foe - ap) 

i*» ^1'!: = — _ J 2 ■ • aV(c . p)2 + c 2 p2(b . a) 



|M x 

and | sin /MDC| .« 



d 2 (ND) (be - apT 

2 aV(p - c) 2 _ 
?Sf (bp - aa) 2 ' aVic - p) 2 + c 2 p 2 (b - a) 2 



(be - ap)' 



nil 18 




Consider B as origin. 



p . d(B t P) *> 

d(B,A)" A R 

Q is on AC so for some 
Q is on PR so for some 



jf be any line which does not pass 
throagj^any vertex of A ABC. j£ 
intersects it, & , & at P, Q)R } 
respectively. . (This contains implicit 
assumption that ^ is parallel to none 
of the sides of A ABC.) 



d(B t R) ^ 
d(B,C) U 



Q 
Q 



Hence 



" d(B,A) 



XA + (1 . x)C 
yP + (1 - y)t 



(1 - x) = (l 



y) d ( B ' R ? 



From these we get 

Ldiu de rr point ^ - the denominator is not zer °> i- ^ 

condition that excludes X parallel to a side. ■ 
Similarly we may write 



(1) 



Q =j|M|t . d(Q,A) 



(2) 



Then the , coefficients of A and C ft, (il *v 

f * , na 0 in 11 ' mu st be equal respectively 

to the corresponding coefficients in ( 8 ). From which we find 

• - d ( A ^| . d(C,R) d(B,P) , 

^cj dt^sy ' d(p^Aj = i 
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k. (a) To show (x^ * x^ 2 ) 2 < (x^ + x 2 2 )( Yl 2 + y 2 2 ) 



(x^ + Xgyg) 2 = x^ 2 + 2x 1 y 1 x 2 y 2 + x, 2 - 2 

2 . d\f 2 . 2\ 2. 2 ... 2. 2 . .. 2 . 2. ... 2 2 



2 J 2 



(x^ ♦ x/Ky^ ♦ y*) - h \ 2 * 
Thus we need to show that 

2X l y iV2 - X l 2y 2 2 + x 2 2y i 2 



x 2 y i +x i + x o y 



1 J 2 



2 J 2 



But this is true because we always have 

(V 2 - = X l 2y 2 2 " 2X lWl + X 2 2y l 2 

(b) Let X = [x v yj, Y = [x 2 *, y 2 ] in 2-space. 

\2 . ,tTi2 ,ei2 



Then ve write (X • Yr < |x| 
' \2 it|2 . i^,2 



(o) (X ; Y) = |X| 2 . |Y| 2 if and only if x^ = x^, that is, if 
arid only if X = rY, r i 0 



Review Exercises 



1. (a) 
(b) 


X 


= A + B - C = [0,-2] 

= i(2A + 3B - kC) - [-1 , - |] 


(c) 


X 


■ C 3 A+ 3 B_ [_ 3'T 1 


(d) 


X 


= i(B t C-A) = [-4,^] 


(e) 


X 


= -2C - 3B = t-l,-2U] 


(f) 


X 


" " 3 A_ 3 B " [ " 2'" 3 ] 


2. Prove: 


A + X" = o" is satisfied by 



X = (-l)A 



Proof: 



A + X = A + (-1A) 
= A + -A 

= "o 



(Substitution) 
(Definition of -(-l)t)' 
(-A is additive inverse 
of A) 



3. (rs)P = r(st) 

" P roof : (rs)f and r(sP) are parallel and have the same sense of 
t direction. 
. |(rs)p) = |rs||p| = |r||s||P| = |r| |sP| = | r (sP)| . 

o ... 
EMC 





(a) 




(a) 


[6,0] 


4 


(b) 


[-7,16] 


(e) 


[H»,10] 


: 


(<0 


(-2,17) 


(f) 


[-18,-10 


% 


(a) 


[-6,-2] 


(d) 


[0,- |] 




(b) 


? 5 


(e) 


[-7,0] 




(c) 


1 3' 3 J 
1 


If) 






. (a) 




vf J 


oft 




(b) 


0 


(g) 






(c) 


21 


(h) 


A 




(«)" 




(i) 


-192 


t 


V W 


0 


Ml 

V J > 


*11 


■7 


(a) 






U 


(b) 


2- / i? -T 


(i) 


36 




(c) 


2VT3 + ^/lO 


(J) 


329 


• 


Yd) 
















(•)' 




(1) 


26 








• (m) 


105 




(8) 


5v^3 


(n) 


52 




(a) 


2(21 + 3J) 4 3(31 - 


2j) - (-1 + 


3J) = hi + 



= lJ»i - 3J 



(b) -71 + l6j 

(c) -21 + 17J 
(df 61 

(e) Ikl + 10 j 

(f) -181 '.h.j 
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9- (a) X . 6i - 2j 

(b) 2(2i + 3 j) 4 3( 3 i - 2j) - M-i •» 34) < M^i + x 2 J) 
. hi 4 6j + 9i - 6j -- -»U 4 12J + + 5x 2 j 

17i ' : 12S = 5^1 4 5x c j 
5*i a W ' 



*1 



11 

5 



5x 2 = -12 



1_2 

5 



V 17 4 12 r 



(c) X-= - ii - ij V 



(d) 21 + 3J + 2(Xji 4 x 2 j) = 3i - 2j - i ^ 3J - Xji - x 2 j 
<2L + 3J * 2^1 4- 2x 2 j = 3i - 2j - i + 30 - - x 2 j 
01 + 2J = -3x^1 - 3x 2 j 



. .' ' % " . " 3x 2 = 2 ' 

x 2 - - 

(e) -X = -?i 

(f) X = - ^1 

10. »(aj (21 4- 3J) - .(31 - 2J) = (2)(3) + (3)(-2) =, 0 

(b) 2(21 4- 3J) • 3(31- - 2j) = On * 6,j) . (91 % 6j) = (10(9) + (6)(-6) = o 

(c) a , 

(a) -36 ' . 

(e) - 0 

(f) -38 

(g) (3(21 + 3J) + 5(3i - 2J)) • (3(31 - 2J) - 2(-i 4- 3j)) 

(6i + 9j + 151 - lOj) • (91 - 6) + 21 - 6j) 
(Sli - j) • (111 - 12J) . (21)(11) 4- (-1)(-12) . 2U3 
" • (h) -h " 
(i) -192 



11* 



(in degrees) 



12. 



( a) m /ABC = 90 

m /BCD = 100 

m /CDA = 55 

m /DAB = 115 ' 

4b) Area of AOAB = 9 

Area of AOBC =8 ' 

Area of AOAC = 7 

/c) Area of AABC = Area of &0AB + Area of AOBC - Area AOAC 
= S>+8-7=10 




Area of AAOB = ^la^,- a 2 b l' 
.Area of ABOC = ^\\^ 2 ~ b 2°i' 

Anesuof MOC = ^l®i c 2 " a 2 c ]J * N 

o 

From the diagram' above: Area of AABC = Area of AAOB + Area of 

ABOC - Area of AAOC 

.Area of AABC = \\\* 2 - figbj + ll*^ - b^J - \\\^ 2 ' a 2 c l' 
Area* of /AABC' a^lc^bg - a^ + b^ - b^ - + a^J ^ 
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13. 



B 

B \ 


C 

— \ 

\ 

\ 

\ 

\ 

\ 

• k ^(a,,a 2 ) 


0 





Area of MOB = ^a.^ - a 

Area of BOAC = 2(Area of MOB) = la^b - a 

lh. (a) [-h,l] 

(b) [-h] 

(0 [f,-|,f] 
(a) [-15, f] 

15. (a) AABC = AB U BC U CA 

= ((2 - 3r , 3 - r) : 0 < r < 1} U{[-1 + 2r , 2 + 2r] : 0 < r < 1} 

U{[1 + r , 3 + r] : 0 < r < 1} 
Region ABC = (B + r(A-B) +s(C- B) : 0 < r < 1, 0 < s < 1 , r + s < 1} 
= ([-l + 3r + 2s , 2 +r + 2s] : 0 < r < 1, 0 < s < 1, r + s < 1} 

Int.(Reg.ABC) = (B + r(A - B) + s(C r 5) : 0 < r < 1 , 0 < s < 1 , r + s <1} 
= {[-l+3r+2s , 2 + r+2s] : 0<r <1 , 0 < s < 1 ,r+s<l} 

(*) '[1,3] = [-1 + 3(Jr) + 2(J) , 2 + (|) + 2(J)] where ve certainly have 

1 1 * ? 

0<r=-<l,0<s=^<1-and r~+ s = ^ < 1 

So [3,1] € Int. (Reg. ABC). 

(c) [1,1] = [-1*+ 3r + 2s , 2 + r + 2s] if and only ±fTr = - | , 

s = - -jj- • So clearly [1,1] does not satisfy the conditions to 
be in Region ABC . 
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(d) Segment P^ c * ([i , 1 + 2t) : 0 < t < 1} 

From graphical considerations, we show P^ c intersects AB which 
is a subset of MBC ♦ The conditions 

0<r<l,0<t<l, [2 - 3r , 3 - r] = [1 , 1«- 2t] are met for 
t - | f r - ^ . Hence the segments intersect in the point [l, ^] • 

Region ABCD = Region BAD U Region BDCU Region BAC 

* t-B + r(A -B) +s(C -B)+ t(D -B): 0 < r < 1 , 0 < s < 1 , 0 < t < 1, r + s < 1, 

s + t < 1, r + t < l) 

= [[-1 + 3r *-2s + 3t, 2 + r + 2s + 2t]: 0 < r<l , 0 <s < 1,0 <t <1 , r + s < 1 , 

s + t < 1, r +t < 1) 

Note: the commas indicate logical conjunction of the six individual 
conditions . 

Region ABCD = 

(B + r(A- 9) + s(C- B) + t(D -B) : 0 <r < 1, 0<s<l,0<t<l,r + s < 1 , 

s + t < 1 , r + t. < l) 



(a) 


90° 


(b) 


97° 


(c) 


*5° 


M) 


61° 


/CAB 


= 90° 


/ABC 


-*5° 


/ACB 


= U 5 ° 


/pss 


= i35° 


/SRQ 


= 135° 


V /^ 


= *5° 


/ops 




Trapezoid 
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Chapter h 
PROOFS BY ANALYTIC METHODS 

This is the first of what some students refer to as "fun" chapters. 
There is nothing new to learn in the s,ense that there are no nev theorems or 
definitions. The students have accumulated a variety of tools; nov they will 
set hov these tools may be used. In spite of the groans and complaints one 
hears from the class, most students thoroughly enjoy this type of thing. 

Our primary concern in this chapter is that each student develop a 
systematic approach to solving problems. by coordinates or vectors. We feel 
that a satisfactory beginning can be made by writing analytic proofs of 
familiar geometric theorems. It is, also our aim that, while he is operating 
jwijth these analytic tools, each student realize and appreciate the power 
available in the application of these tools. These methods represent a 
tremendous advance in mathematics, and the students should be aware of their 
heritage . 

After a discussion of three methods of proof--by rectangular coordinates, 
by vectors, by polar coordinates--the chapter culminates in a section where 
the student must make a conscious choice of method. In order that the student 
not be denied this valuable opportunity to develop mathematical maturity, the 
teacher, must avoid the temptation to decide for the student. Every student 
is entitled to learn what happens when he makes a poor choice. Furthermore, 
his choice may be, for him , the best. 

The exercise solution? are given in the form we think i& the most 
natural; but, to follow the spirit of the text, the teacher should accept 
any presentation which is mathematically sound. Then if the teacher feels 
that the^ student could have produced a simpler or more direct proof by using 
another jmethod, this could be pointed out. * 
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**-2. Proofs Using Rectangular Coordinates * 

This section, which is concerned with proofs using rectangular 
coordinates, may be skimmed or swiftly reviewed if the class has already 
covered this material in another course. Some time might be saved in this 
way since the time allotment for this chapter assumes that most of the 
students have had little or no experience in this area. 

The techniques we recommend ere developed by means of examples. 
Following Example 1, we have suggested a short outline of systematic steps a 
student may follow for the problems which seem particularly 'suited to 
rectangular coordinates. To facilitate the study of the examples, we suggest 
that each student copy the figure and supply coordinates for it as the proof 
proceeds ♦ 

Among other things, Example 1 illustrates a rather delicate choice the 
student must make. On one hand, he must select coordinates which make the 
figure perfectly general; on the other hand, he should choose coordinates 
which make use of the information' given in the problem. If he does this 
improperly,, in the first instance he may have a proof which is valid for 
only a special case; in the second instance he may have a very complicated 
proof where a simple one would suffice. Example 1 shows how the choice of 
coordinates may be improved without losing generality in the figure. 

Ih2 We use the fact that d(A,C) = d(B,C) to show that CD has no slope. 



Vt> + c 2 = v^b - 2a^ 2 + c c 

2 2 2 
b = b hab + Ua 



Therefore, J*ab = iia 2 , 

and, if a / 0 , then a = o and CD is vertical. 

Ih2 Regarding the choice of coordinates for A. and B in Figure h-h, we 

deliberately chose "-a" to the right of V so that some students who need 

the reminder may note that -a does noc necessarily represent a negative 

number. It means the opposite of a; hence, when a is negative, -a is 

positive. 
»\ 

To show that C lies on the y-axis, we note that 

d(A,C) = d(B,C) , 



or /(b - a) 2 + c 2 = v(b - (-a)) 2 + c 2 
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or 

Therefore, 



2ab + a*~ b + 2ab + a 
0 hah, «< 



and/ if a / 0 , then b = 0 . 

1**3 We justify the choice of abscissa for point C in Figure Sr^ in the 

, following way. Let D = (b, c) and C= (d,c) . Since BC| j AD , their 
s slopes are equal. Thus 

c 



and 
or 



-I , (a / d) , 

b = d - a , 
d = a -i b . 



We are dealing with well-known and previously proved properties of 
geometric figures; therefore, some confusion may exi.>t in the class as to 
which of these properties may be assumed in choosing coordinates for the 
figure. Although the teacher is at liberty, of course, to set up his own 
"ground rules", we recommend that only tho^e properties ascribed to 
geometric figures by their definitions or by the hypothesis be allowed wher 
selecting the coordinates. For the purposes of this section, we have also 
allowed the theorems (after proof) of Exercises h-2. The teacher is not 
bound yj this. Our reason for the exception is to make it unnecessary for 
a student to prove the same thing in two separate exercises. 

y 



Ikh To complete the proof of Example 

3, we note that for the conclusion, 
d(A,C) = d(B,C) , to be true, we must 
have 

) _ 

Aa 2 + he 2 = Xb 2 + he 2 . 

"22 
This will hold is a = b . From the 

hypothesis, ve have d(A,N) = d(B,M) , 

or 

J(b - 2a) 2 + c 2 = /(2b - a) 2 + c 2 . 



C= (0,2c) 




A = (2o,0) 



B = (2b,0) 



This simplifies to 

b 2 

or 



Figure U-6 



2 2 
hob + ha. + c 



2 2 
Uab + a + c 



2 2 
3a^ = 3* 



2 2 

from which we have a = b as required. 
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We include a sample synthetic proof for Example 3: 



Hypothesis : 

BM and AN are medians. 
■ BM = AN . 

Conclusion: * 
AC = BC . 

1. BM ajid AN are medians. 

2. M is the midpoint of AC; 
N is the midpoint of BC. 

3. mn||ab. 



h. Introduce MD and NE 
perpendicular to AB. 

5. MD = NE. 

6. BM = AN. 

7. ABMD and MNE are right 
triangles . 

8. ABMD = AA.NE. 

9. /DBM Z /EAN. 

10. AB = AB. 

11. MBM = ABAN. 

12. AM = BN. 

13 . d(A,M) = d(B,N). 

lb. d(A,C) = d(B,C). 




A 0 

1. Hypothesis. 

2. Definition of median. 

3» The line joining the midpoints of 
two sides of a triangle is parallel 
to the line containing the third 
side-'. 

h. There is a unique perpendicular to 
a line from a point not on the. line 

5- Parallels are everywhere 
equidistant . 

6. Hypothesis. 

7. Perpendiculars form right angles. 

8. Hypotenuse - leg theorem. 

9. Corresponding angles of congruent 
triangles are congruent. 

10. Ref lectiye property of congruence 
for segments." 

11. . S. A. S. theorem. 

12. Corresponding sides of congruent 
triangles are congruent. 

13. Definition of congruence. 
Ik. Definition of midpoint and 

multiplication property of equals. 
15. Definition of congruence. , '* 
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lh$ It is not anticipated that the teacher will assign all of the parts of 

Exercises h-2 to a single student. The excess exercises" may be used for test 
items. It is suggested that exercises 10, 13, 16 be assigned to everyone. 
These theorems are proved by vector methods in the next section, and the 
students may profit from a comparison of the two methods of proof. ~ 



Exercises h*2 

(Note: Formal proofs arc not presented here. We merely indicate the 
essentials of one possible solution for each problem.) ^ 

y 



1. M = (a,c); N - (b,c), 
Slope of MN = 0; 
slope? of AB = 0. 
• \IB | | AB. 



C=(0,2c) 



d(M,N) = /(a - b) 2 = |a - b|. 
d(A,B) = /(2a - 2b) 2 = |2a-- 2b| 
= 2|a - b| 

2* M = (a,c); since**- 
- MP |p, P = (x,c). • 
•>P lies on BC; therefore, slope 
of PC = slope of BP;_that is, 




A = (2a,0) 



B = (2b,0) 



C= (0,2c) 



x 2b - x ' 
Thus, x = b and P = (b,c), the 
midpoint of BC. 

3- Part I. 'If d(A,p) = d(B,P), then 

/(x * a) 2 + y 2 = /(x I a) 2 + y 2 , 

2 2 2 2 2 2 

x + 2ax + a + y = x - 2ax + a + y , 

and hax = 0. 

Therefore, if a / 0, then x,= 0 
and P lies on the y-axis, the 
perpendicular bisector of AB, 




A = (-a f 0) 



B = (a,0) 



Part II* If P lies on the perpendicular bisector of AB, then x - 0 
and d(A,P) = >4 2 + y 2 = /(-a) 2 + y 2 = d(B,P). 



By definition OC ||AB and their 
slopes are equal. Thus 

--|-t_±_ , (a/b) , 

and b = a + c . Therefore, 
d(B,C) = & = |a| = d(A,0) 
and d(C,0) = v^ 2 + d 2 = d(B,A). 

B = (a + c,d) because 
d(B,C) = d(0,A) and BC 1 1 OA- 
Slope of OC = | = slope of AB; 
( therefore, OC | |AB. 

— /b d\ 
Midpoint of -OB = I ^ » 2 /' 

— /a + c e \ 
midpoint of AC = I — £ — ' > 2 J' 

Since (|, I) - f )> 

b = a + c and d = e. 

This satisfies the conditions for 

the theorem of Exercise 5. 

Since OABC is a parallelogram, it 

may have coordinates as in 

Exercise 5* Since d(0,B) = d(A,C), 

7(a,+ c) 2 + d 2 = /(a - c) 2 + d 2 , 

o P 2 0 2 ,2 

• a + 2ac + c + d = a" - 2ac + c + d , 

and ^ac = 0. 

If a / 0, then c = 0 and B = (a,d); 
therefore, /OAB is a right angle. 



B=(b,d) 




A=(a,0) 
C = (cjd) B=(o +c,d) 




._A # o,0) 



B = (a+c,d) 




A=(o,0) 



The coordinates shown in the figure 
take Account or the fact that a 
rhombus is a parallelogram with 
congruent sides. 



C=(c,j^c^__B=(o4c l Vo^ 5 ) 



— D- 2 

The slope of AC is a " c ' - 

c - a ' 



the slope of OB i 



J* 2 

7yd :^ va - c 



a + c 




The product of the slopes is a - L 

c - a 

perpendicular. 



0 A=(o.O) 

-1 ; hence, the diagonals are 



The slor>e of AC 



d 



c - a 



; the 



slope of OB - d 



ACj_0B, 



a ¥ v 
d ' d 



c - a a + c 



Since 
-1 



0. 



L. 



Therefore, d" ~ a" - ^ f or 

2 2 2 
a - c t d . Hence, 

, |a| - fc ? + d 2 . d(o,C) B d(0,A). 
*P * (a,0); Q - (a f o,d); 
B - (b + c,d + e); S - (e,e). 
Slope of PQ = slope of RS - p 

slope of PS ^ slope of RQ , 2_ 

c - a * 

P (a,0) ; -Q B ( a + b,d) ; 
fc« (b + c,d + e) ; S - (c,e) . 
Midpoint of RP =r + | + c ^ d + e j . 

midpoint of SQ- ( a * b + c g + e \ 



8=(o4 C| d) 




A = (2o,0) 



13^ 
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12* d(A,C) = /(c - a) 2 f d 2 



= J{a - c) 2 + d 2 
= d(0,B). 



13. D = (c,d); E =(a + b,d)* 

Slope of DE = 0 a slope of OA 
and slope of BC» 
d(0,A) = d(C,B) = 2a "+ 2b - 2c 
= 2(a + b - c). 
d(D,E) = a + b - c. 



Ik. D = (c,d); let E = (e,d). 

Since E lies on AB, the slope 
of BE = the slope of AE; hence, 

= 7TH ' 26 = 2a + 2h > 

and e = a + b . Therefore 

E = (a ■* b,d), the midpoint of AB. 

15* Let the acute angle be at 0* 
\2 /, ^2 . 2 



(d(A,B)) 2 = (b - af + 



2 2 2 

- b - 2ab + a +^c . 

Also (d(0,B)) 2 * (d(0,A)) 2 ^ 

. - 2d(0,A)b 

= (V + c ) + a - 2ab 

.2 2 2 

= d - 2ab + a + c • 



C = (c,d) B=(o-c,d) 




, A = (a,0) 
C = (2 c,2d) B = (2b,2d) 




_A=(2q,0) 
C=( 2c,2d) B = (2b,2d) " 




B=(b,c) 



A=(2o,0) 




er|c 



i3 3 



l6 . 

«■».¥)• 



The point (a + b,c) divides each 
of CK, BM, and AL in the ratio 
2:1. 

t 

17 . " Since AP J_ BC, the slope of 
*AP = p since BQ _]_ AC , the 



slope of BQ = - . 



AP = {(x,y): y - -(x - a)} ; 

BQ = {(x,y): y « |(x - b)J . 

Since the intersection must lie on 
the y-axis, x = 0*, and. the poinfc< is 

(o,- — ) • 







.y 


C=(0,3c) 


/ y 


\ 

\\ * . 

i\ 
• \ 


/ ^ 
/ * 
i * 


A=(3o,0) 


K B=(3b,0) 



4-2 



C = (0,c) 




A=(o,0) 0 



3=(b,0) 



l8. In the solution of this exercise we wish to make use of the 

^proposition: The segjment joining the center of a circle to the midpoint 
of a chord of the circle is perpendicular to the chord. * We. dispose of 
this proposition first. 

Sinde d(0,A) = d(0,B), 

Aa 2 + he 2 = Ab 2 -+ Ud 2 , 

2 2 2 2 
or a.+c = b + d 

The siope of AB = ■ r ffi y 

a. 'OF 

the slope of 1= C * * . 

a + b 

_ The product of these slopes is 



2o,2c) 



2 A 2 

c - d 

2 v2 
a - b 



2 » 2 
a + c 



, and, since 



v 2 , ,2 2 
b + d , c 




d 2 = b 2 
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'Substituting in the product of the slopes obtained jabove, we have 



b 2 -a 2 
a 2 -• b 2 



= "I } 



therefore, OH _[_ AB . ' 





y 










a/ 




P = (-o t O) 


0 


\ C=(o t O) / 



We return "to the first problem and select a coordinate system as 
depicted in the figure. We nave placed the origin at the midpoint of 
PC , and ve let M = (x,y). 

• iWe then have d(P,M) ~ /(x + a) 2 *• y , 

d(M,C) = >^(x - a) Z * y 2 

and d(P,C) = 2a . 

By employing the Pythagorean Theorem in APCM we obtain 

2 2 ^22 
(x + a) + y + (x - a)*" + 'y = 4a , 



or 



2 2 2 2 

x 4- 2ax + a + y + x - 

2 2 
2x^ + 2y^ 

2 2 
x + y = 



2 2 
2ax + a + y 



2a 
2 



We recognize this- as an equation of , the circle of radius a which has 
its center at the origin. However, the entire circle i>3 not the locus 
in the case we have depicted. The locus is the arc this circle which 
is contained in or on the fixed circle. This is the case for which the 
radius, r , of the fixed circle is less than 2a; the point P is exterior 
to "the fixed circle. If r = 2a , P is on the fixed circle; if f > 2a , , 
V is inside the fixed circle. In both of 1 these latter two cases, the 

2 



2^ 2 
entire circle x + y 



is the locus 




Proofs Usin^ Vectors. 

The purpose of; this action is to stow another method of proving 
geometric porpo^itioiu . It Is ina* propriatc to cay that one. method id ,uperior 
to anothtr. For a i articular "\ rut ^lcm, one notiiod may be simpler than another 
method, but the joint *.cix :^ to injrease the diversity of available methods. 
* Usin^ vectors may be, an approach *hiJi, though new to many students can be of 
considerable Interest to them. If the teacner (or any student) wishes to. 
pursue tnis topi - of vector., a; {.lied to geometry, he may consult Element ary 
' Ve ctor Geometry by Seymour Schuster. t 

1V7 A reference to tne dis.:ut,wion of ri^re 3-8 in Chapter 3 may help some 

students to understand t:.e vector addition performed in Example 1. This 
* example is ExeVcise 13 of the preceding set. 

An application of vector addition 
vr,ich may, interest some students involves 
tne sum around a closed region. For 
, example, "a + b+ o+ i- ft. One, of 
Kirchhoff T s Laws, which is widely used 
in dealing with electrical c ire;: its, 
states that 'the sum of the potential 
(voltage) drops around a closed circuit 
is zero. 

lVf * The students should ii^cov^r that altering the directions of any of the 
vectors in Figure >-8 *ill not essentially change the proof— only some details 
wi^l te> modified. Tne student*, may 'encounter some difficulty, however, if 
they are careless in the way tjiey label the vectors. For example, since E 
is the midpoint K of AD and we chose a" to designate the vector from A to. 
E, the vector from E . D is alt»o labeled a". But if we used the vector 
from 'D to E,* it would be labeled -"a. 

lh8 Example ~ is Exercise 10 of Exercises We have suggested to the * . 

student ,that he ^opy Figure k-j. We should liKe to emphasize this suggestion. 
We think this will help t student tc- see that the choice of an origin is 
completely arbitrary, and the drawing of the origin- vectors as the proof ^ 
proceeds may aid in visualizing the steps of the proof. 

li;9 * .Example 3 is Exercise l6 of Exercises 4-2. Note that a particular 
choice of .origin (aided by a prior Knowledge of the result; greatly 
simplifies the proof. 
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In solving any sort of problem it is difficult in general to tell 
beforehand what will "work" and what will not. This is true of the more 
complicated exercises where a particular choice of the roigin may give 
simpler calculations than occur with another choice. In general, an origin 
should be selected which allows the hypothesis to be expressed simpjy. It 
should also be chosen so Vnat the number of independent <vexrtors needed is as 
small as possible. Apart from, this, experience gained frofh trial and error 
is a valuable nelp. If calculations log down with one choice , perhapc another 
choice should be made. • However, come proposition,: simply do 'not possess short, 
elegant proofs. 

The centre id of an area or a volume can be defined in mathematical terms 
using integral calculus. The center of gravity of a thin uniform sheet or, of 
a uniform mass is the centroid of the correspond 1 ng mathematical area or 
volume • 

. ' € - 

Physically, the center of gravity of an ooject will always lie on a 
vertical line through a point of suspension of the objejt. Thus the center 
of gravity of a triangular object can also he determined experimentally bj 
suspending it from '2 different points, say j vertices, and then determining 
where the lines of suspension intersect. 

There may be some mystery surrounding the choice of unit .vectors in 
Example h. Of course, we always can say, "It works!" But we can ^ive a more 
sound justification. The fact that we need an angle bisector could lead 
someone to think of the diagonals of a rhombus, and the congruent sides of a 
rhombus . could lead ^omeone to think of unit vector. . Students (and teachers) 
should not be discouraged if they J 6p not think of things like this; years of 
experience and/or a little luck play a large part in these activities. 

Exercises 5 and t of Section '.-3 are the same theorems used in Examples 
3 and 1 of Section . These may be assigned for purposes of comparing the 
two methods of proof. 

/ 

Exercises ^- j 

(Note: Formal proofs are not presented here. We merely indicate the 
essentials of one possible solution for each problem.) 




Consider the diagram at the left. 
AY = YC CX = XB 

We wish to show that OY and OX 
trisect AB, and that AB passes 
through points of trisectiou of OY 

and OX. 

0 B 

Any point on AB can be represented by zA + (i - z)B, 0 < z < 1. 

Any point on OY can be represented by yY, 0 < y < 1. 

Any point on OX can be represented by xX, 0 < x < 1. 

We wish to find values of x and z such that zA + (l - z)B = xX. 




But we also know X = -(C + B) and C = 
so we want zA + (l - z)B = ~x(A + B + F) 



A + B 



zA + (l - z)B i |xA + xB 



so we find 



1 

Z = 3 



2 

X = 3 



Thus the intersection is at ~A + 



We find by similar computations that AB intersects OY at -A + - — Y 

3 3 3 

This means OY and OX trisect AB and also that AB passes through 

points of trisection of OX and OY. 
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3. Using A as the origin, we have 
P. |(B + c"), " 



ilans BQ 



The intersection of mecAans BQ 
- and CP can be located by finding 
the values of x and y which 
solve 

xB + (1 - x)Q - yC + (1 - y)R . 
Substituting, we obtain 



xB + |c - ixC = yC + |S" - |yB . 



Equating corresponding coefficients, we have 




- i(l - y) and y = J(l - x), 



from which we obtain x - y 



This tells us that the intersection of BQ and CR is ^(B* + C) , 

which is % tricection point of each of these medians. A trisection 
uoint of AP is 



|p , £ . 1(b + c) 1(b 4 C) 



3 - 



erJc 



d(C,P) 1 
Since .) ~' v = ~ y trie vector 
d(C,B) r ' 



f rom C to P is ? - — a" , 



The vector from C to A is 
(a - b), and we wish to find 
n(a - b) = d , the scalar multiple 
of it. The vector from 0 to Q 
may be expressed as (b + d) or 
as a scalar multiple of the vector 




L3fe39 




We therefore have 



b r d - m(b t- c"), 
"b + n(*a - b") - m(b + -a), 



b ^ na - nb - mb + — a , 
r 



Equating corresponding coefficients gives us 
n - 2- and m = (l - n); 



for these equations we find n 



r + 1* 



1 /** "t\ „ d(C,Q) 



r + 

From the diagram we see that the 
vector from N to A is 2a - b 
and the vector from M to B is 

- a. Since d(M,A) - d(M,B), 
we have |2a - b"| - 1 2b - a | • 
Using the Law of Cosines, we may 
write this as 



Therefore, 

. 1 
r + 1 * 



•A|"a~| 2 + |b| 2 + C-T - i^jtp 
This equation simplifies to 




+ Jfb*a 



U\a\ 2 '+ \b\ 2 * k\b\ 2 + |a| 2 , 
or 3|a| 2 - 3|b| 2 . 

"From this we see that P | a j = 2|b|, and AABC is isosceles. 

This vector proof of Example 3, Section h-2, is somewhat artificial ' 
because of the use of the Law of Cosines . It may be profitable for the 
students to compare this proof with the rectangular coordinate and synthetic 
proofs appearing in Section h-2 of this commentary. It can be noted that 
applying vectors to equal lengths may become awkward if the vectors are not 
parallel. 
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6'. The vector from C to D may 

be expressed as \ a + ^ b , and 

the vector fr,om A to B may 
be expressed as b - a . The 
product of these two vectors is 

(b-a).(if*it) i 



■ - a - a + - b • b 



1 - f 



-|(P| 2 -|^ 2 ). 




Since the isoceles triangle has |a| 
and CD J_ AB . 



|b | , the vector product is zero, 



7. Let AECD be b. quadrilateral; i.e., A, B, C, D are distinct. 



M = |(A + B) 
P = |(C + D) 



N = |(B + C) 
Q = |(D + A)' 



M, N, P, Q are the midpoints of the sides. 
We wish to show MP bisects NQ. 
Points of MP: xft + (l - x)? 0 < x < 1 
Points of NQ: yN + (l - y)(f 
Intersection requires that 

xM + (l - x)P = yN + (l - y)Q 



x(±A + ±8) + (1 - x)(±C + ±5) = y(±B + f) + (l - y)(±D + ±A) 

so ~x = |(l - y) and i(l - x) = |y 
hence x = y = i . 
Thus MP intersects NG in a point which bisects both. 

x = -a + c" + b ; 1 
"x = a* - ft" . 
Adding, we have 



2x 



or £ - ~ ? 
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9. (a + b) • (b - a) 

= a • b + b • b - a^a - "a • b 

= |b| 2 - |a| 2 . 

Since \t\ = |b| , fb| 2 - |lT| 2 ' = 0 



10. As in Example h, we use unit 
vectors to express the* angle 
-bisectors. Then, taking the 
r vector product, we -obtain 



|a| |b| 



b a 
|b| ' |a| 



a • b b • b 
+ 



|a||b| |b| 2 |a| 2 |a||b| 



JlL 2 la I 2 



|b| 2 |T| 2 



= 0 



11. 




0 



U-U ♦ Proofs Using Polar Coordinates . 

Polar coordinates are not particularly adapted for proving theorems of 



will be more apparent in later chapters. Exercises using polar representation 
are, therefore, deferred. We have included two examples to illustrate the 
possibilities for poler coordinates at this point of our progress and to 
net the stage for the next section. 

fc-5. Choice of Method of Proof . 

This section, which contains rather specific directions for problem 
solving, should be carefully read and discussed. Most of the Review Exercises 
which follow may be used to give the students experience in choosing and 
following through with some particular method. The solutions we present are 
merely the ones which occurred to us; they are not put forth as the only 
ones available or even the best of the many possibilities. As was said before"/ 
any mathematically sound presentation should be acceptable. 



the type we have been discussing. The beauty and usefulness of this form 



Review Exercises 




y 





B 

(0,2b) 



~ A 2 




A = (2o,0) 



x 



0 



2. Let the fixed points be on the 

x-axis, as indicated in the figure. 
By multiplying the slopes of the 
sides of the angle we have 



U,y) 



y 




(o,0) 



d(0,C) = /a 2 + b 2 and d(A,B) - /a 2 + b 2 



C=(b,di 




B = (<M 



°t . A = (o,0) 

The coordinates of B are (a + b d). 

(d(0,A)) 2 + (d(A,B)) 2 + (d(B,C)) 2 + (d(C,0)) 2 
= a 2 + (b 2 + d 2 ) + a 2 + (b 2 + d 2 ) 
= 2(a 2 + b 2 + d 2 ) 

(d(0,B)) 2 + (d(A,C)) 2 = ((a + b) 2 + d 2 ) + ((a - b) 2 + 
= 2(a 2 + b 2 + d 2 ). 



D = ( a ,0) ; E = (2a c,d) ; 
F = (a, 2d) 5 G = (d,d) . 
Prom Exercise 10 of Exercises k-2, 
we know that DEFG is a parallel- 
ogram; from Exercise 9 of Exercises 
k-2, we Xnow that DEFG is a 

rhombus if DF Y GE. fct is evident 

{ 

from the coordinates of I the midpoints 
that DF is verti^al^ajrid GE is 
horizontal. 
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D = (b,d) ; E = (a + c,d) . 

It is evident from the coordinates 

that ,GA , BC , and DE are 

4 

horizontal and, hence, parallel. - 
d(0,A) - d(B,C) = 2a - (2b - 2c) 
= 2(a - b + c). - 
d(D,E) - a + c - b. 



C = (2f c,2d) B= (2b, 2d) 




A=(2o,0) 




A o 

The vector from D to G is a - b ; the vector from H to B is 
2a-lT-a"=a-b; hence, EG ||HB . The vector from A to E may- 
be represented by xa* + (1 - x)b or by y(2a* '+ b). Setting these 
equal we have 

xa" + (1 - x)"b = 2ya" + yb" . 

Equating coefficients results in x 2y, y -- 1 - x . Solving these 



equations together gives ue 



1 



The. vector from A to F may be 



represented by x(2a) + (l - x)(a* + h) or by y(c'a *■ b). Equating 



these, ve obtain y - - 




8. Let D, E, and F i be the midpoints 

erf the sides, and let the perpendicuLar 
bisectors of AB and BC intersect 
at the origin. Since D is 
perpendicular to the vector from A to B, 

|(A + B) • (B - A) - 0 , or 
i(1T • B - A • A) = 0; therefore 



|B|'- = |Ar . Similarly, lAj" _ |c| 

1 

2 



Since F 4(A f c), i(A + C)-(A - O) 




- |(A-A - C-C) 
= |(|A| 2 - |C| 2 ) . 

Bat since |a| 2 = |c] 2 , |(|a| 2 - |c] 2 ) = 0 , and F is perpendicular 

to the vector from C to A. Consequently the perpendicular bisector 
of AC intersects the other two perpendicular bisectors at 0. 



10. 



Let M and N divide AC and BC 

in the same? ratio, r . Then, M - N 

=.(rA+ (1 - r)c) - (rB + (l - r)"c) 
= r A - rt ~ r(A - B) . 




x = a + c - b , 
x ~ -a + d -(-b) 



«*. -w. ^ I/*** 

Adding, we obtain 2x = c + d , or x = — (c + d) 



11*3 
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11. 



\ 




H C 

We are given parallelograms ABOO/ AEFD, FGCh\ 
Define numbers d, h such that B = dA; H = hC. 

We will express everything in terms of d, h, A, C and assume all points 
are distinct. 

The line through DE contains points xD + (l - x)E 

or x(dA) + (1 - x)(A + he) . 
The line through HG contains points yH + (l - y)G 

or yhC + (l - y)(c + <&) . 
For these two lines to intersect, ve must have ' 

(xd + 1 - x)A + (1 - x)hC = (1 - y)dA + (yh + 1 - y)t , . 
Thus we must have 

yh + 1 - y = h - xh . \ 

x4+l-x=d- yd. 
Solving this system we get, under condition that h / 1 - d, 



y = 



h + d 



h - 1 
h + d - 1 



which puts the intersection at X such that 
hd -f hd 



X- = 



A 



h + d - 1 h+d-1 

From this we see immediately that X lies on the line containing OB 



since A + C = B, * 

The restriction h / 1 - d arises ✓because in the case h = 1 - d, we 



get -y- 



h = 1 



1 - 




1* 





which makes the parallelograms similar 



and the diagonals parallel. 
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12. Since d(A,P) - d(Q,B), can 
be represented by A + P(B - a) 
and Q by B f p(A - B ) . 
x A + k(C - A) and x* - q P , 
so that 

A «■ k(C - A) - qP , 

A + k(A + B - A) q(T » p(B - A)), 

A kiT - q(l - p)A * qj)B . 

Equating coefficients, wo have , 
1 ^ q(L - ])) vrA k - qj>; 
therefore, 

k - ; — ^ — and >T A f t— E — B 
1. - p . I - 




- P 



A similar argument gives us Y - B -t — ^ — A . 



Thus, 



.hence , 



X - Y . A + 



B - B 



1 - P 1 - p 

P \ sir 



A 



(1 -rrp)(A - B) 3 
xy||ab , 



13. The sum of the square; of the y 
lengths of the four sides is 



(2b,2d) 
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(2o,0) 

(?a) 2 .f (,.b - 2a) 2 + (,_dr + (2b - 2 c) 2 + (2d - :q) 2 + (; c) 2 + v 2e)^ 

^ 8a; 4 8b 4 + 8c 2 + 8d' + 8e'' - 8ab - 8b c - 8de ; 
The sum of the squares of the lengths of the diagonals is 

(2b) J + (2d)" + (?o - 2aY + (2e) 2 

- lia" + l*b u + he + Ud*" + l*e" - 8ac . 

Subtracting these sums, we obtain, 

2 2 2 0 
.^a ' > Ut> + he + hd + i*e r + Sac - 8ab - 8bc - 8de * 

r p 2 p ^ # . 
= U(a^ + b" + c + d^ + e^ + 2ac - 2ab - 2bc - ^de) . 

The square of the length of the line segment joining the midpoints of the 

diagonals is 

o p p O O ) "i \ 

(a + c - b)'" + (e - d) = a + b + c + d^ + e^ + 2ac - 2ab - 2bc - 2de . 



m 



\ Ik. We select coordinates, for the 

two rocks and the tree as shown 
* in the diagram. After marching 

the required distances and directions 
from the rocks, the 'positions 
P^ and are located. ^Fhe 

^ midpoint of P^ is (|, |) ; 

therefore, the buried treasure is 
located at the center of the square * 
whose side is determined by the two w 
rocks ? (The location of the tree 
is unimportant . ) 
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/ Chapter 5 
GRAPHS AND THEIR EQUATIONS 

. The material of this chapter starts with familiar content including much 
^ , that has been encountered in earlier courses. The treatment is broader and 
deeper here than before. It is broader because ve now have analytic repre- 
sentations in rectangular, 'polar, vector, and parametric forms. It is deeper 
because we take account of some troublesome details and special cases that 
are not adequately treated on a more elementary level. The work is conse- 
quently a bit more difficult, but also more rewarding. 

We call partteular attention to the treatment of related polar equations, 
and of paths, as distinguished from curves. Neither treatment is met in a , 
traditional first course in analytic geometry, but we feel that they illumi- 
nate some significant mathematical content that is appropriate to this work. 

There are many exercises, but, as has been mentioned before in U»ir, book, 

o 

.they need not all be assigned. We particularly * urge the teacher to exploit 
a viewpoint we recommended to students. Stress the dynamic aspect of the 
relationship between geometry and algebra. Come appropriate questions here , 
are, "What would be the effect in the graph jf we changed this ^ to -5?"; 
'What change would we have 'to make *in the equation if we wanted to raise the 
^graph 3 units?; if we wanted a largei circle?; if we wanted only the portion 
<£n the first quadrant?"; "What kind of graphs would we get if we replaced this 
6 by a variable m , and then took larger and larger values of m ?". 



Exercises 5-2 
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1. 


y = 


3 


/ 










7 - 




2. 


X = 


-5 






3. 


V = 


x and 


y = -x ; 


or 


h. 


y = 


t 2x ; 


2 

or y = 


Ux 2 






• 












2 2 


2 




r = 


a ; or 


x + y 


= a 


6. 


(x - 3> 2 + 


(y + 2) 2 


- 2 
= a 
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7. x = -1 

8. 3x - 7y - Ik = 0 • 

9. V^|jc + y - 2| = 72|x + 2y + 2| ; or 

* 

(Tjj + V2)x + (75 + 272)y - 2^5 + 272 = 0 , and 
(75 - 72)x + (75 - 272)y - 275 - 272 = 0 . 

10. y 2 = 8x • 

11. If P = (5c,y) is a point, of the locus, then the distance from^P to the 

1 2x 4- V 4- 2 1 

line is J * «■ , and from P t<3 the point (2,0) -is 

75 

7(x - 2) + (y + l) . The statement of equality of these t\h distances 

* 2 2*' i 

yi?lds our equation: x - l*xy 4- hy 28x 4- 6y 4- 21 = 0 . 

12. 9x 2 + 25y 2 = £25 
' 13- 7x 2 - 9y 2 = 63 

Ih. l8x 2 4- 48xy r + 7y 2 - 156x - 68y ♦ lk2 = 0 

15. 5x - 6y + 17 = 0 „ J 

16. ((x - x x ) 2 + (y - yi ) 2 )((x - x 2 ) 2 + (y - y^ 2 ) = k 2 , k' > 0 

17. -3 < y < 3 

18. X 2 4- y 2 > 25 
'l9. -1 < X < 1 

20. (x - l) 2 4- (y - 3) 2 < 2 2 , or x 2 v y 2 - ?x-6y + 6<0 

21. y > I 

22. x 2 4- 8y > 16 f , 

23. y 2 < 100 - 20x 

2h. '-6 < x < 6 ; or jx| < 6 

25. if 2 y 2 < (8.08) 2 ; or x 2 f y 2 < 65.286*1 
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r >-3. Parametric Representation* 



The content and treatment ot' the material in thin section art closely 
related to the physical and scientific applications tl>at pupils will meet in 
other classes and in later worK. Science teachers In tht school should be 
shown this section, and their cooperation so'ieited in devisi*^ laboratory 
experiments aloa^ the lines suggested. 



Kxerci ses S-3 
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1 




3 


h 








<3 


0 


10 


X 


0 


p 




Id 


a 








128 




200 


y 


0 


3 ' 


1? 


o - 










i "V 


:*3 


300 



t 


0 


I 


2 






5 




7 




0 


10 


X 


0 


1 f(. 


3*?2 




roh 


K.50' 










3 foO 


y 


c 


- 6 




lM 


: *>6 


.'(00 








l?9^ 


leOO 



3. j x 
< y 



y 4 j 



"4. 



5. 



r 

I y 



- .3t 



y - .H . 



6. 



: = -6 4 , 
2h 

■ s l 4 rt . 

5 

o 

Eliminating the parameter gives y = x 1 " . With the usual placement of 

the axes this means that the point starts from rest at the origin and 
moves steadily to the right as it moves more and more rapidly upward. 

Its path is along a parabola whose vertex is at the origin and which J J 

concave upward. Ginee we assume t 0 , the point travels on only the 
right half of the parabola. ?*>.9 units. 
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For the line hx - \v -» ;? C > have direction numbers fcr Die normal, 
(^,-3) ♦ Therefore vc -may take direct Lot; numbers for the line as either 
(3,*0 , or i'-3,Ji). Since no sense of cUrcction along the 1 ine is 
specified we must consider both* If ve use" direction consiucs then the 
displacement along the line will oc one unit for each unit interval of 
the parameter t Since the given rate is 10 units per second ve 
muqt nov take direction numbci s ten times the direction 'osines, i.e., 

^10(^)1, 10(^)) . Since the point goes through (1,2) at the time when 

t - 3 J the elapsed time after that 's indicated by t - i . Va have, 
in the first case, therefore, 



x = 1 r » ft - J) 
y - ? ♦ r{t - i) 



or 



- 't J 



and in the second case, 



In the first case, when t - f the position U 



arc wren 



t - 10 the position is ■ M/vO . 
position is {!)/>) , and when * 

9. Refer to the solution of ' } aco^ 



/1 3 

AT 



;he second >'ase, vhen t - 0 the 
t he posi * ion Is -h 1 , -',h * . 



Assume t , 



Direction 



and direction 'Ouiue.. 



ml crs for > he ' i ne art 



.I - 1 



» Id - bj 



/c - a) i fu - bp 



The "woiity of the point' al oi ^ the Line ii 



x) t ; d - h) 



and this is the f'i ,4 or ij vh" ■* v mast "i.ltlp\* Ut 'Miction 'osinrs so 
that unit intervals ol' the parameter f > correspond properly to dic- 
placements a*on£ the line, finer* tie point Koes through (a,h) at time 



u 0 



ve indicate vrith our parameter t the ejapsed uiw sine* th^n, 



t - t^ . Therefore ve have the parametric equations: 




1^0 



15J 



r 



c >-3 



x = a 4 



i y = b i 



7(0 - a) 2 h (d - b) ? 
*1 " *0 



7(c - a) 3 ; (d - b) P - 



1 



c - a 



Ac - a) 2 i'(d - b) L ' 
d - b 



Au 



V 



*y 



These formidable equations become: 

c - a , 



x - a * 



b » 



1 X) 
d - b 
*1 - l o 



* - * J i 



t^ v ^ ~0' 

(t - 1 0 ) 



You may easily verify from these equations that when t - t the posi- 



tion is (a,b), and when t 



the position' is (c,d) 



11. Assume t in seconds. The point moves from the point (1,0) to the 
p point (-1,0) and back again, making a round trip in 2n seconds. It 
starts from rest at (1,0) , increases its speed until it reaches the 
origin, then slow- ucvn. until it comes to rest momentarily at (-1,0) , 
then ^verses + ne process endlessly. Its maximum speed occurs each time 
at the origin. (By methods of the calculus this maximum speed can be 
shown to be one unit per second at that instant.) Ouch motion is called 
a "simple harmonic motion" and has many physical applications. 



t * 


0 


1 


2 


3 


h 


5 


6 


1 


8 


9 


10 


X 


1 


.5^0 


-.M8 


-.990 


-.652 


.287 


.961 


. 752 


-.150 


-.913 


-.836 
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At the end cf one minute t - 60 , and Table II does not give correspond- 
ing values for cos t . We use the fact that cos t is periodic, of 
period 2n . (These matters will be developed further in the next 
chapter, ) 

We express 60 as a multiple of n and a remainder less than n •, 
which we find by dividing 60 by a suitable decimal equivalent of n . 
Tables I and II are given correct to three significant figures and 
a careless student may then take 3*1^ as a proper equivalent of it . 
However, any inaccuracy in this approximation will be multiplied by a 
factor of about 20 -and will give us a seriously inaccurate answer. 

It is not our intention to enter into an extended discussion of 
significant figures and accuracy of computation, but in this exci ca.se 
we caution that~ we must choose an appropriate approximation of n , 
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We assume t = 60 = 60.0000 , and use it ~ 3.l4l6 and obtain 
60.0000 = 19* + .3096 , which ve write briefly as 60 = 19* + .310 
Therefore cos 60 = cos(l9* + .310) = - cos, .310 = - .952 

In the same way we assume t for one hour to equal 3600. 0000000 , 
not 3600 , and then take the proper approximation, jt « 3.1**1593 . Then 
^ 3600,0000000 = ll^jt + 2.876015 , or 3600.0000000 = 11U6* - .285578 , 
which we write more briefly as 36OO = 1146* - .286 . Thus 
cos 3600 = cos(ll46n - .286) = cos(-.286) = cos .286 ~ .959 „ 

You need not belabor the details of approximate computation, but 
this is a good place to show the need for a proper approximation for * . 
It is also a good place to show that when we are working with measure- 
ments and we add zeros to the dividend in division we are assuming more 
and more accuracy in its determination. A measurement of 10. inches is 
less accurate than one of 10.0 inches which is in turn less accurate 
than a measurement of 10.00 inches. We particularly warn against the 
error of dividing a 10 inch length into three equal parts and writing 
the length of one part as 3*3333. ... inches! 

12. The motion could be that of an object dropped from an altitude of 500 

feet, in which case we assume no air resistance, and a value of 16 feet 
per second per second as the acceleration due to gravity. A value of y 
represents the altitude, in feet, above the surface of the earth, at 
corresponding time t , in seconds after the instant of release. The 
change of sign of y in the interval t = 5 to t = 6 can be inter- 
preted to mean that the object reaches the surface of the earth in that 
interval. The negative values of y afterwards would indicate the depth 
below the surface, if the f all continued down a vertical r.naft. 



t 


0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


y 


500 


484 


1*36 


35^ 


244 


100 


-76 


-281* 


-524 


-796 


-1100 



13. (Refer to the solution of Exercise 12) This equation could represent 
the motion of an object hurled upward at 6k feet oer second from an 
altitude of 120 feet. 



t 


0 




2 


3 


4 


5 


6 


'? 

1 


8 


9 


10 


y 


120 


168 


184 


168 


120 


l|0 


-72 


-216 


-392 


-600 


-840 
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(K<fer to ■>* so'-tlon oi ]-/c:-lsc n. ;> This equation coild describe a 
simple harn.oni- motion uiUi these -orwiitions: The point starts from a 
on* it ion of r< it at f h* origin; ilo,<s, in the next r seconds, to its 

far-Mi* -t ri/ht portion at ( h,(>) where it half; momentarily and rc- 
vrs<v» U'T.-iion to move to its farthest . 1 < 1 1 .<osition at f-iljC' , 

arrl\ia* U.i r« in an additional t -onds. rt iu-^leraUa from fh,0) 

to th< origin *hoiv it attain;; it.; rax in im velocity,, then decelerates 

from the origin to \-h f t*) , and .jo on vnn) \vr a round trip in r 'seconds 

:>neh equations of fjiions ovar in ttu. -tu-iy of vibration:;, and of varia- 

> J 

tions of an alternating 'at-rent. 



t. 


0 


1 
















*) 


10 


X 


0 






-1.10*4 

5 




- . \ ) 






=.1.1 'tfl 







'roofer to the :;oriMou of I'xcr'isc ' ] . ^ Th' point no\ starts fr.—i 
'1,0) and moves to ' ;,0 and ba~V , a.; U fort , naJM-ir 'th" round trip 
in "V ^;c -ands. 

Wo must \ssuno they .;t-:r« at, „h« '.anc instant, in »hi«-h case the 
variable t ha- the same interpretation it both equations. Therefore 
,jos t - 1 - -os t , from whi"h ve *< t 4 -os t 1 and t - 0 , 2« , J *n , 

. For th<-se valuer; of t . / ' , therefor* the points start 
together at -1,0) , and -rnJorvou.. trc- every seconds thereafter. 



5-Ju Parametric Kquatlons of the C i r<- ' r and the M 1 ipse . 

Foeal phenomena are familiar t noutfi to jhysics, but it is interesting 
to sec how the associated mathenatica 1 analysis can be used in other situa- 
tions. Authors in recent publication, have applied these r-onccpts in such 
areas nr.: epidemiology, to study the spread and -ontroi of disease; demo- 
graphy, to stuay the distributions of groups of people; bacteriology, to 
study the spread or control of bacterial' growth; communication theory, to 
study the distribution of "information", and 30 on. We leave these for later 
years, and concern ourselves now with the simplest and most natural of the 
applications of parametric equations ot 1 the circle, that is, circular paths. 
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The teacher is urged to make a simple 
visual aid: , The essential features are 
two movable radii OA " and OB mount ec 
on a^panei of suitable size. Two students 
can thdn give independent motions to points 
oi\ the -rim of the circle. This model will 
be particularly useful when you get to 
problems of "meeting" or "overtaking". 




1. 



3- 
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Exercises 

j X = 10 COD Q , 

*y = 10 sin 6 . 

Ve assume t in seconds. A clockwise rotation means that as t in- 
creases from 0 , 0 decreases from 0 , and in this case a rate of h 
rps gives the angular displacement, -8nt . The equations are 

/ x = 10 cos( -&rt) , 
\ y = 10 sin(-Hnt) . 

Consider x = "a cos(b + yjt) . Since the radius is 6 inches, then 
a -r 6 and we are committed to inches as the measure of x . 

Since the numbers 0 and 6*0 are assigned to the 12 o'clock posi- 
tion the units of rotation in this problem are intended to oe minutes. 
The angular position of any point on the rim can be given in terms of 
these m-units, measured from the 12 o'clock position, or in terms of the 
usual 0 , in radian units from the polar axis. Thus the 2 o'clock posi- 
tion can be desciibed b; m = 10 , and also by 0 = ? . Since we rotate 



7>.' 



clockwise at the rate of one rotation in 00 minutes we have as , the 
•li^cted rate of angular displacement, equal to 1 m-unit per minute, 

. v ^ radians per minutes. 

If in the eq<ation x = a ^os'b t oot) ve use radian units for b 

we have b = ^ , since ve start from the 12 o'clock jposition. Finally, 

since we are asked fo the path during one hour, we take 0 < t < 60 . 
The result uf all this discussion is the following pair of equations: 



x = C W§ - |-t) , 
y = 6 sin(| - |^t) , 



t < 0 



t is the time in minutes, x and y are in inches, and the angle is 
measured as usual in radians, counterclockwise from the polar axis. 

15^ 5 7 
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h. / x = h + 3 cos 6 , 

( y = 3 sin 0 . 

5* / x = 4 cos 0 , 

I y s 6 + h sin 0 . 



:x = h 4 3 cos(- | - k«t), 
y = 3 sin(- | - ifitt) . 



Note: These equations supply information about the starting position 

( - , and the direction and speed of rotation ( -Un ) , but for purposes 

of computation they may be replaced by the equivalent equations, 



x = K + cos(^ +'hnt) , 
y = -3 sin(| * ] f5 t) . 

These latter equations show that the path of the point P of 
exercise 6 is the reflection in the x-axis of the path of the point 
P* whose equations are 

x 1 = h + cos(| + knt) , 

y f = 3 sin(| + knt) . 

The point P 1 starts at the highest point of its path and moves counter- 
clockwise, as >w should expect the reflected point to do. 

x = k cos(| + 6jtt) , 



y = 6 + ^ sin(| + 6jtt) . 

8. The point moves around a circle whose center is the origin and whose 
radius is h . The point starts from the 3 o 1 clock position and moves 

counterclockwise ox the rate of i rotation per. second. 

9. The point moves around a circle whose center is the origin and whose, 
radius is 6 . It starts from the 12 o'clock position and mov.es clock- 
wise at the rate of -| rps. 

tfote; In Solutions 10-16 the paths are all circular, md we shall 
condense the information which could be written out in full as in (3) and 
(9) above. 
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10. 

n. 

12. 

13. 
lh. 



15. 



16. 



Circle; center, origin; r = 8 ; start, 9 o'clock position; direction, 

"5 

clockwise; rate, rps. 

Circle; t center, origin; r = 10 ; start, 6 o'clock position; direction, 
counterclockwise; rate, 5 rps. 

Circle; center, (**,0) ; radius, 1 ; start, 3 o ! clock position; direc- 
tion, counterclockwise; rate, 3 rps. 

Circle; center, (0,-3) ; radius, 1 ; start, 3 o 1 clock position; direc- 
tion, counterclockwise; rate, k rps. 

Circle; center, (2,^) ; radius, 1 ; start, 3 o'clock position; direc- 
tion, counterclockwise; rate, 6 rps. 

Circle; center, (a,c) ; radius, b ; start, 3 o'clock position; direc- 
tion, counterclockwise; rate, 1 rps. 

Circle, center, (p,r) ; radius q ; start, at the angular position 
- a on the circle; direction, 'counterclockwise if n < 0 , no motion 
at all if n = 0 ; rate, n rps. 

(a) Circle; ^center, origin; radius, 6 ; start, 3 o'clock position; 
direction, counterclockwise; rate, 2 rps. 



(b) 



t 


0 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


o.-, 


Q.8 


0.9 


1.0 


X 


6.00 


1.84 


-4.88 


-4.88 


1.84 


6.00 


1.84 


-4.88 


-4.88 


1.84 


6.00 


y 


0 


5-71 


3-49 


-3-49 


-5.71 


0 


5-71 


3-49 


-3-49 


-5-71 


0 



(c) i x = 6 cos(| + lint) f 



1 y = 6 sin(| + tat) 



(a) 



[ x = 6 cos( -2nt) , 
>y = 6 sin(-2itt) . 



erJc 



(e) Cince the first and third points move in opposite directions, they 
wilJL meet when the sum of their angular displacements equals their 
original separation, and, after that, when their additional angular* 
displacements add to an integral multiple of 2jt . That is, 
2nt + hnt = 0 , since they start together, from which t = 0 , and 
the points are at (6,0) . After that, 2nt + knt = 2n , hn , 6k , 
1 2 h 

... , that is, t=«j,«j,l,-j,.... The points start together, 
and meet every ^ second thereafter. The corresponding points are 
(6,0) , (-3,-5.196) , (-3,5.196) , (6,0) , (-3,-5*196) , ... . 

156 15,9 
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(f) As in the pi'evlous part, ve add the- angular 4i ^placements, and find 
the first meeting point when this sum is equal to then original 

angular separation: that is, when 2nt 4 hnt = . Thus they meet 

first when t = r-o at the point (5.190,-3). Then ve find, as 
« i ** 

above, their subsequent meetings take place every i second, which 

should be expected, since the first and second points are traveling 
at the same rate. The meetings therefore take place when 

1 ~'T?. > 12 > \2 > TP > > at b-l9<S-3) , (^.196,-3) , (6,0) , 
(5*19^,-3) > ... . 



Lrt. (a) 



A: 



2n 


cos(^ n - 


^it t) , 


1 

2« 


sin(~ it - 


f.».. 


1 

2it 


COS(-r- It 

o 


- t) , 


1 

2n 


. ,11 

sin(-^-it 


- t) . 


1 

2n 


COS(-lt * 


|«t) , 


2* 


sin(^n i 
«_ 


2 v 
it t) . 

5 



1 

(b) A: When t = 0 , 3 , 6 , Q , position is ( - t~ , - -jj^) ; 
When t - 1 , if , 7 , 10 , position is (0, ^) ; 

-A l 

When t = 2 , 5 , 8 , position is , - * 

' * " A 1* 

B: When t = 0 , h , 8 , position is , - ^) >; 

I - A 

When t = 1 , 5 , 9 , position is •( - - ^) ; 



/ V3 l v 
717 >7T^ > 



When t - 2 , 6 , 10 , position is v ; ^ 7 

1 /? 

When t = 3 , 7 , position is (j^ , ^) . 

C: When t = 0 , 5 , 1C , position is (0,.159) ; 

When t = 1 , 6 , position is (-,151 , .0^9) 

When t = 2 , 7 , position is ( -,09^ , -.129) ; 

When t = 3 , 8 , position is (.09^ ? -.129) ; 

When t = h , 9 , position is (.151, .0U9) ; 
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(c) By the methods of the solution of Exercise 17 we find: 

(1) A and C meet when t o .625 , at (-.112, ,112) ; 

(2) B and C meet when t = lJ*8o , at (-,152, -.(A6) ; 

(3) A and C meet when t = 2.500 , at (0, -.159) ; 
00 B and- C meet when t = 3.700 , at (.159, -.008) ; 
(5) A and C meet when t = U.375 , at (.112, .112) . 

(a) By the methods already referred to we find that A and C meet in 
5 15 

g seconds and every -g^ seconds thereafter. That is, their 
meetings take place at times t = ^ + / where p is a positive 

integer. In the same way, we find that B and C meet in 

51 20 ' 

seconds and every seconds thereafter. That is, the B and C 

meetings take place when t = ^ + -yq , where q is a positive 

integer. If A , B , and C are all to meet, there must be a time 
at which the A , C , and the B , C meetings occur simultaneously. 
That is, there must be positive integral values of p and q such 

that £"-^P=^7 +t |^<l. This equation is equivalent to ' 

8lp - 96q = 3/ . In this equation, however, the left member is 
evenly divisible by 3 but the, right member is not, therefore * x 

there can be no integral values of p and q ta satisfy it. There 
fore there can be no common meeting of A , B , and C . 

19. Since the points move in reflected paths with respect to the y-axis, 
the second point must start f rom ^the position symmetric to A , that is, 

A at (~jt,0) , where the angular displacement from A is n . Therefore 
the equations -for the second point are » 

( x = r cos(it - hnt) , ! i ' 
I y = r sin(jt - hnt) . / 

20. (a) Assume a unit circle, time in seconds, and angular velocity in 

'radians per second. The 10 o ! clock position, T , has an angular 

displacement of \ ^ . Since point 

P arrives at position T in 10 
seconds, its angular velocity is ^ 

or T2 " In the same way the 

angular velocities of Q , H , and 

0 it jt , 2jt 

9^ • S are 30 > ' So > and " 30 or . 
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Therefore, as before, the equations of motion are: 
P: 





COG Jo 
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* 

s,n T? 
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cos(- 
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si n(- 


' 30 l) ' 


( x - 


cos( * 


- 77? O , 




sin( * 


■w^ ■ 
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cost— 


t 

It . \ 









(b) By the methods of the solution of the previous exercise ve find 

that the meetings of the following pairs take place at the indicated 
times (where a , b , c , d , are p'ositive integers): 
* / 

Q and R , when t - 10 ♦ hOa ; 

r _ Q and 5 $ when tg - 10 4 20b ; 

P and R , when t^ = 10 * 20c ; 

ho 

P and S , when t^ =10 *■ -j-d . 

v 

We verify that when a , b , c , d are all zero, the values of* 
t 1 , t^ , t^ , t^ , are all equal to 10 , as required by the 

statement of the problem. If there is to be a simultaneous meeting 
at another time, there must be values of a , b , c *, d other than 
zero for which these times are equal. Clearly, if we take d = 3 
or any multiple of 3, ve can find such values. When -d = 3 , then 
tj = 10 + kO = 50 . Successive multiples of 3 as values of d 

give values of t^ : 10 , 50 , 90 , 130 , , and these are 

♦ clearly possible values of t^ , t^ , and t^ , also. That is, the 

simultaneous meetings take place^. every *l0 seconds after the first 
such meeting. The angular positions of these, meetings are found to 
. 5* 25* 15* 130* £ ' 

• be T > ~5~ > ~ ' "IF ' • 



Questions of meetiiig or overtaking on circular paths are related to 
important problems in space exploration. Consider the complications that 
arise: the paths in space are not circular but essentially elliptical; the 
paths are not along the same ellipse, and the different ellipses are not 
usually in the same plane, so that we must not consider the meeting points 
(they would be catastrophic), but the points of nearest approach; the veloci- 
tier along these paths are not uniform but variable in very complicated ways. 
The solutions to the exercises In our text are essential first steps in 
arriving at the level of ability needed to solve the difficult problems of 
astrogation that arisq in space* travel. , 

5-5* Parametric Equations of tae Cycloid . 

The physical applications of the cycloid are interesting indeed but 
their-* analysis is beyond the scope of this book. Gtudents who are interested 
in photography can make photographs of a cycloid by taking a time exposure of 

4 

a flashlight attached to an automobile wheel as it rolls along the road. 

We give another derivation of the equations of the cycloid which uses 
the idea of a transformation of coordinates. You may wish to leave this 
derivation until you have reached the more complete treatment of transforma- 
tion in Chapter 10. 



./ 



Since <1(0, T) - length of FT - &8 , the .coordinates of the center of 
Uif oiidc are fa/}, a) . Wc take this point da origin bf an x'- , y'-coordi- 
nate nystem, hence. T (x,y) becbmes 

P (x\y«) , 

x - x 1 i afi 



whore 



/ x - x' i ay 

I y n y' * a v 



But in this new coordinate system 

r' 

< y' 

Since ve , have 

cos o -sin 0 
x l 

Therefore, I'irojliy 

/ x - -a oin a£ , 
< y - -a'co^ 0 t a ; 



therefore 



I Y 1 



a con o 
a r,Ln <t> 



^nd 



-a^pin 0 , 
-a cos 6 , 



\ 



sin o -cog 0 , 



or 



y a( 6 - Gin 
y - a(l - cos 



e) ; 
e) .' 



Kxerciscs 



1., / x * Q - sin 0 , 
l y - 1 - cos 0 , 



easure, l/utJ 



The intervals suggested indicate degree measure, l/tit.it would be an 
error to use these^ measures in the equations above, ■ sj/nct the equations 
were derived on the basis of radian measure for B *. [We ,ma^ revise the 
formulas to suit egrfce measure, or convert the intervals to radian . 
measure. The latter proc^^re is the easier and the one we follow. 4 



6 degrees 


0 


30 


60 


90 


120 


150 


180 


210 


2'»0 


270 


jOO 


330 


360 


6 radians 


0 


Jt 

Z 


it 

3 


it 
2 


2n 
3 


i>* 
T 


n 


fir 

T 


k* 

3 


3n 
2 


J 3 


n« 
"5" 


2n 


X 


0 


0 


.2 


.6 


1.2 






J».2 


5.1 


5.f 




6.3 


6.3 


y ' 


0 


.1 


• 3 


1.0 


1.5 


1.9 


.2.0 


1.9 


3.5 


1.0 


.5* 


'.1 


0 
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The values of x and y are computed to the Nearest tenth, and 
the graph is sketched below. 




The height of the rectangle is the diameter of the genevrMng circle 
whose radius is therefore equal to 3 • The base of the rectangle is 
as long as the circumference of that circle and is therefore 6n . The 
equations of the cycloid are 

/ x = 3($ - sin q) . 
\ y r 3(1 - cos <t>) . 

We have a = 3 inches, and equations for the graph, 

i x = 3(o - sin <+>) , 
I y = 3(1 - cos 0) . 

The angular velocity is given as h rps which neans that a) = &t 
radians per second. Since Q = at the equations above become 

/ x := 3(8jrt - sin 8nt) , 

' y = 3d - cos 8jtt) . 



t 


.1 


.2 


.3 


A 


.5 


X 


5.77 


17.93 


19.75 


28.38 


37.68 


y 


^.h2 


2.08 


2.08 


5.^2 


0 




To compute these values we had to find functions of angles whose 
radian measures exceeded 1.60 , which is as far as our Table II goes. 
We must use the procedure explained in the solution to Exercise 5-3, 
Number 11. Thus sin .8* = sin 2.51 = sin(jt - 2.51) = sin .63 * ,589 , 
and so on. 

P will reach its first high point at the end of the first half turn 
which will occur at the end of the first ^ second. When t = .125 > 
P - (9A,6) . 

i%5 
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(a) All cycloids have the same shape, therefore an accurate scale 

drawing requires any carefully drawn cycloid and a properly chosen 
scale* The width of one arch is 2na y and the height is 2a , 
where a is the radius of the generating circle. In this case the 
/ base line represents 66 inches, or 2rta . Therefore 
i 

a = 10^ inches. We suggest a scale of 1:12 which means that 

1 n 
the drawing should be 5^ inches across a .id 1^ inches high. 



(b) We have 




5 2 ipches 



. x = a(<D - sin <&) , 
I y = a(l - cos <t>) ; 



I -r inches . 
1 4 



We must correct the linear rate of 30 mph into an angular rate 

of rotation for a wheel, wit! 66 inch circumference. A rate * ? 

on u 3 0 « 52BO * 1 2 . . 6* 5280 ^ 4> . 

30 mph = ^ inches per minute =■ — rotations per 



minute 



IO56O 
11 



52Q0 
11 



2jt radians per minuxe. Therefore od 



10560 



11 



n and 



rtt . Finally we have the equations of motion with values 



for x and y in inches, and t in minutes: 



x = -'err" rtt 



2U10560 



COS 



10560 
11 



10560 
11 



rtt) , 



You may wish 1jo present the following "paradox" and solicit explanations 
from the class: 
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Suppose a nickel and a dime are firmly attached concentrically, and the 
nickel is rolled one full turn without slipping along the line AB . Then 
d(A/^) is the circumference of the nickel and since d(A,B) = d(P,Q) the 
circumferences are equal. Aren*t they? 

Answer . (Don't tell the class too soon*) Of course the circumferences 

are not equal. If the nickel doesn't^ slip alone AB then the dime must slip 

-*>- * *""* 

along PQ • 



Challenge Exercise s for Sections 5- j, S^li i 

L. From Figure 5-1 j, since d(0,G) = length of FC = a$ , the coordinates 
of C are (ac,a) • If P = (x,y) is a point of the locus, then 

I x - ac - b sin r , 
\ y = a - b cos c • 

In Figure *>lU the point ^ less coordinates (0,lO . To find k 
we first find : from 0 - ho - C sin * , We can do this only approxi- 

mately, from the tables and the fact that sin * - -o • From Table II 

we have sin l.^C - Q.'JJ, and sin 1 0.*)"' . A reasonable estimate 

gives o * 1.^0 f within the limits of accuracy of this table. Therefore 
k» h - C ;os !.,0 or h - >/0.0 1^ . .'. ^ - C f j.:* > . 

As b ^ e t s 1 an; or i n o omp ar i son wi t h a ti :< 1 owe r 1 oops r, ( t 
relatively larger, and the jrapr. looki. as if it were being compressed 
horizontally. The lover loon:> wi? 1 irtcse^t aru overlap and fcne rraph 
will look more and more lilf a plain o.'f-'* ion of a li/ht he i :a ; sprinr, 
or like an elaborate doodle. 





(Refer to Figure 5-15 in the text.) Cin;*e length of AB length of BP, 
We have ao - b6 • Also, C * ^(a * b) cor, e , (a •» 0) sin e) . If 
P - (x,y) is a point of the locus then 

/ x -= d(0,E) - d(P,D) \a + b) cos Q - a sin v , 
( y = d(C,f) - d(C,D> = 'a + b) sin G - a cos y . 

Since 0 ■* 0 » v " ^ v e have sin ^ - cos(9 + ct>) , and 

"Os ^/ -- sin(*0 f 0) f thus we may eliminate ^ from the equations above 
and write 

^ x - (a + b) cos 6 - a cos(0 -• , 
I y - (a + b) sin G - a sin(0 4 $) . 

Finally, since 0 - -6 ve pay eliminate <s> from the equations above 



and get 



x = (a + b) cos G - a cos(0 + - Q ) , 

a 



y -= (a + b) sin G - a sin(0 » -6 ) . 

a 



These are usually written 



x - (a ■*■ b) cos G - a cos( a * - 0) , 

a 

y - (a » b) sin G - a sin( a - » 0) . 

a 
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k. The analysis here is closely related to that of the previous solution. 
We furnish a diagram and essential steps only. 

ao = bG . 
o + * - 0 - £ 

d(P,D) = a sin * , 
d(C,D) r a cos f . 
P = (x,y) 

(b - a) cos 9 » a sin ^ , 
(b - a) sin 6 - a cos ^ . 

(b - a) cos 6 •> a cos(^-^e) , 
[b - a) sin 6 - a sin ( b g - . 



r 

i x 

Jv 





Symmetric in y-\xis C ^' y \ a , x covers all reals asymptotic td 

x-axis, tangent 10 y 'a . To <:et the analytic representation, connect 

points D , A . LVuv LxT J_ to the x-nxis. Then in '£ ,CT 

- Q - m'/l'ACO ; y duV) d f O,r) sir. 6> ; <UO,lO >a 0 . 



i'neret'orc, y - sin 0 
equations for it a rraph, 



r....o x 'a cot 



Th' se r irv parametria 



, x col 0 , 

' y 'a. nfr. A _ 



■o eliminate '.ht parameter we may square both mcrnbfis oi thf iirsi 
eqafttlj. Jin.' W N . ^ u^Inc with the .;crond oKain eventual'.., 

y .•' .a - ;« , or y ; . 
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6. Choose coordinate system so that 



(b,0) , P„ - (-b,0) 



Then 



we get the condition 

x 2 «• y 2 a 2 - b^ . If |a| < |b| , 
there ar, no points in locus. If 
|a| = |b| , the locus is the point 
(0,0) . If |a| > |b| , the locus 
is a circle with oripin at (0,0) 



and rad 



ius va - b 



y 




5 ( 




\ (0,0) 






Y 



2 2 2 2 2 
Square (a,a)( -a,a)(a,-a)( -a, -a) , constant 'tk , x * y - k - 2a 

2 2 2 2 

If k < 2a , locus is empty set. If k = 2a , locus is point at 

2 2 

(0,0). If k > 2a , locus is a circle with center (0,0) and radius 



/k 2 - 2a 2 



Same square: side x-a,x = -a,y-a,y = -a, constant Uk , 

2 2 2 2 

If k < a , locus is empty set. If k = a , 

? 2 

locus is (0,0). If k">a , locus is circle with center (0,0) and 



2 2 2 2 
& + y ^ 2k - 2a 



radius 



/ 2 k 2 - 2a 2 



(2c)x + (a + b)y = c(a + b) (The sides of the triangle may be extended to 
allow values of y and x outside of the triangle.) 



10. 



y + (x - ^) - ("^) W • Q does lie on the locus. 



11. (Refer to Figure 5-1? in the text.) 

d(P,S) = d(0,R) - 2a cos 6 , from right AGAR . 

d(0,S) = 2a sec 6 . Therefore 
r = d(0,P) = d(0,S) - d(P,S) = 2a(sec 6 - cos 0) . 

This is a polar equation fpr the graph. An equivalent form for this 
equation is . = 2a sin 6 tan 6 . To change to rectangular coordinates 
it is convenient to multiply both members by r and obtain 

r 2 = 2a(r sin 0)(tan 0) , which yields x 2 -f y 2 = 2a(y)(^) , which can 

2 2» 2 2 

be written, x(x + y J = 2 ay , or y = 



2a - x 
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The procedure of multiplying 
both members of the equation by 
r is convenient, but we must check 
that the graphs of 
r = 2a sin 6 tan 0 and 

o 

r" - Car sin Q tan B are the 
same. The only points that might 
be on the graph of the latter but 
not on that of the former are 
p6ints for which r - 0 , but the 
pole, which is the only such point, 
is already on that graph. The 
equations therefore do have the 
same graphs. The idea will escape the student unless they think about 

such simple example.; as x y an<1 x" <y , whose r,* aphs are different. 
Tlie situation for polar *'uo< dii.atcs* can be stated as follows, Suppose 
the pole lies on the fraph of the equation f(r,9) - 0 . Then the graphs 
of that equation and the equa* ion vV'r,$) - 0 arc identic?! 1 . Phe same 
thine can occur when we arc dealing witli rectangular coordiates. For 

example, the eqjations x xy and x y have the same graph. The 

expiration ij essentia] m , Mie sane as it was for' polar coordinates. All 
the points which would o'-^rwise have been added to the graph when we 




multiplied loth mem! crs ct its equation 
/ 

the graph of x xy , - 
^ei'er to 1 igure ' nf the text.) 
A polar count ion fox* the locus of 1 i 



x y were already points of 



Therefore 



equations for the 



or 



T 



and p« 



■os 6 



The tri section of an angle is one of the great classical problems in 
mathematics under the usual conditions, allow, ng only compasses and 
unmarked straightedge, the problem is piovabiy insoluble* (3ee e.g., 
What is Mathematics , Courant and Hobbins.) However, by the use of 
special curves which cannot be drawn solely with compasses and unmarked 
straightedge the problem can be solved. Any such curve used for this 
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purpose It railed a trisoctrix . 
To show the use of the conchoid 
as a triscctrix we proceed a:*> 
fol lows: 

Wo are given any /ABC . 
Krom 0 , any point in BC , draw 
OH J AB . Construct the left 
branch of the conchoid as in the 
text, using d ( B ) as length £ . 
(This ir» the step which is barred 
under the classic restriction.) 
Now construct a circle with B 
as center, and I as radius, to 
cut the conchoid at P . l)raw 
OP to cut AB at Q . Wc- assert 

that » /<XJA) f/OBA) . 

Proof : Draw FB . Then, from 
isosceles triangles l*QJ3 and 
PBO we can verify the relations 
indicated in the diagram. 

Note that if / is greater 
than the distance from the point 
to the line, then the left branch 
of the conchoid has a loop, as in 
the text. If i equals the 
distance from the point to the 
line then the left branch has a 
cusp as in the illustration here. 
If I is lens than the distance 
from the point to the line, the 
left branch will have an indenta- 
tion toward the fixed point. 



13. (Refer to Figure 5-19. ) 

Through T draw lines parallel 
to the axes as indicated* 

d(P,T) = ae ; ' 

/ x = d(T,M) - d(0,N) , 
I y = d(P,M) * d(T,N) . 



j x = a© cos(0 - *■ a cos(jt- 0) 
^ y = a6 sin(6 - ^) + a sin 0 . 



Therefore 

/ x = a cos 0 + a0 sin 0 , 
i y = a sin 8 - a£ cos 6 . 

Ik. Students sometimes refer to this 

preblem as the "hula-hoop" problem. 
Figure 5-20 in the text contains 
lines which are not pertinent to 
this solution. PL ease ignore them 
and refer to the figure at the 
right : 

d(C,T) = d(C,P) - b ; d(0,T) = a; 
"'0,C) = b - a . 




AT - FT , 
P = (x,y) 



D 




/ x = d(0,F) *■ d(D,P) - (b - a) sin U - iM b sin ^ , 
I y = d\D,C) - d(F,C) = b cos ^ - (b - a) cos (0 - tfO . 

"ince 0 = $ • ^ ^ , we may eliminate : 
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sin(o - tfO - sin(0 - £) = -cos a , 

cos(o - iM = cos(0 - = sin 0 ; 

jin ^ - sin(D - 0 + ~) = cos(c - 6) = cos(# - <t>) , 

:os^ - cosU - 8 + |) = -sinU - 9) «- sin(e - 4>) . 
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- a) cos 0 4b cos(0 - o) , 
in(0 - <j>) - (b - a) r.in 0 . 



Finally, since 0 - r 
b 



, x = -(b - a) cos 6 + b cos ^ b ~ a e) , 
' y = -(b - a) sin 6 + b sin ( b - a e) . 
sea? * 

4 • 

5-6. Parametric Equations of a Straight Line * 

The material in this section uses methods developed in this chapter to 
extend and apply the content introduced in Chapter 2. Ue recommend here and 
throughout the book that students be required to refer backwards and forwards. 
To prepare for this section students should be given, in the preceding few 
days, some home-work exercises from the latter haLf of Chapter <2, and that 
you continue giving some home-work exercises from that chapter as you go on 
through this section. A systematic overlapping of such assignments is a 
feature of what is called "spiral" assignments, which we recommend. 

The geometric version of the assumption that - x Q is that the two 

points are equidistant from the y-axis, the geometric version of the conclusion 
(that the equations are x = x Q , y = y Q f mt) , is l/nat the line through these 

points is parallel to the y-axis. In the second case the assumption is equi- 
valent to saying that the points are equidistant from the x-axis, and the 
conclusion is equivalent to saying that the line through them is parallel to 
the x-axis. 

It makes no difference what letter is used for the parameter in 
parametric equations for a line. Thus we could have represented the lines 
L l and L 2 of Exam P le 2 & s follows: 

^ : * = k - -2t ' L 2 : x = -3 - t 

y = 2 - 6t y = -1 + 3t 

If a student asks whether the two t ! s are equal, it must be made clear 
that the question is meaningless. They are both, variables and can take 
any real value. Suppose \:e had used the representations above and had then 
tried to find the intersection of the lines by splving the simultaneous 
equations y 
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" k - 21 = -3 - t 
. 2 - 6t = -l + 3t. 

The question we would really have been trying to answer is whether there are 
any values of t which give the same point on both lines, and this is not 
the question we started with. This point comes up again in Example „. 



(a) 



2. 



(b) /x 
iy 

(c) / X 

t y 

(d) /X 

< y 

(e) / x 

* y 

(f) .x 
l y 

(g) f x 
v y 

(a) 



5 - 3t 
-l + i*t 
o + 4t 

0 + it 

2 + Ot 

-3 + 6t 
-l - <n 
t + ot 

1 + 1 • t 
i + i • t 

-1 + 2t 
-1 + 2t 

1 - 1 • t 
0 + 1 • t 

2 - kt 
-2 + J*t 



Exercises 5.6 

{ 
{ 
{ 
< 
< 
< 
{ 
{ 



x 

y 

X 

y 

X 

y 

X 

• y 

X 

y 

! x 

iy 

X 

>y 

X 

>y 



2 + 


3t 


3 - 


Jit 


h - 


Jit 


1 - 


It 


2 - 


at 


3 - 


6t 


-6 


+ ?t 


k + 


at 


2 - 


i * 


2 - 


i • 


1 - 


2t 


1 - 


2t 


0 + 


i • 


1 - 


i * 


-2 


+ kt 


2 - 


kt 
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3. (a) (-14,21 ) * ' 

(b) The lines are parallel; their pair^ of direction numbers are 
equivalent: (6,-10 = (-2(-3), -2(2)) \ 

(c) The lines are coincident; their pairs of direction nur>i>ers are 
equivalent and they have at least one point [-},'-) in common. 
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Using points (l,l)0*,0 omthc lino L : - ;y i 1 s 0 

1 . t .'• 



* tn" 



x - 16 + t(-24) 
y = 2 + tW5" 



7. (a) Substituting x = \t ; y -- /it into a;;^ * by.*" - tfives 

A . <2 2.2 
a X t + b/i t = a o j 

o ° r > p iO 

t 2 (aX" -. bjT) - aV 



2 2 ' 
a\ + b*i 



if ^ a\ 2 + b/i 2 > 0 



b/i 



hence line intersects figure at ppints equidistant from 0 under 

conditions mentioned. 
> 

'(b) Putting x = >t , y - |it into y -- ax^ , we get t avM . If 
a > 0 for y. / 0 , >v / 0 and considering only t / 0 u<_ get 



1 " 3 



If |j, • X > 0 , 1 - L i /^7- and* intersections are symmetric. 

A * &a , # 

If U* a < 0 , there are no intersections for t / 0 , 

Thus' -the origin is the center. 

(2) a < 0 , for a 0 , > / 0 and considering t / 0 we get 
;2 u > 
. a> J » 



17. 
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If u • "h > 0 , there are no in^ef^ectfet»j for t / 0 . 
If u # X < 0 , then thereyare intersections for 



cnereyGre mtersec 



Again the origin is the center. 

X 3 

(c) Putting x=\t, y = jut into y = -3 — 



x 2 - 1 



jA 3 

we get (it= -5-5 which is not defined for X t = 1 

X t - 1 







nx 2 t 3 - 


t = /I V 


If 


M ^ 0 


x 2 t 3 - 


t = /zV 


if 


t ^ 0 


x 2 t 2 - 


1 = *%* 






.-. tV 


- P 2 ) - 1 


If 


|i /t X 


t 2 4 - 


1 

2 2 
X - ft 



2 2 

If X > /i , then the line intersects the curve for 



t = + / — 2^ 2 ' that is > sy^e^rically. 

V \ - u 



X - M 

There is no value of t if y 2 < p. 2 . a^hus the curve has the origin 
as its center. 

We suppose that a bounded set D has two centers, and show that we get 
a contradiction. We call these centers 0 and I and establish a 
coordinate system with origin at C , with x-axis along 01 , and I as 
the point (l,0) . If 0 and I are centers then 0 has a symmetric 
image, Q> 1 in I , and = (2,0) . 0 1 has a symmetric image 0^ in 

0^ and 0^ = (-2,0) . 0 o has a symmetric image 0^ in I , and 

0j = f 3,0) , and so on. The points , 0 3 , 0 , . . . , are all members 

of S and their coordinates, (2,0) , (3,0) , (k,0) , ... , indicate that 
they are farther and farther from the origin. Clearly they cannot all 
be enclosed by an finite rectangle, which means that 3 cannot be 
bounded. 

The statement is not true for unbounded sets; for ex'-uple any point 
of a l<ne is a center of the set of points of that line. 
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9, We express the line in parametria form usin^ direction cosines: 



{ 



x = "j t O.St , 
y - 8 ♦ C.ot . 



When t = 1 , (x,y) - (%$ , ^ ; 
when t - -1 , (x,y) = , , 

10. / x = C + 31 , 



/ x = u + ji , 
I y = 9 ^ U . 



It is simplest here to use d(A,3) units alone the line. When t 5 , 
(x,y) - (15,29) ; vhen t - , fx,y) - :-V,,-H) . 



Rev lev Kxercises 

In the answers to these exercises we supyl>, in most cases, the simplest 
and most directly achieved answer. It is always 'to be understood that a 
given graph has infinitely man> ai.aiytij representations. Come of these may 
be trivially related as: y - l > and °y - ]0 ; some non-trival ly as: 
x ♦ 2y - 11 = 0 and 

/ x ■= 5 ► ^ , 

i y = 3 - Pt • 

The teacher is particularly urged in this chapter to consider carefully any 
pupil's ansver which may differ from the one presented here. It may be 
correct, but written in unfamil tar form, and the student may, with benefit, 
carry the burden of showing the equivalence of the twc. 

When we are asked for an analytic description of a set, for example, 
2(a) below, we will usually write our answer in the form in which it appears 
in the literature: 

x - hy r 7 = 0 , 

instead of the longer form: 

{(x,y) : x - ky + t = 0} . 

2 2 

1. (a) The lines: y = x and y = -x ; or y - x*" . 

(b) The line: x = 8 . 

(c) The line: y = h . 

(d) The line: 3x - - 8 = 0 . 

(e) The circle: 'x - 5) *- (y - 8) = 9 , which can also be written: 

«. 

x 2 + y 2 - lOx - l6y + 80 = 0 . 



q (f) The lines: x = 2 and x = 8 . 

180 
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vg) The lines: y = 1 and j = - r . 

'lO The lines: 3x - ky + 22 = 0 «,£ 3* - ^ -8 = 0. 
(i) The lines: x = k + h and x - k - h . 
(j) The lines: y~q4p,y = q- p. 

o o 

(k) If ax + by 4 c = 0 represents a line, then a" + b*~ / 0 ana the 
distance from P = (xqjVq) to t^ is lines is given by 

! ax 0 "* by o ' c l 
d = J . This equation is equivalent to 



ax^ + by^ \ c = t d/a*" + b'" , therefore the locus of all such points 
P = (x,y) lis the pair of lines represented by 



/" / 2 2 / 2 2 

c + dva -+ b = 0 , and ax + by 4 c - dva -t b - 0 . 

(1) The distance from P = (x,y) to A = (5,0) is /(x - 5) 2 •» y 2 , 

and to B = (11,0) is /(x - 11 ) 2 ♦ y 2 . The condition is 

equivalent to; V^x"- 5) 2 * y* = 2v^x - 11 )*~ ♦ y 4 " . This equation 
is an answer to the exercise, but it can be written more simply ^s 

x 2 4 y 2 - 26x,+ 1^3 = 0 , or as (x - 13 ) 2 4 y 2 = *i 2 . This last 
equation yields the additional information that the graph is a 
circle with center at (13,0) and with radius h . 



(m) f rhe condition yields directly: y = v(x - 5) c *■ (y - ^) or more 
o 

simply x 1 " - lOx - l6y 4 89 = 0 . 'This can also be written 

o 

(x - 5) = l6(y - U) , which can be interpreted to be an equation* 
of a parabola with vertex at (5,h) , axis along the y-axis, and 
open upward. 

(n) As above, we get the parabola: y - 8x 4 2h = 0 . 



(o) The distance from P = (x,y) 'to D - (t>, 3) is vfx - 5) 2 + (y - 3) 2 . 

The distance from P = (x,y) to the line 3x - hy h 7 = 0 is 

I ^x - hv 4*" 7 1 

1 ■ J 1 . An answer to this exercise is* given by the state- 

f~2 72 
V3 4* U 

ment of equality for these two distances, 

/(x - 5) 2 + (y - 3) 2 = I 3 * " J *y ± JLL # Thi S C an be written some- 

what more simply as l6x 2 + 2k + y + 9y 2 - 292x - 9Uy + 801 = 0 . We 
state that the graph is a parabola with an oblique axis perpendicu- 
lar to the given line, but we leave any further discussion of this 
equation and graph for Chapter 10. 



(p) As in the previous exercise, an answer is given by: 

V\x - r) 2 + (y - s ) 2 = I *** + by , which can be written also as 

[2 "2 
va + b 

2^2 2 P 

(ax + by + c ) = (aT + b ) (x - r) * (y - s) , or, as a poly- 

e 

nomial in x and y : 

22 22 2 2* P P 

b -x - 2abxy + a y -2(ac+a r + b r)x- 2(bc+ a s + b s)y 

^ + (a 2 r 2 + a 2 s 2 + b 2 r 2 b 2 s 2 - c 2 ) = 0 . 
We state again without proof that the graph of this equation is a 
parabola with its axis perpendicular to the given line. 

In (a) - (i) we give our answers in both rectangular » and parametric 
forms; either or both may be used. 

(a) x - ky + 7 = 0 ; or / x =- -3 + 8t , 

ly = H 2t ( 

(b) x - ky * 7 = 0 , x > -3; or / x = -3 + 8t , 



/ x = -3 + ot . 

I y = 1 + 2t , 

(c) x-Iiy + 7= 0,-3<x<t>;or / x = -3 f 8t , 

I y = 1 » 2t , 

(d) x + 2y - 11 = 0 ; or / x = 5 - kt , 

\ y = 3 + 2t , 

(e) x+2y-ll=0,x<5; or / x = 5 - kt , 

t y = 3 + 2t , 

(f) x + 2y-ll = 0,l<x<5;or / x = 5 - kt , 

* y = 3^ 2t , 

(g) x - y + 1+ = 0 ; or / x =H - Ut , 

t y -\5 - . 

(h) x-y+U=0,x<l; or / x = 1 - kt , 

\ y -= 5 - kt , 

(i) x-y + t= 0,-3<x<l- or f x = 1 - kt , 

I y - 5 - , 



t > o 



0 < t < 1 



t > 0 . 



0 < t < 1 



t > 0 # 



0 < t' < 1 
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(k) 



0 
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(j) This, and the next fo r parts of this exercise, are most readily 
• done with parametric representa- 
tions or vectors. The interior 
of ^ABC can be described as 
the set of points of the in- 
terior of all rays BP , where 
P is a point of the interior 
of CA . In that case 

P = (x,y) ; where x a 1 - , y s 5 - 4t , 0 < t < 1 , from (i) . 
above. We need another parameter to give us the interior of BP • 
Thus direction numbers for BP are (l - *+t - 5 , 5 - - 3) , 
or' {-k - kt , 2 - kt) . Thus, for a point Q = (x,y) of the 
interior of PP ve have x = 5 -f s(-t - kt) , y = 3 + s( 2 - kt) , 
s > 0 . We present this answer more neatly: 

{(x,y) : x = 5 - kx - kst , y = 3 + 2s - kst , s > 0 , 0 < t - < 1} . 

In vector form, if- P is an interior point of CA then « 
p = c+t(a-c),0<t<l. If Q is an interior point of BP , 



then q = b + s(p - b) , s > 0 . 
q = b + s^c + t(a - c) - b^,q 



In terms of a 



(st)1 



we have 



[1 - s)b + (s - st)" 



with s > 0 } 
pliers is 1 



0 < t < 1 



Note that the sum of the scalar multi- 



We can show the equivalence of the vector and parametric forms 
by expressing each vector in terms of its components and then com- 
bining, retaining the parametric conditions s>0, 0 < t < 1 . 
Thus: q = [x,y] , a = [-3,1] , ~b = [5,3] , c" = [1,5] . Then 
[x,y] = st[-3,l] + (1 - s)[5,3l » (s - st)[l,5] , 
[x,y] = [-3st + 5 - 5s + s - st , st f 3 - 3s * 5s - 5st] , 
l*,y) - [5 - - kst , 3 + 2s - kst] • 
Therefore 

j x = 5 - ks - kst , 
I y = 3 *■ 2s - kst ; 

and these are the parametric equations we found before. 

If P is a point of the interior of AB , then 

P = ( -3 -4 8t , 1 + 2t) , 0 < t < 1 • Proceed as in the previous 

solution and obtain the answer, 

{(x,y) : x = 1 - ks + 8st , y = 5 - ks ?st , s > 0 , 0 < t < 1} • 
In vector form p = "a -f tfb - a) , 0 < t < 1 , and "q , the vector 
to any point Q of the interior of /BCA is given by 
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q = c" + s(p" - c") , s > 0 . This can be c written in terms of 

a , b , c as was done in the previous solution: 

q = fs - st)a + (st')b + (l - s)c , s > 0 , 0 < t < I . 

Note the resemblance to the result in the previous exercise. 

The component forms of these vectors can be used to relate 

this result to the parametric equation found a few lines 

earlier. 

{p) (Refer to the two previQus solutions.) 

P ="c" + t(b -c),0<t<l;q* = "af- s(p - a) , s > 0 . 
q = (1 - s)"a + (st)b + (r> - st)"c s>0,0<t<l. 
The parametric form is 

{(x,y) : x = -3 + Its + kst , 1 ks - 2st , s > C , 0 < t < 3) . 

(m) The interior of MBC is part of the interior of ^ABC . If 
ve refer to the solution of part (j) of this group we need 
now use only the interior points of BP where P is an in- 
terior point of AC . We can effect this result by a simple 
change on the parameter s which we now take 0 < s < 1 . Our 
solution in vector form is therefore: 

"q = (st)a + (\ - s)*b + fs - st)c" , with 0 < s < 1 , 0 < t < 1 , 
We could use the results of (k) and (jg) above, ana obtain 
q = (s - st)"a + fst v ib + (\ - s)"c ,0<rs<rl,0<rt^l; 
q = <1 - s)*a + (s^t)b" * (s - st)"c , 0 < s < 1 , 0 < t < ] . 

The similarity of- these expressions leads to a more 
symmetric formula, if we note that the scalar multipliers' are 
non-negative and have the sum 1 . We may write a vector 
formula for the inter "or of MBC thus: 

q = aa + (3b + 7c, where a , P , 7 are non-negative and 
a + p + y = 1 . 

v'n) x + 2y + 1 = 0 , 

(o) x - y - 2 = 0 . 

(p) x - hy + 19 = 0 , 

(q) 2x - y + 7 = 0 . 

(r) x + y - 8 = 0 . 

(s) hx + y - 9 = 0 . 

(t) x - 2y + 5 = 0 . 
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^ (u) y = 3 ' 18 i 



I8l 



(v) X = 1 . / 

(w) The line y = 1 is parallel to the x-axis, and the line 
x, = -3 is parallel to the y-axis. - * 

(x) hx + y - 6 =s 0 . 

(y) 2x - y - 2 = 0 . 

(z) If the center of the circle is at (u,v) then 

(1. ») 2 +(5- v) 2 = b-u) 2 + v) 2 = (3+u) 2 4 (l-v) 2 = r 2 

Solving these equations gives .the coordinates of the center, 

9 and the length of the radium, . Thus the 

circle has the equation, (x - » (y - |) 2 - % which 

may be written also as 3x + 3y - 8x - hy - r )0 = 0 . 

3 f The abbreviated sketch we supply for each part of this exercise 
should indicate the answers requested originally. Other brief 
comments are supplied as seem necessary. 




(e) 



3 



ellipse 



fj) 



Pair of 
verti cal 
lines 



(f) 




hyperbola 



(k) 



-9 -5 



The region 
between but 
not including 
\.he vertical 
li nes« 



(g) 




parabola 



(t) 



a-b 



The entire 
plane except. 



(h) 



parabola 



(m) 



The x- and 
y-axes. 



(i) 




(Same as (g) 
turned 90°) 



(n) 



The two lines 
indicated 
x = 1 , and 
y = -2 . 
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(o) 



( 



-2 

A 



(q) 



x - 3x - 10 = 0 

(x - 5)(x+2) = 0 




The pair of vertical lines. 



(p) 






lines 


y = 


- t x 




V 


\ 

\ 








\ 






\ °' 

N 







The region below the line y = x 



The shaded region between the 
x , as shown . 



2^2. 

X < X IS 

equivalent 

to 

2 

x - x > 0 , 
or 

x( x - 1 ) > 0 



This inequality is true for all 
x except for Q < x < 1 . The 
graph is the entire plane except 
region between the ver leal lines. 



We do not supply full answers here, but only en ugh in sketch or comment 
to make contact with familiar material. 



(a) 
(b) 
(c) 



(a) 

/ \ 



(f) 

(g) 



9 
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Circle with radius 3 and center at the pole. 
The -interior of the circle in (a) above. 

Since there is no negative restriction on r , the set is the 
entire plane. If 0 < r < 3 the set would be the same as (b) 
above. 

The plane outside the circle of (a) above, 
measure 2 . 

Since there is no negative restriction on £ the set is the 
entire plane. 

If r > 0 the graph is a spiral similar to that of Figure 5-5 but 
opening more rapidly. It contains the pole and crosses the polar 
axis to the right at hn , On , 12n , ... , and to the left at 
(abscissas) -2* , -6* , -IOjt , ... . if r < 0 the graph is the 
symmetric 5mage with respect to the pole of the path just describe!, 
thus .the entire graph is a double spiral opening counterclockwise 
and crossing the polar axis at (abscissas) 0 , 2it -2it , >4tt , -Ujt, 
6jt , -6ji , ... . 



IS 
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(h) The entire plane. Compare the polar and rectarigular conditions: 
x =- y gives a line, and x < y a half-plane; r = 9 a spiral, 
and r < Q the whole plane, 

(i) Two lines through the origin, 9 - 2.1 and 9 = 1.9 . 
(j) The annular region between two concentric circles of radii 5 

h.9 and ^.1 with centers at th.e pole. 

In the next few solutions we supply a familiar equivalent equation in 
rectangular coordinates related in trie obvious way, to polar coordinates. 
The graphs for parts (k) ... (q) * are all liner f and in each case the 
absolute value of the numerator is the distance from the pole to the line, 

(k) The line y 6 . 

(?,) The line x - -3 . 

(m) The line x =* -2 . < , 

(n) The line x = $ . 

(o) The line through (v£,0) with sio^* 1 . 

(p) The line through (-W2,0) with slope 1 . 

(q) We take 0 < b < 2jr . If b 0 the graph is the line 

y - a ; if b = 2n the graph is the line y = -a . If b = ~ 

or the graph is the line x = -a or x = a , respectively. 

If b has any other value in the indicated domain the graph is 
the line through (-a ccc b , 0) , with the slope tan b . 
(r) Polar inequalities must be carefully analyzed. In this case 
if 0 < 9 < n the graph is the region above the line y = 1 . 
. If 9 = * there is no value- of r .for which 

r > S in 9 slnce si n q * s not defined then. If n < 6 < 2* 
then the graph contains every point which is below the line 
y = 1 and on any line which intersects the line y - 1 and 
which goes through the origin. That is, tfhis part of the 
graph is the region below the line y = 1 , excluding the two 
half-lines along the x-axis: y = 0 , x > 0 , and y = 0 , 
x < 0 . To summarize, the graph of 

r > si^ fl is the entire plane except the points of the line 

y = 1 and the points of the two half-lines along the x-axis; 
y ^ 0 , x > 0 , and y = 0 , x < 0 , It is instructive to 

investigate, but we will not, the relation between r < & ^ - 

and r sin 6 < I , noting that zhis second inequality is 

related to y < 1 . * 185 1 8 8 



k s) We consider 0 - 6 < 2* . If 0 = 0 the graph is that part 
of the x-axis to the left of x -- 2 . If 0 < 0 < § we get, 

for 0 ^ r ^ — ^— , the vertical strip above the x-axis and 
CO;> 6 9 

between the y-axis and the line x - 2 ♦ For this S/ame domain, 
if r 0 we gee the origin and all points in the third 

juacLrant. If t, < 0 < 4r ve 6 et the re S ion to the ri S ht of 

the line x * 2 . Since ^§-§ Is not defined for 0 = | or 

4f there is no value of, r defined for these values of 6 . 

If ll < Q < 2jt and 0 < r <- ^ ^ we get the vertical strip 

• below the x-axis and between the y-axis and tb£ 1 ine x = 2 . 
For -his same domain if r < 0 we get -the origin and all 
points in the second quadrant. To summarize, the graph we want 
is die entire plane except the line x - 2 , and the two half- 
lines along the y-axis; xO,y>0,and x = 0 , y < 0 . 
It is instructive to investigate, though we will not, the 

relation between r > —§-5 and r cos 6 > 2 , noting that 

COS u 

this second inequality is re.l ated to *x > 2 . 
(t) The pole. 

In the discussion of related poLar equations in Section 5-2 we used the 
fact that the point P - (r,6) has also the coordinates (-r,6 + «) . 
Thus, If P is on the graph of r = f(6) ve must also have P on the 
,-raph Of -r - f(6 * a) • Then we obtained the equivalent equation 
r «■ -t'.e + >0 , but this step cannot be carried through so easily with 
ineoualities. , If the point (r,6) is on the graph of r > f(6) , then 
that same po'.it, now indicated oy (-r,6 •«),!■ °" the graph of 
-r > f(6 • «• , tut this last inequality is equivalent to r < -f(6 + n) , 
and this ic f« related polar inequality of r > f(-6) . However, the 
^original Ins-ius : I ty" can frequently be written in the form g(r,e) > 0 
"for which, the related polar inequality is g(-r, 6 • ^) > 0 and is 
usually easier ',o handle. ^ 

(a) r 2 - 9 

■Co) r 2 < 9 ( 

(c) r > -3 

(d) r < -2 



(e) 6 m 2 - « 



(f) e< * ' 

(g) r = -2(0 + it) 

(h) r > _(e + «) 

(i) \6 ± x - 2| = .1 

(d) |-r - 5| < .1 , or |r + 5| < .1 



(i) et =— 

cos e 



(•m) r = 
(n) r = 
(o) r = 



-2 



cos 8 

5 ' 
cos 6 



cos(6 + J) 



(q) 


r = 


CL 




sin(0 - b) 


(r) 


r < 


1 

sin © 


(s) 


r > 


2 

cos 6 


(t) 


r = 


0 ■ . 


'(a) 


y = 


2 

x - 2x + 2 


(bj 


x - 


2y + h = 0 


(c) 


2y = 


x + xy 

I 


U) 


x3 = 


2 

y + xy 


(e) 


y = 


x 2 - 2 


(*) 


x 2 

T 4 


2 

-IS = 1 


(g) 


<s - 

9 


2) 2 , (y - '0 2 

25 


(h) 


4y 2 


= x 2 (4'- x 2 ) 


(i) 


~2 + 

X 


y 


(J) 


/~> 

x - 


l6y 2 (l - y 2 )(l 



= 1 



7. 
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x = 3 - ft, 
y = 7 - 1 1 . 
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8. 


x = Qht , 








y = 288t . 






9. 


When t = 3 , 'A = 


(0,0) , B 






When t = 5 , A = 


(Hi, -2) i 


B = (-5,16) , d(A,B) = . 


10. 


When t = 2 = 




, y x i 2^) , P 2 = (x 2 + y 2 + 






x 2 ■• 2^ - 


2>3 2 ) 2 -t (y x - y ? + 2^ - 2m 2 )^ . 


11. 


(a) x = cos(^ * 


6nt) , y = 


sin(|^ 6ct) . 




(d) x = cosv- 2 


- hnt) , y 


o-inf * llrrt 

= Sinv - ~ - 'fnW • 




(«c). x = cos( - -g 


dnz ) y y 






(d) x = cos(n - 


8*t) , y * 


sin(n - 8nt) 




(e) x = cos(^ - 


» «t) , y « 


sin(-^- nt) . 



12. We give, the time in seconds and the angular position in terms of 6 

only/ The rectangular coordinates of the jpps;ti*on .are (cosJT, sin 0), 



UJ 


•10 ' 10 




(f) 


3 

B ' 


(0) 


(b) 






(s) 


l 

15 


' v 30 ' 


(c) 


28 ' l T ; 




(h)' 


7 

So 


■ <B> 


(a) 


'2 

15 ' [ To> 

V 




(i) 


l« 

3 ' 


<§>• 


(e) 






fj) 


11 

5* 





I 



13. Assume that it starts" from its farthest right position 
1 • * 

i / x = .i •» 3 cos hnt , 



y r 5 4 3 sin Hnt 

If, wijen t = 0 it 'starts from the angular position 6 relative to its 
* cente$, then -the equations of motion are ' 

/ x = h + 3 cos (Ujtt * 6) , 
y = 5 + 3 sin (^nt + 0) . 
"jjw* Assume it starts from the angular position 6 relative to .its center. 



Then 
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x = -1 + 2 cos ((,' - 2itt) , 
y s sin (6 - 2nt) . 



/ 



V 



T 



16. 



' \ 17. 



These are al.l .circular paths with center at the center of the clock. We 
give the radius, anguWrposition 0 f starting point-, direction of rota- 
x tion, and angular velooj^^i revolutions per minute. 

rpm. ' 
rpm. / *, 




(a) Ji , C , ouuntcrclockw 
M * , i , countjerclockviSc, 

(c) 10 , rt , crockxd.se/ rpm. ^ 

(d) 8 , it , counterclockwise/ ? rpm. 

(e) 'Plie given equations ore equivalent lo 

x = 2 cos- (| - pnt) , 
J * 2 sin (~ - Djtt) ; 




(a) 
(b) 
(c) 



therefore the ration is as above: 2 , 1 , clockwiise, 1 

p = 3 cos, 6 , 

* y = 3 sin a . 

r x = 3 cos 0 , 

* y •= sin e . 

i * 

-= */o cos 0 , 



rpm. 



A 1 * r- 
1 y v O sin a . 

(a) ^ The path of P is a cycloid with parametric equations 



' x .= a(B - sin.©) , ^ 
y = a{l - cos a) . / 




We v assume the following: a - 12 inches; the vheei rolls from 
left ;to right; x is measured in inches along the road to the 
right from the first contact point of P; y is measured in 
^ inches above the road; 6 is the angle of rotation measured • 
clockwise from the 6 o'clock poaftlor to the position, of P ; 
_ h = cot .where t is measured in seconds and o: = 3 rps = 6n 
'radius per second. Cur equations are: 

( x = 12(&tt - sin 6nt) , 
) y = 12(1 - cos 6nt) . 

(b) The path of Q is a curtate' cycloid whose equations were derived 
ia^the solution to Challenge Exercise 2 on page 18. 
ions of the path of Q are 

x = 12(6nt) - 6 sin (6*t) . 
y = 12 - 6 cos (6nt) . 
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Chapter 6 
CURVE SKETCHING AND LOCUS PROBLEMS 

This chapter explores in detail the relation between a curve and its 
analytic representation. We present some methods of curve-sketching which 
are probably new to the students, particularly the addition and multiplica- 
tion of ordinates and the addition of radii. These relate the graphs of 
certain types of equations to the more familiar graphs of simpler equations. 

We then discuss some geometric properties of the curve and see how they 
can be deduced from its analytic representations. We see how the choice of 
coordinate system casts its particular light on our analysis, and explore the 
advantages and disadvantages of each in a variety of situations. The geo- 
metric properties we consider are symmetry, extent, periodicity, intercepts, 
and asymptotes. The treatment is careful but not exhaustive, and students 
should be encouraged to see any open questions, that we leave, and to try to 
supply some answers. This is tne essence of research, and should be so pre- 
sented. 

We suggest some topics that may be explored as extensions of the content 
of this chapter: asymptotes which are oblique lines; asymptotes which are 
other curves; "phase displacements", which may be considered additions of 
abscissas ^properties of families of curves; envelopes of families of curves; 
self -interacting curves; extensions to three or more dimensions; applications 
of this content to physics, particularly to periodic phenomena such as radio 
broadcasting; the relations among period, frequency, velocity of propagation,.. 
and wave length; resonance and interference, both in sound and in light; the 
Doppler effect in sound and in light; and so on. Students are pleased to 
recognize the Doppler effect in the changing pitch of an automobile siren as 
it approaches, passes, and recedes from them. They are also pleased to ob- 
serve the interference of light as they look through an almost closed space 
between thumb and forefinger. 

-•The teacher is referred to any recently written text in physics, and 
particularly to the members of the science department in the school. The 
topics mentioned are suitable for joint investigation through experimental 
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and theoretical approaches* Both students and teachers can benefit from a 
systematic investigation in depth of any of the topics mentioned, and the 
opportunity to check experiment with theory and vice versa. 

The sine curve is particularly suited to exhibit such matters as bounded- 
ness and periodicity. The polar graph of r = sin 0 exhibits boundedness in 

that it is entirely contained in a circle of radius more than i . The 

periodicity is shown by the fact that as 0 increases without limit, the 
point P will go endlessly, around the circle as shown. 

Exercises 6-2( a) 

It is to be understood that when we ask for bounds for a graph we want 
the "best 1 ' bounds, that is, the most restrictive. Thus, for l(a) , 
y = 2 sin x , we certainly have bounds i 10 ; "better" bounds are i 5 , but 
the "best" bounds are ! 2 as indicated below. 
1, We use the fact that 0 < sin 0 < 1 and 0 < cos 0 < 1 for any e . 

(a) -2 <'y < 2 for any x , 1 

(b) -1 < y < 1 for any x . 

(c) 1 < y < 3 for anv x . 

(d) -| < y < | for any x . 

(e) Since 0 < sin 6 < 1 for any 6 , we have 0 < 2 sin(3x + |) < 2 , 

and -2 < y < 6 . 
, (f) We know 0 < | 0*6 sin x| < 0.6 , and 0 < |0.8 cos x| < 0.8 

therefore we have bounds 0 < y < l.fc ; but we can do better, since 
the two terms in the sum, being related, do not reach their maximum 
(or minimum) values for the same t value of x . 

Note that (.6) 2 + (.8) 2 = 1 therefore we may take 0.6 - cos t 
and 0.8 = sin t , and write y = sin x cos t + cos x sin t , with 
"t as above. Therefore y = sin(x + t) and we now have 
-1 < y < 1 These are the best bounds, and the solution to this 
exercise. 
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/ 2 P 

= v2 +3* ( G in x cos t 4 cos x sin t) where cos t = — 
and so on. 

Since y ^ 7l3 sin(x t t) ve have the solution, 
-VT3 < y < V13 



(h) y = a sin x •*■ b cos x = /a 2 + b c 



sin x -i cos x 



f2 72 f 
, va hb / £ 



2 v 2 
a 4 b 



/~2 2 / /~p o 

= va + b (sin x cos t i cos x sin t) = /a » b" sin(x 4 t) ; 

.as in the previous solution. Therefore 



r~2 2 p? ? 

-va 4 b < y < va -f b 

(i) 0 < y < 1 

2 ? " 

( j) y = sin x - cos'x = - cos 2x . Therefore -1 < y < ] , 

2. Bounds ; a - |bj <_ y < a * |b| 

Period ; Since sinf cx 4 d) = sin(cx 4 d i 2nn) 

= sih^c(x -4 — ) 4 d^ , there './ill be no 
change in y if * is increases by for integral n . Therefore 



the period is — . 

c 



6-2(b). Symmetry . 

We deal only with point and line symmetry. The content of this section 
is essential to some important transformations of the plane, which wilL be 
dealt with in Chapter 10 and its supplement. Students should be cautioned 
against replacing the phrase "symmetric with respect to the x-axis", by the 
non-equivalent, "symmetric with the x-axis".. Come authors use "vrt" to 
replace "with respect to". We usually confine the domain of 0 thus: 
0 < Q < 2n , since the generali7ation beyond this domain is usually simple. 
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Exercises 6- 2(b) 



1 . This question repeats. Number 6 of Section $-6, to whose solution you are 
referred, 

2. An ellipse, or a rectangle which is not square; ci equilateral triangle; 
a square. 

3. A circle, a line, the plane, a half-plane. 

h. Yes. In review exercise dumber 17 at the end of this chapter we ask for 
the proof of a somewhat stroiiger statement, that symmetry with respect to 



both of two perpendicular lines requires symmetry with respect to their 
intersection. 

5. No. Consider t\e graph of xy = 1 , or y = x^ , or the letter S . 

t. We summarize the results by tabulating for parts (a) , (b) , (c) , (d), 

(e) , (h) ,-(i) , (j) , the answers to these questions: Is the graph 

symmetric with respect to the x-axis?; the y-axis?; origin?; the line 
y = x?; the line y = i^x? 

(a) No, yes, no, no, no. 

(b) No, no, yes, no, no. 

(c) No, yes, no, no, no. 

(d) No, no, no, no, no. 

(e) No, no, no, yes, no. 

(f) This equation is equivalent to ( x + y) »-2(x+y)-*ls2 or 



x -* y ■* 1 1 ^2 = 0 . These lines are parallel and are symmetric 
with respect to (l) J the line midway bofcween them: x + y + 1 = 0 ; 
(2) each point of this line, that is, each point 

((x,y) : x=-t,y = t- I, for all t } ; and (3) each perpendi- 
cular to this line, that is each line of the family x - y + k = 0 . 
^(g) This equation is equivalent to ( x ■* y ■* 5)( x h y - 2) = 0 , whose 
graph is the pair of parallel lines: x * y -* 5 B 0 and 
x + y - 2 = 0 . They are symmetric with respect to (l) the line 

midway between them, x + y+ ~ = 0 ; (2) each point of this line, 

that is, each point ((x,y) :x = -t,y = t- «|, for all t ) ; 

and (3) each perpendicular to this line, that is, to each line of 
the family x-y+k=0 . 
(h) No, no, no, yes, no. 



V 



o 

(x -* y 2 , whose graph is the pair of lines 
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6- 

(i) Yes, no, no, no, no. 

(i) If n is even: yes, yes, yes, yes, yes; 
if n is odd: no, no, no, yes, no. 

For par£s (k) - (t). We consider only symmetry with respect to the 
pole and any line through the pole. We present our answers in this 
order: 

Is the graph symmetric with respect to the pole? 

What lines through the pole are axes of symmetry for the graph? 

(k) Yes; 0 = 0 , e = | . 

(Z) No; *B~= 0 (since the related polar equation is r = - sin Q) , 




(m) No; 0 = | . (This curve 'is an ovaloid through the points (2,0) 

(1,§),(2,«),(3,$).) 
(n) No; 0 = 0. (This curve is a parabola.) 

(o) No; 0 = ^ . (This curve is an ellipse. It has symmetry with 

respect to its center, the point (-^, -|) , and the lines along 

its axes. These lines are most easily represented in rectangular 
coordinates: x = 0 , which has already been found, and 
3 * 

y = -j* . This last Result could be found by polar methods but 

will not be discussed further.) 

(p) Yes; 6 = 0 , 0 = | . (This locus is a pair of parallel lines and 

has, beside the axes of symmetry already mentioned, any line 
parallel to the polar axis, that is, any member of the family 
a 

r " sin 0 * 

(q) Yes; Q = £ , G = . (This locus is a double loop in the first 
and third quadrants, crossing at the pole. ) ' 

(r) No; e = £ , 6 = ^ , e = | . (This locus is a three-leaved 
rosette, with loops out to (2,-g) , (2,^-) > (2,«— ).) 
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(s) No; 6 = 73 . (The graph is an ovaloid .curve through the points 
(3,0) , (l,|) , (3,«) , (5,4?).) 

(t) No; 0 = «| . (The graph is an ovaloid curve through the points 
(a,0) , (a + o i) , (a,*) , (a - b,£).) 



Challenge Problems 

1 # Given a point P in space and a plane M vhich does not contain P • 
The symmetric image of P uith respect to M is the point P 1 sucn 
that M is the perpendicular bisector of PP 1 . The question of figure- 
reversal in a mirror can raise some interesting problems. The fact is 
that there is a top-bottom reversal, as is seen by the reflection of a 
mountain in the surface of a lake. We could easily see the top-bottom 
reversal in our persons if ve stood on a mirror, or sat at a mirror- top 
desk. Our normal position of viewing establishes an unconscious vertical 
plane of reference, usually the perpendicular bisector of the segment 
joining our eyes» When ve lie on our sides this plane is no longer 
vertical, and the reversal is now from top to. bottom. Ycu may grasp 
thj*se ideas more clearly if you close one eye to .help remove the un- 
cbrjscious vertical plane of reference and then consider various relative 
positions of the mirror, the eye, and the reflected object. 

2. The problem is trivial if L is horizontal or vertical. Assume that it 
is neither. L is the _[ bisector of P^P , therefore the uiidpoint of 



P^Pg must be on L , therefore al g 1 + bH^-g J 

a^ + a* 2 + by x + by 2 + 2c = 0 . P n ? 2 _[ L , therefore 



+ c = C , or 



y 2 " y l b 



x 2 



— - — , thus, bx, - bx^ - ay + ay 0 = 0 . We solve these two 
x_ a , x a x i- p 

equations for x 2 and , and find 

((a 2 - b 2 )x L + 2ab y 1 + 2ac 2ab ^ + (b 2 - a 2 )y 1 + 2bc\ 
2 , ,2 > 2 " .2 } 

a + b a + 0 I 
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6-2(c)« Extent , 

The discussions of the examples in the text are done in sufficient detail 
to meet the requirements of a text at this level. The ideas of this section 
are a good foundation for the topic of continuity which is so significant in 
the calculus* We do not discuss functions whoae graphs have seritms dis- 
continuities; nor the "pathological" durves of higher mathematics. However, 
it Is salutary for the class to discuss the graph of, say, y = (-1) which 
is totally discontinuous and consists of an infinite number of the points 
of the lines y = 1 and y = -1 . * 

In this chapter (Page 21 1 *), the term "asymptote" has been used with 
reference to a line to which the points on a graph approach more and more 
closely, but which contain no points of the graph. This is always true 
of the vei'tical asymptotes, i. e. the y-axis or lines parallel to tne y-axis. 
In the second example (see Figure 6 - ?), we note that the x-axis is crossed 
by the curve at (0,0) but acts as an asymptote f jt the points of the graph 
where x > 1 jmd x < -3- In common practice such a line is also referred 
to as a horizontal asymptote. Ho /er, it can be proved that such horizontal 
asymptote may haW only -i finite number of points in common with the curve. 

It is also important to note that it is possible to have asymptotes 

? 

which are not lines. For example, the parabola y = x acts as an asymptote 
o i 

to the curve y = x + — # You may like to assign this to your better 

x 1 
students after discussing the graph of y = x + — on page 220. 
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6-3. Conditions and Graphs (Rectangular Coordinates) . 

We have taken a good deal of ^me and space to show how to sketch certain 
graphs which are related to familiar graphs. Jtudents soon "catch on" and t 
quickly develop a fine\ competence in this part of their work, often reporting 
later that this was the most useful part of the course in later applications, 

We suggest a$ain a dynamic approach to graphing. Typical questions are, 
"How could we change the equation to raise the graph 2 units?" , "What 
happens to the graph if we reverse these signs?" , etc, £s in. all exercises, 
the more, thej better, but please do not assign all the exercises of Exercise 
6-3* You may, of course, use some of them for test items, 

» 

Students are always interested in applications of these ideas that come 
within their immediate experience. You should point out that the graph of 
the equation y = a + b sin cx is a simplified version of broadcast waves 
that are received by their radio and television sets. An increase in a has" 
the effect of raising the "bias". Roughly this is whajb is done on the TV set 
when we increase the' "brightness". An increase in b has the effect of in- 
creasing the amp 1{ tu*de. On the TV screen the lights would get lighter and 
the darks would get darker. This is what is done when we increase the 
"contrast". 

The equation y = b sin cx also represents roughly the motion of a point 
on a vibrating string. When we strike a piano key lightly, then heavily we 
increase the loudness but not the pitch. , This situation would correspond in 
the equation, to increasing b , but keeping c constant. 

When we strike two piano keys evenly we have the same loudness but 
different pitch. This would correspond in the equation to keeping b constant 
but changing c . 

The relationships among mathematics, physics, and music were investigated 
Hy the great Greek mathematicians. We leave for individual investigation the 
extension and development of these ideas to include harmony, resonance, inter- 
ic.ence, beats, etc., all of which are referred to in any current book on 
physics. * 
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a. - y = 2 



Exerctses 6-3 

h. x = h 



i > 

/ * X 



y-int;ercept: 2 . 
x-intercept: none 



2. y = -3 


y 

* 




/ Z 3 




-+-H 

X 


-2- 




-3 




y-intercept : - 


3 



x-intercept: none 



3. x = -1 



y-intercept: none 
x.-intercept: -1 



y-intercept: none 
x-intercept: 4 
5- y = -x + 3 



2/ 



y-intercept: 3 
x-intercept: 3 



6. y = 2x - 1 




y-intercept: -1 



x-intercept: ~ 



erIc- 



/-intercept: ^ 




y-Untercept: ^ 



x-intercept: ^ 

* . I - 1 
2 3 " 1 



2 - 

I 








/ 





y-intercept: -3 
x- intercept: 2 



10. f + { = 



\ 



\ 



y-intercept: * 
x-intercept: 3 
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y-intercept: — 
7 

x-intercept : ^ 



12. 




y-intercept: -<8 
x-intercept: -4 0 

13. (x - 2) 2 + (y + l) 2 




y-intercept: none 
x-intercept: 2 
center: (2,-1) 
bounded 
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1A. (x + l) 2 + y - k 



2- 




y-intercept: + ^ 
x-intercepts : -3>1 
center: (-1,0) - 
bounded 

15* (x + l) 2 + (y - l) 2 = 0 

which is x = -JL and y = 1 



-/ 



The* locus is a single point. 
16? y 2 = x(x - 2)Xt - 3) 

y 




17. = (y + l)(y - l)(y - h), 

y 



3- 



6 * 

y-intercepts : -1 , 1 , h 
x-intercepts: -2 , 2 
curve is not connected " 



symmetric in y-axi 
no asymptotes 



18. xy - 2y - x = *0 

y 



t- - 



y-intercepts : "h s 
x-intercept: 0 

4 

not connected " 

symmetric in point (0,0) 

asymptotes :y = l,y = -l ; x=0 

19* y = sin 2x 



- © 
v ERLC 



y-intercept: 0 
x-intercepts: 0,2,3 
curv<°5 is not connected 
symmetric in. x-axis 
no asymptotes 1 
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y-intercept: 0 



x-intercepts: 



-1 < y < 1 
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20* x = sin y 




y- inter cepts^iw 
x-intercept: 0 
-1 < x '< 1 

21. y = 2 sin x 



y~ intercept: 0 
x-» intercepts : mr 
-2 < y < 2 



y-intercept: 2 
X-intercepts: (2n + l)jt 



2*+. y = tan 2x 





y-intercept: 0 
x-intercepts : rut 

asymptotes : x 



2n + 1 



22« x = cos y 




25- y?Z 



y-intercept^: ^ + rm 
x-ir.tercept: 1 




y-intercept: 1 
x-intercept»: none 
asymptote: y = 0 



26. y = 2 



29- y = fnx 





y- intercept: 1 
x-»intercept: none 
asymptote: y = 0 
2 

y 



27. y = 2' 




y- intercept: 1 
x-intercept: none 
symmetric in y-axis 



28. 




y- intercept: 1 
x- intercepts none 



y-intercept: none 
x-intercept: 1 

30. y = inx 2 




y-intercept: none 
x-intercepts: 1 , -1 
symmetric wrt y-axis 




y-intercept: none 
x-intercept: 1 
asymptote: x = 0 - 



32. y s 5x - 1 and x > 1 

y 



2 4 



o intercepts 

no points in left or below 



33. xy = 3 



no intercepts 

asymptotes:- x =0 , y = 0 
3*. x 2 + y 2 = 2 2 




35- 



l>x 2 + y 2 = 16 




y 




y-intercepts: U , -h 
x-intercepts : 2,-2 
symmetric in both axes 
-H < y < U -2 < x < 2 



36. x = 3 cos 3 0 



3 din 3 9 



//3 + //3 . 9 2/3 




y-intercepts: 3 > -3 
x-intercepts: 3 > -3 
symmetric wrt both axes 
tangent to axes at corner points 



37- x + y = 1 



0 <y < 1 



y-intercepts: 2 , -2 
x-intercepts: 2 , -2 
center: (0,0) 

symmetric wrt any line through 0 





* 0 < x < 1 




\ . 


o 





y-intercept 
x-intercept 
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38. y = x - 1 and x>l and y>0 hi. (y - 2) < 2(x + l) 




-^v l i itm * m ii ' tit h i fc 



y-inte.*cept: none 

x-intercept: 1 

restricted to first quadrant 



39- 







y 




V * 

*• 


i 
i 




\ «. 

V * 


/ 

f / 

:•';/ 
. / 
/ 




\ 

\ * 


0 





symmetric wrt y-axis 
unbounded 



ho. 



t 

■ I. „l , 



bounded 

symmetric wrt both axes 



unbounded region 
symmetric wrt y = 2 



42. (x + 2) 2 «■ (y + 3) 2 > ^ 




unbounded region 
center at (-2,-3) ■ 




y-intercept: 0 
x-intercept : 0 
symmetric wrt x-axis 
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y- intercept: 0 
x-intercept: 0 
symmetric vrt x-axi c> 




2)4 X 



y- intercept: 0 
x-intercepts: 0 , 3 
asymptote: x = -1 



hG. x 2 y ♦* hy - x - 0 

y 



2 4 



y-intercept: 0 
x-intercept: 0 
asymptote: y ~ 0 
symmetric vrt origin 



. x 



; < 14 


h 








a 










y 






















0 




101 



















y- intercepts : |a| , - |a| 
x-intercepts : |a| , -|a| 
symmetric, wrt both axes 



6- 1 *. Graphs and Conditions (Polar Coordinates) . 

The use of an auxiliary graph in rectangular coordinates, as shown in 
Example 3 is probably .new to the class. It is a useful technique and should 
, be practised in a few exercises until it is understood and becomes a familiar 
tool. The same may be said for the technique of addition of radii, shown in 
the same example. We may think of this last technique 'in a dynamic way, 
considering the radius, r , as changing, or modulating , as 8 changes. Thus, 
in Figure 6-29(a), as the ray OP rotates counterclockwise the Q-points along 

ERIC 2< 208- 



that ray also move counterclockwise, but have an extra radial motion,, the 
modulation of the radii. The class might discuss the graphs of 1 •* 3 sin 6 ; 
1 + b sin 6 ; 2 + sin 6 ; a * sin 0 ; and finally a * b sin 0 , for changing 
values of a and b . 

The special ambiguity in the polar coordinates of the pole is an extra 
ingredient to consider in diccussing the intersections of polar graphs. The 
situation has a geographic analog which students find interesting. If you 
are at the north pole, vhich direction is south? The answer is more semantic 
than factual. If by "south" we mean directly toward the souli* end of the 
earth's axis then the answer is: straight down along that axis. If by "south" 
we mean an available direction of travel along the earth's surface, then the 
answer is: any direction. If "north" and "south" mean "directly to the ends 
of the earth's axis", then an object drojped to the surface from a point above 
the "north pole" will travel simultaneously both north and south; 
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3. w _£ , e _ T 
Line through 0 




r = 3 sin 0 , related equation the 
same 

Circle: center ( -| , | ) , radius ~ 

This circle is described -twice as 
the radius vector rotates through 
2* . 



x 2 + (y-l) 2 



9 




e - - f-, e = - 

Line through 1 
x = 0 



6. r = sin 2 6 9 r = - sin 2 0 

The graph is a four-leaved rose. 
3/2 , 



,(x 2 + y 2 ) 



= 2xy 



6A 



7 • r - cos 2 C , r = - cos 2 0 
Four leafed rose 

Symmetric with respect to origin 
and lines p «0, A=£ 

, 2 ^ 2^5 ,2 2x2 
(x + y r - (x - y ) 



9. r coo P - - 3 , related equation 
the i'ixtiv 





r - sin 5^, related equat 
same 

Five leafed rose 

t > i 

Symmetric with respect to origin 



ion the 10. r cor {0- L^0°) - j f related 
equation the s-tn»e 
Straight lino 

y i/Jx + 6 



and lines f =^ , n = 3 ,3*5>7,9 . 

/ P 2n^A° -.14 ? ^ ~» 
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11. r = -r 9 Y = "3 • 13 

1 - con 0 > 1 i + cos e 

parabola: £ocus 0 , directrix 

x = -3 

Unbounded. Symmetric with respect 
to polar axis 

y 2 - 6x +9 



12- r 











1 \ \ 6 


> / 2 3 ^ 






9 - 


, r -9 ' ■ 


h - 5 cos 


y ' ' " 5 cos 9 



Hyperbola ~vith e - ^ lU. 

foci at 0 and (10,jt) 
Center at (5/*) • Unbounded. 
Symmetric with respect to center, 

line x = -5 , and polar axis. 

9('/ + 5) 2 - l6(y) 2 = Ikh 

The asymptotes are: y = -r(x + 5) 



r = 2(1 + sin Q) , r = 2(sin 0-1) 
Cardiod: Bounded 
Symmetric wrt A = 00° 

(X 2 + y 2 ) 2 - ^x 2 (l + y) - l*y 3 = 0 




« 

r 2 tan 0 $ r = -2 tan 0 

"Kappa Curve" so called because of 

its resemblance to the .Greek 

letter kappa, K 
Unbounded. Symmetric jort origin, 
0 = 0 , Q = 90° . 
Vertical asymptotes x = * 2 

x* = y 2 (i. - x 2 ) 
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Spiral. Unbounded • 
(Solid line corresponds to posi- 
tive r) 

Not defined at 0=0 or r = 0 



17. r = 2 - 3 cos 0 , r = -2 - 3 cos 0 
Limacon. Bou "ed. 
Symmetric wrt 0=0 

(x 2 +y 2 ) 2 +6x(x 2 +y 2 ) +5x 2 - Hy 2 = 0 





16. r = 2 cos 0 - 1 9 r = 2 cos 0 + 1 18. r = 2 + sin 0 , r = sin 0 - 2 

Limacon. Bounded. Cardiod. Bounded. 

<, Symmetric wrt 0 = 0 Symmetric wrt 0 = 90 

(x 2 + y 2 ) 2 - bx( x 2 + y 2 ) + 3x 2 - y 2 - 0~ (x 2 + y 2 ) 2 - 2y( x 2 + „- 2 ) - y 2 - 2x 2 =0 




2 

19. r = cos 20, related equation 
the same 

Two leafed rose 

Symmetric vrt Q = 0 r G = 90°, 
Bounded, restricted to segments. 

-*5° < V>°,135° < 0< 225° 
(x 2 * y 2 ) 2 = x 2 - / 



21. r = k tan 6 sec 6, related equation 
the same 

Parabola • Unbounded . 
Symmetric vrt 6 *= 90° 




20* r = k sin 26 , related equation 
the same 
Two^leafed rose 

Symmetric vrt 6 = a ri5 0 

Bounded, restricted; to v 
0 < 6 < 90 0 , 180° < 9 < 270° 

/ 2 ..2x2 



<22. r = 2(1 + sin^ 0), r =.2(l+sin 2 0) 
Bounded . 

Symmetric vrt 6=0,6= 90° 
(x 2 * y 2 ) 3 = Mx 2 + y 2 + y) 2 




6--h 



25. 



1 " 1 + coc n > 1 " cos 0 - 1 
Parabola . Jnbounded . 
Symmetric wrt 0-0 
x « -O.Iy »■ cl> 



25. |r| < 2, related equation the same 
Disk, boundary included* 
Bounded. Symmetric wrt 0 * 



+ y 2 < h 





2h. r < 2 , r > 2 

The whole plane; <*very point 
(r,£) in the plane may be ex- 
presced with negative r . 



20. 2 < r < i, -3 * r < - 2 - 

Annuluf, boundary not included 

Bounded. Symmetric wrt 0 . 

2 2 
J* < x*" + y < y 





215, 
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27. O<0<^f, n <e<5n 

- — 4 - _ If • 

Unbounded. Symmetric 
wrt 0 and line 6 = £ 



28. 0 < fl < £ and r ,> 0 , 



* < 0 < j and r < 0 . 



Unbounded. Symmetric 
wrt line P - 




6-5. Intersections of Graphs (Rectangular Coordinates) . 

This topic has been met in earlier courser, and is here treated with a 
little more generality. The method of linear combinations of functions is 
used briefly here and more thoroughly in .Jection 6-7. The exercises arc 
limited to linear and quadratic equations only and present no special diffi- 
culties. Higher degree equations have more complicated graphs and present 
much more difficulties when .we consider their intersections. 

The order, n , of a curve is the maximum Yumber of pointp of intersec- 
tion that it may have with a straight line. .Students may enjoy discussing 
the following questions about the orders of curves: What is tne relation 
between the order of a' curve, and the degree of an equation of it? (Note'that 
we say "an equation", because we have already seen that, a curve may have more 
than one equation.) What is the maximum number of intersections between two 
curves of orders nr and n ? Discuss the' order of a closed curve, a self- 
intersecting curve. 
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6-6. Intersection of Loci (Polar Coordinates) . 

Any adequate treatment of this 'topic must give careful consideration to 
the special situation at the pole; and to the multiple representations of 
polar graphs. We have done this in the text, and found the concept of re- 
lated polar equations particularly useful in finding all intersection points. 

Intersections of the graphs of polar inequalities are not treated here 
because they lead into content beyond the level of this book. 

Exercises 6-6 



1. 




The related equations are r = - -z r— ^ and 6 = 315 • 

1 - sin (j x 

(0,6) and kf) k. (0,0) (i, 60°) (|, 300°) 

Related equations are the same, n ^ 




The related equations are 

r = cos 6 and r = - 1 - cos 9 



m 




1 + cos 6 




The rein led equation.; ure -1 -. f ;i::0 and 

'irsin 0=1. 

s 6-7 1 Families oT~Curveb # 

Tli is topic is a necessary foundation for parts of the usual calculus 
courses* Wc expand Mr idea of linear combinations of functions and treat 
families of curves mure generally. A one-paramt tcr family is related to the 
physical concept uf one "degree q& freedom" and so on. It is instructive to 
develop this briefly, shoving how the restriction of each degree of freedom 
is equivalent to t^he assignment if a specific value to oner parameter. Thus, 
drawing a circle on. the blackboard involves three degrees of freedom: locate 
it horizontally, locate it vertically, determine its radius. These determina- 
tions are made, and the degrees of freedom arc restricted, by assigning 

Specific values respectively t_ a , b , r , in the three-parameter family: 

\ 

(x - a) 2 4 (y - b) 2 = r 2 . 

.The method of choosing a particular member of a family is often more 
complicated than assigning numerical values to the parameters. The x particular 
member may be determined by a condition whose application may be quite in- 
direct* There will be future applications of the method shown for picking 
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out a tangent line, by imposing the condition that such a line has a double 
contact point* Algebraically this means that the equation which gives the 
abscissas of the intersection points must have multiple roots. If the 
equation is quadratic, as in the text, this condition means that the discrimi- 
nant of the quadratic equation must equal ~ero. • This is what gives us the 
equation from which we pick out the values of the parameter for the members 
of the family that satisfy our condition. 

The review exercises at the en/^of the chapter furnish many opportunities « 
to write families of curved, mostly' lines and circles. We dicl not include 
exerciser in which the student is asked to pick out a particular member of 
the family to satisfy a given condition. These are simple to improvise, and 
may lake any of the following forms: Find the member of the family which 
goes through a given point; find the member of the family that has a given 
slope; find the member of the family that is tangent to a given circle; etcr - ^ 

It Is Instructive to consider each family as a set of curves; then the . 

question of finding a particular curve that satisfies two conditions is 
equivalent to the question of finding the intersection of two sets of curves, 
Note carefully that we use the word "intersection" here to mean the curve 
(or curves) common to the two sets of curver chat comprise tjie two families. 



Exercises ,6-7 



1. 


x = a . 






2. 


y = a. 






3. 


y + 1 = k(x - 2) „ 






k. 


y = kx + b 






5- 


(x + if + (y - 2) 2 = 


2 

a 




6. 


U - a) 2 + (y ~ b) 2 = 


16 




7. 


x 2- 
a =y • 






8. 


hy + k - 0 . 






9. 


x - + k = 0 . 

a cos^t + sin t - 5 






10. 


= 0 




11. 


x cos.-t + y sin t - p 


= 0 


t P > 5 . 


12. 


x 2 +'y 2 - 2hx - 2ky = 


0 , 


2 2 
h + k = 




x 2 +\v 2 - 2hx - 2/36 


-h 2 


y = 0 . 











36 



13. (x - h) 2 i (y - k) 2 = 1 , h 2 i y 2 > i . 

IhJ y = hx - 12 . 

15'. 3x - 3y ** 20 = 0 . 

16. it-x + 5 e o. * 

17. The fanti^f^of all lines through* the Intersection of the given lines is 
represented "a(x - 2y 4 3) ^(x Oy - 2) ^ 0 . ricking a and "b so 
that (1,1) lies o/n the line and simplifying ve get y - 1 . 

'l8. (a/* b)x 2 * (a * b)y 2 -,2(a - b)x + hby - 35a - hhb ^ 0 

For each pair (a,b) this equation represents a circle through the 
intersection' of the given'tvo. The vhole family of circles is called 
a coaxial family. Their centers arc all on the perpendicular bisector 
of the common chord of any tvo of these circles. If a = 1 , b = 0 vc 

get th e first circle; if a = 0 , b = 1 , vc get the second circle; if 



*a = r b ve get a line, the line along this common chord. This- line may 

be considered a degenerate circle. It has the property that from any 

point on it the tangents to all members of the coaxial family have equal 
lengths. 

19. x + 3y - 7 = o . 

20. 3x + hy - 15 = 0 . 

» 

-72 72 

21. y - 5 = — -(x - 2) a represents the x-intereept: — , the y-intereept« 

d. a 

a 

-72 1 72 

Thus — ^ is the slope, and ^(aH— ) area oi * triangle in the 

a c 
first quadrant. 

22. x = 5 and 3x - Uy i 25 = 0 . Any line through the intersection of the 
given lines can be represented by a(y - 10) + b( 2x - y) = 0 , that is, 
by 2bx + (a - b)y^- 10a = 0 # The distance from such a line to the 
origin is MO) + (a - D)0 ■ 10a| [l0aL_ _ 



Ab 2 + (a - b) 2 A 2 - 2ab + 5b 2 



If this distance is 5 then |2a| = A 2 - 2ab + 5b 2 . Thus 

3a 2 + 2ab - 5b 2 = 0 . Set a = tb and ve get 3t 2 + 2t - 5 = 0 and 
5 

t = 1 or - 4 • These give us the solutions above, 

j 



6-7 



Rev lev Exercises 

i; First, we fi.id the coordinates of the intersections of the two t*ivon 
lines with all lines parallel to the x-axis. For ■ line parallel 
to the x-axis, the y- coordinates of the two Intersections nro th(- same. 

Thus ve have x^ - 8 * -y^ and - 1 * y ? = y 1 , or x ^ " 2 ~ IT * 

Adding gives - — - = jj • Hence the equation of the desired 



17 - v " i 
locus is x = j — - or y = -Ux + 17 • 



2. In the same manner as in 1 above ve -find the equation 



3 # (a) d(P,A)"= Ax » h) 2 »• y 2 * £6(r f D) - 2/(x - k) ? 4 y" which gives 

us upon simplifictaion 3x ^ '<y u - ^Ox + kH = 0 which ib the 

equation of a circle. 
. ' p 2 

(b) /(x ■» h) 2 •* y^ 4 /(x - h) 2 * y 2 10 which ,jivea ~ * ^ = 1 .< 
# 

which .is the equation of in ellij • . 

- r 2 

(c) . /(x -4 h) 2 -f y 2 - /(x - h) 2 f y ? = 2 whLch gives x C> - ^ -= 1 

which is the equation of a hyperbola. 

4 

(d) If the lines are perpendicular, the product of their slopes is -3 , 
therefore "* < 



X 4 



j- • .^——jj ... -1 , # \ y' If r x , or x i y - H> . 



This is n/i equation of a circle, 
(e) 2-^0 r 8-2-1° y .c , or x * -1? . 



x < 



The^locus is the pair of lines whose equations are given above. 
( f ) y I ^ = i + I r Q . f therefore xy - fcy - x ? - \(> * xy * fcy . 



X 4 



This equation may be written x ♦ By - 1'. r 0 , and is an equation 

of a parabola. 
# 
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(g) Let, a be the inclination of PA and P be the inclination of 
PB • If , irig are their respective slopes then : 

tan /APB = tan( B - a) 



y 



l 2 " \ - . 3TTT " 7~TT " % 



• • 1 = .. ■ ^ or 1 



1 + num. . ^ y y 2 . - 2 

This equation may be written more simply as x/ *+ (y - J*) 2 = 32 , 
and is an equation of a circle, 

(h) In the same vay *s in (g) above, we have 

tan /APB = tan 60° = '« 2 "jj; = — §K . This equation 

• *^ J + num. <? , 2 ^ 

2 1 x - 16 + y 

2 2 8 ' 
may be written x + y y = 16 and is -an equation of a circle, 

1 * i 

(i) Area =±hb ; d(A,B) = 8 ,\ ±8h = 20 ,\ h = 5 . 

Since the distance from P to the x-axis must be 5 , the locus of 
P is the pair of lines whose equations are y « +5 , y « -5 • 

(J/ 4x f l*) 2 + y 2 < n x - H) 2 + y 2 means that x < 0 • 

Let M = (r,s) be tlie midpoint of AP . Then r = X * ^ , s.= ~ y — *- . P - 

r x = 2r - 6 and y = 2s • Since P = (x,y) is on the circle 

x 2 + y 2 = 36 , we have (2r - ^6) 2 + (2s)^ #> 36 or r 2 - 6r + 9 + = 9 . 

2 2 " 2 2 

This may be written r +s - 6r ^ 0 or x +y -'6x = 0 and is an 

equation of a circle, which is the required locus, 

•> 

5. Let P = (r,s) . Then x = , y = 5-11 , Since x 2 + y 2 = 25 , 

r ; , 

(£)^"(£-±-2) 2 = 25 , or r 2 + (s + 5) 2 = 100 . This . equation may 

♦2 2 > 

2 2 " 

be written x + y + lOy -75 = 0- and is an equation of a circle, which 

is the required locus. 



Let D = (x,y) , E = (20,t) and M ,.the midpoint of DE = (r,s) . From 

y t ♦ L 30y TT . x + 20 
similar triangles, - ^ 1Q = , . . t = - + 1Q . We have r = — g , 

s = ; .\ x = 2r - 20., y t= 2s - t = 2s - . These , 

equations yield x = 2(r - 10) , y = 2 ^ ^ . Since D is on the 

circle x 2 + y 2 =-100 , we have* (2(r - 10)) 2 + (i^L^l) 2 = 100 \ or, 

(r - 10) + ^-^ = 25 . This may be written 

(r + 10) 2 

(r - 10) 2 (r 2 - 20r + 100 - 25) + s 2 (r - 5) 2 = 0 , or , 

(r + 10) 2 (r - 5)(r - 15 ) + s 2 (r r 5) 2 = 0 ; which is equivalent to 

o * p , 

(r - 15) (r + 10) + (r - 5)s = 0 • Therefore an equation for the 

2 2 

required locus is (x - 15)(x +10) + (x - 5)y = 0 . 

However, a much simpler solution is available in polar coordinates. Take 
the pole at C and the polar axis to the right along the x-axis. Let 
D = (p,0) , E s fq,0] , and M , the midpoint of DE = (r,e) . Then 

-gr = cos 6 , — = cos 0 and r = i(p + q) = i( 20 cos 0 * 30 sec ©) . 
20 q 2,2 

Therefore ar equation for the required locus is r = 10 cos P + Vy sec 6 . 
We may show the equivalence of these two solutions by using the relation- 
ship; r 2 = x ?2 + y |2 , cos e = X ; and x 1 = x ■* 5. , y 1 = 5 • 

The computation is elementary but tedious. 

Any line parallel to y = 3* + 5 has an equation y = 3x + d , and, will 

2 2 

intersect the circle x + y - hx + 8y = 0 in two points whose abscissas 
/ P 2 

are the roots of x + ( 3x + d) - hx + 8( 3x + d) = 0 . If the midpoint 
of this chord has coordinates (r,s) , then r '= i the sum of the 
abscissas of the endpoint, that is, i the sum of the roots of this 

equation, and this result can be found from th^ coefficients directly 

2 2 
without solving the equation. Thus lOx + (20 + 6djx + d + Qd = 0 , 

and r = - 10 ^ 3d , \ s = 3r + d = - 30 ^ d . « Eliminating *d from 5 

these two equations yields r + 3s + 10 = 0 , therefore an equation for 
the required locus is x + 3y + 1° = 0 ♦ 



8. In the same manner as in Exercise 7, we find x - 9y = 0 as an equation 
fqr the locus. 

9. (a) The line ~ + ^ = 1 has intercepts a and b . The conditions of 

' the problem requires that ab = i 2h . Therefore ^ t = 1 is a 

pair of equations representing two one-parameter families of lines, 
the solution we require. Of course a £ 0 . 

(b) As in 9(a) ,'we need | + £ = l and a + b = 6 , that is 

a d ' 

xy 

a + 6 - a = 1 with a ^ 0 , 6 We may consider that a line ; 

i 

parallel to an ?xis has just one intercept whose "sum" is itself; 
in which case we may include in our solution the lines x = 6 ; and 
y = 6 . 

(c) (x - a) 2 + (y - b) 2 = a 2 

(d) (x «. a-) 2 + (y - b) 2 = b 2 

(e) The distance from the center (a,b) of one such circle to the line N 

^x + 3y - 2 = 0 is ** a * ^ b " 2 , and, by the conditions of the 

problem, equals + 1 . The centers must lie therefore on the lines 

+ 3y, - 7 = 0 and hx + 3y + 3 = 0 , which are parallel to the 
original lines. The families qf circles are therefore 
2 2 

(x - a) + fy - b) =1 where (a,b) must satisfy one of the 

equations of the lines just found. In terms of a single parameter 

2 7 h 2. 

Kre answers are f x - a* + (y - + «^a) = 1 , and 

(x - M ' - (y + 1 + y.O 2 = 1 . 

(f ) The two families are (x - a) 2 + (y - ^ Y * 2 + y) 2 - r 2 , 
C x-b) 2 + (y + 5r^_J^b) 2 = r 2 . 

(g) (x - a) 2 + (y - b) 2 = 36 where a 2 + b 2 < 36 ♦ 

(h) (x - a) 2 + ( y - b) 2 = a 2 + b 2 . 

' i) The distance from P = r x,y) on the circle to the center (a,b) 

must equal the distance from (12,5) to the same center. Therefore 
the circles we want have equation: 

(x - a) 2 + (y - b) 2 = (12 - a) 2 + '5 - b) 2 . 
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(j) (x - a)* + (y - b) 2 = r 2 where a" * b fc < r ta . 
(k) (x - a) 2 4 (y - b) 2 = 25 where oT t b 2 > 25 ♦ 



(i?) The two families are (x - g) 2 i ^y - 



dVa t b'~ - c - 



r d< 



( x _ h )2 + £ , d/a 2 j bf_f cj_ag^ = a 2 where g and h 



ana 

are arbitrary^ 



(m) A point (a,b) on a bisector of the" angles formed by the two lines 
must 'be equidistant from them, therefore 

These bisectors have, therefore, 



3a - hb + r i 




Ha - 3b -t 9 


5 







the equations 3* - J *y 4 5 - - 3.Y 5 9 J 'and 

3x - hy t 5 = -Ux i 3y - 9 J that is, x y -i h ■= 0 , and 

x - y + 2 = 0 . 

(Note that these lines are perpendicular to each other.) 
Therefore b = -a - ! i , or b = a 4 2 . The families of circles: 



2 ? 2 

[x - a) 4 (y - b) " - r , become 



/ 



(x - a)* + (y + a « H)* = (ia t ; and 
(x - a) 2 f (> - a - 2) 2 = (la •« |) 2 . 



2 ,(a >j ?- b^i 4 Cl ) £ 

(n) The families are (x - g) 4 (y - h) = 5 9 

/ *1 + V 



where 



a 2 g + c 2 



a l6 / c x 



A 2 + b 2 /a/* + b. 



h = 



T b 0 

/ 2 



1 1 

and for the other family 



/a 2 + b 2/ >47T^? 



aggA c 2 a 1 g + c x 



, h = 



/H2 ~~2 / 2 j . 2 
2 2 °1 l 



/a 1 2 + b x 2 ' /a 2 2 + b 2 2 



er|c 
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(o) 


(x - 


a) 2 + 


(y 


-b) 2 


2 

= r 


v. where 




(p) 


(x - 


a) + 


(y 


- b) 


2 

= r 


where 


f 


(q) 


(x - 


.2 

s) + 


(y 


- h) 


2 

= r 


where 




(r) 


(x - 


a) 2 + 


(y 


- b ) 2 


2 

= r 


where 



2 
2 



|ga + hb + c) > r 

/ 2 " . 2 
va + d 



(a) (x - a) 2 + (y - b) 2 " = r 2 where r>0 and jr - ll < /a 2 +-b 2 <r +1, 

d 

(t) ax + by + d = 0 where < 1 • 

/2 " ,2 
Va + b 

(u) (x - f a^ 2 + (y - b) 2 = r 2 where 0<a,0<b,a + b<10,and 





r < 


the 


smallest of 


(v) 


(x - 


a) 2 


+ (y - b) 2 




r 2 > 


a 2 h 


2 

H b , and 


(v); 


(x - 


a) 2 


+ (y - b) 2 


(x) 


(x - 


a) 2 


+ (y - b) 2 


(y) 


(x - 


a) 2 


h (y - b) 2 


U) 


(x - 


g) 2 


+ (y - h) 2 




(r - 


s) 2 


+ (s - h) 2 



41 

2^2 



r - /q 2 + 2 = 10 . 



/2 A . 2 
va + b 
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(b) 
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The given condition is equivalent 

to xy + 2x-y-2>0 or 

(x - l)(y + 2) > 0 . Therefore both 

factors must be positive, or both factors 

must be negative. These conditions require x > 1 and y > -2 ; or 
x < 1 and y < -2 , 
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The graph is the set' of all points on the circle, 
and all points on the y-axis, as shown. 




The graph is the set of all points on the circle, all points 
on the x-axis, and all points on the y-axis, as shown. 
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(h) 



1^1 



•- -V-i — h 



N 



r . . . ^ 

„. 

. - i . UZ 



-3 -2 : -/ ! 0 



i — r~r 



ULia-i- 

y * 4 3 x 



From y = t ve have t = + y and x > + 2 y. There y > 0, and 

our locus is the set of all points above the x-axis and to the right 

2 

of either branch of the parabola x = k y. It is sufficient to take 
all points which are both above the x-axis, and to the right of the 
left branch, as shown. 
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r = cos 2 6 . Four leafed rose, symmetric vith respect to the pole, 
and vith respect to the lines 0 = 0° , $ = 90° , Q = k r >° , 0 = 135°. 
Symmetry vith respect to the last tvo lines can be shovn if ve use 
the related polar equation, thus: the points (r,45° - a) , 
(r,l*5° + a) are symmetrically situated vith respect to the line 
G = , but cos 2(V?° - a) ^ cos 2(U^° + a) . Hovever, the point 
(r,l*5° + a) is on the curve for which ve have the equation 
r s -cos 2(9 - l8o°) , and ve nov have 

cos 2(^5° - a) = -cos 2' 1*5° + a + l8o°) , as can easily be shovn. 
In the same vay ve coold shov symmetry vith respect to the line 
6 = 135° by shoving cos 2(135° - a) = -cos 2(135° + a + l8o°) . 
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(s) 




r = 2 - cos 



Limacon symmetric with respect to 9=0 



\ 
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(h) 




\ 



r = 1 + 2 sin0 

Limagon symmetric with respect to 6 = 90° 
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15* y s 3 sin x + U cos x 



y = 5(77 sin x »• - cos x) 




We know that sin (<* + P ) - sinoC cos ft + sin |3 cos<<. 

Let arc cos ~ = 0 ^ r )?° . 

Then sin (x +6) = ~ sin x + - cos x. 

So y = 5 sin (x + 9 ) is 5 sin (x + 53°) . 



16. If y = a sin x + b cos x we may write 



U7T 



sin x + 



\Va + b 



ya + 



COS X 



or letting 



arc cos 



b sin (x + 6) 



\ 
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17. Let L. : ax ( + by + c = 0 

and : -bx + ay ; + a = 0 

be two perpendicular lines. Let 

S be a set symmetric with L^ 
and L 0 . 

Denote the intersection of L. 



and L 2 by P. 
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/ bd - ac -ad - be \ 

i " ( 2 2 ' 2 2 J 
x \a + b a + b / 



We need to show that for any P Q in S , its reflection in P., is 
also in S. / 

If P Q = (p 0 ^o^ is in S f then the reflection p x = ^ p l ,q l^ of 

p o in L i is stl11 in * S * Since L i I L p > the P oinl p x is 
determined by equations 

(1) 



ap^ + bq^ + c ap Q »■ bq Q .'+ 0 



he ■» b 



(2) 



/a" + Va 

i 

-bp + aq »■ d -bp Q + ap j f- d 



Va J *• b° 



>ya + b^ 

i.e., the conditions', d(P Q ,L 1 ) = dCp^Lj and P.^ , P Q on opposite ride 
and d(P 0 ,L,y) = d(P, ,L^) and 1^ , P Q on i-uno side. 

Solving +hese we find 

2bc 



/ p 2 = (p^) = 



p A (b - a ) - 2ac qJa + b ) 



a t- b 



p o 



Since P is in S , the reflection P^ of in L,, is in 11 

Setting up and solving equations analogous to (l) and (^) we rind 

1 

P, 



/ % /^ (bd - ac) 

(P 2 ,q p ) = [2— g — 

\ a + b*~ 



-be - ad 

2 ; .2 " • 

a + b 



Recalling some theorems of earlier chapters, we see that P., is the 

midpoint of P Q P 2 , hence that the reflection of P c in P. is P ? . 

Thus for any P in S its reflection in ? ± is the reflection in Lg 
of the reflection of P in L^ , and is therefore in S . 
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b - ( „■) : , = :'(— ^) ! 



1 nr «r&j»t. or ; 
' T ' 'tr>j ja^v :T 1 here ij -j t .vi^rh Hint 



i(* )] ; thy r,™; 

- i(0 . 



(]),q) £ . This 



i 

' - - — - — an i q - i - — ) 

-ii?*:. 1 the Allium- -orifiit: .»i h r (p,l) £ B . Thiio (p,q) A if 
ini ^r/ly It' £ r , i.e., A = B . 
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CHALLENGE EXERCISES 




j \ l. 


The graph Of y = 


sin Ux sin x may be thought of as a "rapidly" 


• 


:"\ 


oscillating sine curve. y^ = sin **x, modulated by a "slower" 






oscillating sine curve, y^ = sin x . Then, as in Example the 




] ' ' 


' graph of y = y^ y 


^ will be constrained between the graphs of 






y 2 = sin x and y 


= sin x . .The graph of y will touch the graph 


• 


i 


of y^ whenever = + 1 , that is, when x = | ^ > ^ ••• • 
The graph of y will cross the x axis when either y^ or y^ » equals 






zero, that is, at 


° 9 f 9 § 9 ' " ' ' The graph i°°^s like this 






(different scales on the axes) : 








0 












* 


/'""An 

yj\ / A \ 


/ \ \ / \\\ A \\ k 
f\ \ \ \A / \ f \ V 




■ - 


i x \ / \ 0 

\ \ I V // 


1 \ / \ / V/^ s \ / \ ' ft y x 

\ \ / V ?r \ \ / \ / V 




l- 




v 0 

» 




\ 


*> 


^ 0 § 
266 * 





6 



The graph of y = (6 + sin x) sin ^2x is also a rapidly oscillating, 
curve y^ = sin 12 x modulated by a slower oscillating curve 
y^ = 6 + sin x . The graph of y^ is a sine curve elevated 6 units 
above the x-axis. It is bound between 5 and 7 > therefore the graph 
of y = y^ y^ is constrained by symmetric curves y^ = 6 + sin x and 
y^ s - 6 - sin x which bound a horizontal strip of periodically 
varying width, narrowest from 5 to - 5 and widest from 7 to - 7 • 
The rest of the analysis of the graph is similar to that of the previou 
paragraph. The graph is drawn below (different scales along the axes). 



s 














S 










"C 


s 


y 


* 






** 


J 


- 




4 








4 


— 


J ^ 




s 

• 
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The graph of y = sin (1000 If t) sin (1000 OODTTt) will not be drawn 
but it may be analyzed in the same ^ay as the others ♦ We have a 9 
rapidly oscillating curve, y g = sin (l000000?rt) modulated by a slower 
oscillating curve y = sin (lOOO^rt). Physicists would say that the 
first curve has a frequency of 500,000 cycles or 500 kilocycles or 
• 5 megacycles per second. This : is a reaso^ble radio frequency (RF). 
The second curve then has a frequency of 500 cps which is a reasonable 
audio frequency (AF) . A further discussion of cycles and frequency 
would lead us too far into physics, and is left for further investigation 
there. 
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, * ' Teachers ' Commentary 

Chapter 7 
CONIC SECTIONS 

; * 
t 

The student of Intermediate Mathematics has studied conic sccti lis will, 
equations, given in single form in rectangular coordinates; here we begin with 
something different. After taking up the introductory material in Section 7-1 
and 7-2, if you feel that there is time,, you may want to take next the first 
five sections of the Supplement to. Chapter 7. In this you will find a careful 
development of the geometry of .the plane sections of a right circular cone. 
This development relates the geometric properties of the conies to the cone, 
the cutting plane, and the sphere, tangent to both of them. It is shown that, 
for a given conic section, the ratio of two cosines is a constant; this ratio, 
of course, is the eccentricity. 

r 

Section 7-3 develops equations in polar ibrsi for conies with focus at the 
pole, first with directrix perpendicular to the polar axis, and then with 
x directrix parallel to the polar axis. (Cases in which there is rotation about 
the pole will be considered in Chapter 10.) The polar form emphasizes the 
essential similarity of the locus condition's for, the ellipse, hyperbola^ and 
parabola. Transformation of polar equations to familiar f.rms of the equations 
,of the conies in rectangular coordinates is dealt with in Section 7-^. The 
exercises in both of these sections provide desirable review of polar coordi- 
nates. . 4 

* The foul* positions of a conic considered in the text of Section 7-3> in 
Example 2, .and in Exercises 9 and 10, give four forms .of the equation which we 
summarize here. 



' ep 
1 I e cos 6. 



r = 



1 _ sin 6 



directrix ' J[ polar axis 

+ if directrix contains" (p,0) 

- if directrix contains * (-p,0) 

directrix | | polar axis / 
+ if - directrix contains (p/^) 

= if directrix contains (-pi> 75) 



Y-rn^in all these cases the focus is at the pole. 



7-3 



The students should be urged, in doing Exercises 7-3, not to use point- 
by-point plotting alone. If they first rewrite the equations in a standard 
form, as indicated in Examples 3 and h, they can tell what, kind of conic sec- 
tion is repre sent ed. Then they should find intercepts, a few more points, and 
use symmetry. 



Por the convenience of the teacher in making assignments, most of the 
Exercises in this chapter are arranged so that even and odd exercises are 
riughl^ comparable. This aoes not include the applications toward the end of 
certain sets, or the challenge problems. In the case of exercises such as 
and\ 2 of Exercises 7-6, or XV and 2 of the Review Exercises, with long 
listis of lettered parts, (a) , (c\, (e) , are comparable to (b), (d) , 



1. r 



2. r = 
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5. > = 




11. ,(•) r =tircos e 



7. r 



1 - -sin e 



A' - 




9 
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Parabola 



Parabola" 





20. The path is an ellipse with equation r - — 



ep 



^ . Two points of 

e 'OS 'B 

the path ar< given: TOO, 1 "< '° 1 and I i Ct'O , . We substitute 

these coord i nates in the equation and solve the resulting equations 
simultaneously to obtain e . > P CO . The least distance is 



sCOOmi.; the greatest, -when 6 



I 



* >( '0 m i , 




In Section -h emphaois is on the algebra involved in transforming from 
olar equations of tht 'onif ■"•Hoinr. ti> tbe correspond nu ? rectangular 
In the text, we square both members ot^an fq,.ai'on»to obtain Equation 
(2), J tf t is important that students understand ui>>this is permissible; no 
dpubt they have been warned that so do* tuz may introduce points not in the 
graph of t*he original equation. The justification in the text depends on 
shoving tnut squaring, in effect, introduces a new equation which is the re- 
lateel polar equation of the«ori*;inul equation and hence iias the same graph. 
You might "prefer a different proof, somewhat as follows. 



Parabola : Since r ~Y cor, 



"OS v ~ — 
r 



Then 

becomes 



1 - coy 0 



* v 



it) 



This is the case if r - x p - 

or r 7 f p . 

(it would appear thai- we rrjvc divided through by r -u Mil. poi.nt. This 
would mean that we would lone the soLutlon r - 0 . r However, rlnce 
'i x " 

cos <? - ™ , and ^onrcouently i.> not defined fur »■ 0 . t.Lir /alue was not 
r " 

included in + he ori inal equation. In the folLuv^n, 1 ,»Uv it are in effect 
multiplying by an alternative oqnai ion with the*"/™ rap*:.) 
We square both rider; to eh^ain 

r x" * » p 

and substitute fo- r tn oh tain 

x l i .y x' 4 i>v i p 

or 

which is a recornizablc form for a parabol'i with vertev at (- £,0) . 
Ellipse : If 

r - j = ^ ofl p , where 0 < e < 1 , 
then r = 00 



or 



i .- ^ 

r 



r - ex 
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This is the case»JLf 

r - ex = ep 
or r = e(x + p) . 

(Once again we have removed-the solution r = O' which did not satisfy, the 
.original equation;. In the following step ve are again multiplying by an 
alternative equation with the same graph ♦) 

We square both sides, to obtain 



* pop 2\ 

r = e (x + 2px + p ) 

2 

and substitute- for r to obtain / - % 4 

x 2 + y 2 = e 2 (x 2 + 2px + p 2 ) 

This is Equation (k) in the text. 

We call your attention to the way in which directions for Exercise 7-** 
have? been written. Depending on what kind of practice your class needs, you 
would assign all of parts (a) , (b) , and (c) , or just the parts you wish 
to emphasize. 

Exercise 7-^ 

The graphs are routine and will not be drawn. 
2 2 

1. x + r = 9 , r = - 3 . 

2. x 2 + y 2 = 81 , r = -9 . 

2 ^ o 

3. (x-l) + y*" = 1 , related equation the same. 

2 P 

k. x +y"-x-y»0, related equation the same. 
5. y 2 =l6 + 8x, r , 1 - ± ' 



6 - ^ - 9 - 6x , r = 1 _ e 



7 . (5-i2!.^.3, r 



1 ^ 3 ' 1+2 cos © 

-si!,!?.! r . -< 

15 12 ' 2 + cos e 
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9. 



12. 



. - 7-* 



(*-2)Vyf = 1 r _ --g 

9 S ' ■ 3 + 2 c. 



10 : .l-i 



cos 0 
-5 



2+3 cos 8 



2 2 2 2 2 ** 
'11. (x + y - x) = x + y cardioa curve, r = cos 9 - ,1 



x 2 « U - Jty , r = - - " 2 
J ' 1 + sin 



13. 7 x 2 /+ l6y 2 - ?2x = 0 , r = 



-12 



F + 3 cos e 



Ik? 9y 2 - l6x 2 - 200y + hOO = 0 , r = t- ~ a ° 



<v - 5 sin a 



Students of GMSG Intermediate Mathematics will have covered most of the 
material in Sections 7-5 through 7-8; it is in this text for convenience of 
reference* Ease in handling the simple forms of the equations of the conies 
is^ an important skill. 

With able and Veil-prepared students, only a brief review of the text ol 
these sections will be necessary. However, a number of the exercises should 
be done, both to reinforce previous learning and to develop further some of 
the properties and applications of conic sections. With such groups the 
teacher may want to take up the sections of the Supplement to Chapter 7 which 
deal with the general second-degree equation. 

If the students are not familiar with the equations and basic properties 
of the conic sections summarized in the first paragraphs of these sections, 
the teacher will want to take time to develop this material with the class. 
Intermediate Mathematics would be helpful here* 

While the amount of time that should be devoted to these sections will 
vary greatly with the training "and ability of the class, it is urged that the 
time be sufficient for the students to develop some facility both with use of 
th£ locus definitions and with the standard forms. 



J 



The answers for Exercises 7-5 through 7-3 do not, in most cases, include 



tlje sketches a the students are asked to make. However, use of the listed in- 
formation about the curves will make it easy to check the students 1 sketches. 
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iSfc (a) x 2 = M-lf^ 

; ^ '(y-§) 2 =fc(-|)(x-g) 
( e ) W,- 2) 2 - ««(i)(y - 1) 



(f) (XH 



2a 



Uac-b* 




-Fpcu? Nv Axis jmrec.trix 



y = U 
x = Ji 



7 ~ 20 ' 
Itac-b 2 -! 



2. (a) Case (aK Equat£#n x> v = 0 . The y-axis. 

Case (b). Equation :^(x^.h) = 0 . A line parallel 

* * • 

to thejy-8&\Ls. 



to the)y-a%Ls. ^ 
C W?Cr^MS-k) • ^#ion ^0% 
>£>{b) These c~a£cs occttr ^henvtne tsuttmg 



x-axi s. 



^kb) These ea£es occttr vher?Tt]fe. tsutting plane contains an element of 
/ the cotfe. ' . A ^ .v '4- 

(b) (x + 2|>\vf)' 

(c) y 2 = -20x 

(a) (y-5) 2 ^i(x-i ( ) 

U. Same answers as for Problem 3- 



5. (a) 


2 

y 


=- -lOx 




(b) 


(x 




-12(y + 3) 


(c) 


2 

y 






(a) 


(x 


+ 2) 2 = 


-l6(y - 3) 
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The equally spaced rulings permit locating points that c are equally 
distant from a fixed line (L A ) and a fixed point (R) . Thus P_ 

is two units from L Q (since it is on the second ruling saway from L Q ) 

and it is two units from F (since the radiuc ' $e& to determine it was 
two units, with F s as center). \^ 

For every position of the pencil point P , the distance from P\ to 

the fixed line (L) ia equal to the distance from P to the fixe\ 

< \ 

point F . 



Challenge Problems 

The focus of the parabola is F = (0, |) : the slope of the line contain 
be? - 1 

ing P and F is — ^ — . Using this and the slope of tl\e tangent 1 

(2a) , we find that the tangent of the angle these lines form is — . 

2a 

To avoid the problem presented by a vertical line, we use the fact that 
the angle between the tangent line and the parallel to the axis 'of the 
parabola is the complement of the angle formed by the tangent line and 
the x-axis; tangent of this last angle is 2a ; hence the tangent of its 

complement is . 

2a t> 

(a) The tangent perpendicular to the line y = 2ax - a 2 must have 

slope - ~ ; therefore its point of contact is P 1 = (- -i 4- p\ 

v 'ia ' 16a ' 

A test for collinearity can then be applied to the coordinates 
of P , P« , and V . 

(b) Using the previous results, we obtain the equation of the tangent 

' 2 " 

at Pt : 8ax + 16a y + 1 = 0 . We apply a test of concurrency to 

this equation, the equation of the tangent at P , and the equation 

of the directrix (ky +1=0) 
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Example 2 of Section ,'-6 will give an opportunity to review with the 
students the technique of completing the square. Here the coefficients are 
numerical) when the method was used in Sect 'on 7-4 the' coeff : cients were 
literal. Since the technique will continue to be useful here and elsewhere, 
we recommend that the teacher check that the students have facility with it. 
The„. should be able" to handle not just tie simplest cases [like the first ones 
in the exercise set), bvt also ones like 1(g) , (h) and 5(c) of this set, 
and 3(g) , (h) of Exercises 7-7. 



Exercises 7-6 

C=(U,0) r = k 

C-»(3,5) r = 1 . 
Locus is the point (2,-4) , 

c«(-7,f) v = im . 

Locus is the point (a,b) , 
C.(|,- |) r = 



1. (a) 


(x 






2. 

y = 


16 




' (b) 


(. x 


-3) 2 




(y - 


5) 2 


= 1 


(c) 


(x 


-2f 




(y + 




= 0 


(d) 


(x 


* 7) 2 


+ 


(y - 


2)2 
2 ; 


37 . 
~ TT 


(e) 


(x 


-V 


+ 


(y + 


i) 2 


1 

"2 


(f) 


(x 


-«> 2 


+ 


(y - 




= 0 


(s) 


(x 


T 




(y + 




_ 3 


c 

1 

(h) 


(x 


2 ) 


+ 


(y + 


i> 2 


a 2 + 2ab 
if 



c2 



~ /a bx a + b 



2. (a) x 2 + y 2 - 6x + lOy - 15 = 0 

(b) x 2 + y 2 + lOx - 2l4y = 0 

2 2' 22 

(c) x + y - 6x - 4y + 9 = 0 and x + y - 6x Uy »■ k = 0 

(d) The center is (2,l) >or (-1,4) . 

2 2 2 2 

Equations: x + y - Ux - 2y - h = 0 and x +y 4Px-8y + 8=0 

(e) r = i£ • Equation: 25x 2 + 25y 2 - 50x~ - lOQy - l6U = 0 
5 

r \ 2 2 * 

Cf ) If equation is written x + y + Dx + Ey + F=^0, substitution 

v of zhe coordinates gives equations 2D + 3E + F + 13 =0 , * 
x 

5D + E+ F + 26 = 0 , 3E + F + 3 = 0. Final equation: 

2 2 
x+y-5x-y = 0 
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(a) Slope of radius to (i f -k) is - ^ ; therefore slope of tangent 

3 

is jj- . Equation: 3x - **y - 25 ~ 0 

(b) Preceding as in part (a), equation of tangent is 

2 2 

. X-jX * y 1 Y = x 1 + y 1 . Since (x 1 ,y 1 ) is a point of the circle/ 

2 2 2, . • • o 

• X l + y l = r ' G the desireci equation is + y y = r . 

(a) Since the center (o>0) , the point (3,7) , and a point of 

contact of the tangent rlei,ei,nines a right triangle, the Pythagorean 
y Theorem can be used. Length of tangent = - 25 = /J3 . 



(b) [See part (a)] C(- |) , r a + £ 2 " ~ 

1/2 * ^ X i + §) 2 * * |) 2 - ^(H 2 + e 2 - !*.•) 

2 2 
= x 1 + y ± * + ^ + F 

(c) If t 2 = 0 , the point (x^y^ is a point of the circle. If 
t 2 < 0 , the distance from the center to (x^y^ is less than 
the radius; hence the point (x^) is a point of the" interior 
of the circle. 

(a) a(x 2 + y 2 - lOx - 2y - 35) + x 2 + y 2 + hx - Cy - 1»9) = 0 

(b) Substitution of x * 0 , y - -6 in (a) gives 13a = -23b . If 
ve let a = 23 and b = 13 *, an equation is , 

U 

5x 2 + 5y 2 - ihlx + l6y - 8k = 0 

(c) The terms containing x in the equation of part (a) are 

(a + b)x 2 ^+ (-10a + Ub)x , , " 

Thus the x-coordinate ot the center (vhich ve know is -5) is 

^ a " 2b , From this ve find 10a = -3b ; ve let a = -3 , b = 10 - 
a + b 

2 2 

Using these values, the equation is 7x + 7y + fOx - 5^y - 385 = 0 
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2 2 2 

6. Let the circles have equations (x-h) + (y - k) = r and 

4 2 2 2 

/ (x - h^) + (y - k^) = r^ . Then an equation of the radical axis 

is (x - h) 2 + (y - k) 2 - r 2 - ({x - h ± f + (y - k^ 2 - r^J = 0 . 

For either circle, the square of the length of the tangent from the 
point (x,y)„ to the circle is the square of the distance from the . 
point £o the center , minus the square of the radius. The condition 
that these two lengths be equal is 

• (x h) 2 + (y - k) 2 - r 2 = (x - h x ) 2 + (/- k 1 ) 2 - r x 2 ( 

But this is exactly the condition shown above, that the point (x,y) 
is on the radical axis. 

7. As shown in Problem 6, -^the required point must be on the radical axis 
e of each pair of circles. We find equations of two of the "radical 

axes (say 6x - y = -8 and hx - 3y - 11) and solve; the point is 

(- |,-7) . • ~ 

8. Using the circle^ with eauations in Problem C, elope, of line of centers 

k L - k 

is ^ • From equation of radical axis (also Problem 6), slope is 

o 

\ - h . 

- - r- , the negative reciprocal of slope of line of centers, (if 

1 

h n = h , first line is parallel "to y-axis and second to x-abcis, and 
also* they are perpendicular; opposite case if k^ - k . ) " 

D F D 2 + K 2 - UF 
, 3 1, 2 1 *1 1 
9. For the first circle, we have ~ , - — , — ~) , r^ = 

* 2 * 2 i 

D E Dp + V ' ,F 2 
for the. second, C 2 = (- , - —) , = — j= . By the 

definition of orthogonal circles, r^ " + = dfC^ , C^)* ; this condi- 
D x 2 *R*-k? + -k? 2 D 2 E 2 

K on 15 " 5 ; 5 " T ! T } T ( ~ T * T } 

When simplified, this is the desired condition. 

30. Use the condition in Problem 11.; 3 n (b^ both memoers of the equations 
must be divided by 2 before the condition applies. 

11. (a) k = -2 

i 

(b) k = k8 (Equations must be rewritten in proper form,) ' 
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Challenge Problems 

Let the equations of the circles be ; 

2 2 / 
C 1 : X + y + D x x + E y + F 1 = 0 / 

» 

C 2 : x 2 + y 2 + D 2 x + Egy + F 2 = 0 
2 2 

C Q : x + y + D Q x + E 0 y + F 0 = 0 . 

Then equations of the common chords o'f and C 2 > 0^ and , 

and C-^ and are, respectively, 

; \ : (\ - D 2 )x + (E x -* £ 2 )y + - F 2 0 

L 2 : (D 2 " D 3 )X + (E 2 " E 3 )y + F 2 " F 3 = ° 
L 3 : (D x - D )x + .(\ - E 3 )y + F ± - F ? = 0 

The family of lines through the intersection of and has as an 

equation • 

4 

a((D 1 - D 2 )x + CE 1 - E 2 )y + F ± - F 2 )~+1b((D 2 - D^x + (E 2 -E 3 )y + F g - F^ =0 

For the values a = 1 and b t 1 this equation becomes ' 
(D 1 - D )x + (E x - E 3 )y + F^ - F^ = 0 * 

But this is exactly the equation ve had for L 3 ; hence the lines are 
concurrent/. "* „ $ 

(Note: This Is, o:.* course, not the only way to make this proof. It is 
possible to asoigr. coordinates to the vertices of the triangle, and rind, 
in terms of these coordinates equations" of the common chords and coord i- 

■ nates of their point of intersection.) 

v 

The proof given here for Challenge Problem 1 also Jiolds here; so would 

any other that did not use the fact that in Problem 1 the circles 
> Ml- 
Intersect. * . K. 

\ 

i 
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The student is asked to explain the variation in shape of the ellipse 
from the fact that b = a/l - e 2 . He should be able to see that the nearer 



* ■/ 
/ 



I ^2 1 ' • 

the value of e is to zero, the closer </l - e " is to. 1 ; in such cases jthe . 

minor axis differs very little from the major axis. But if values close to,, 1 



(but less than »l) are selected for e , A - e 2 cart be made as small as one 
wishes, and hence the minor ,axis can be made small as compared with the major 
axis. 



1 Exercises 7-7 
2 2 ^ • J 

1 * ~ 36 3) + -^T5^ " 1 ' F <3 + 26,2). , P«(3 - &*,2)-, V( 9 ,2) , 



.. r 





V'(-3,2) ; x = 3+^- 


: e 


" 3 






2. 


2 2 

9 5, 










3. 


Equation 


e 






0 

Directrices 


(a) 


2 / 2 

— + _ = x 

1 - 2 


2 


(0,+/3) 


(0,2),(,0,-2) 




'(b) 


2 2 

X 4. y - 1 * ' ' *' 
T — ^ — JL » 

5 .27 » \ 


Vtfl 


(V2T,6.) 


(±5,0) 


x = + gysr 




2 3 2 
x y 


3 


.(o,+i) 


(o,+A). 


y = +3 




2 2 


T 


< \ 






"(e) 


(x - U) 2 . (y + 3)^ _ , 


/[I- 


\ 

(U,-3 + /It) 


(h,3h(k,-9) 


y = -3 * jj/CI * . 


: - 5 2 6* 


6-' 


(f) 


(x'+5) 2 . (y + l) 2 > 


v5 


(-5 * V5,-1") 


(-^-l),C-8,-l) 


x = -5 + 2^ '. 


2 2 
3 2* 


3 


(g) 


(x - 2) 2 y 2 


>5: 




\ 

(2,3)^(2,-3) - 


y = 


2 ~2" 

2 . 3 - 


3 ' 


(h) 


(x + 'l) 2 (y . 5 ) 2 " 




t-1,3 _+_ 2>^) 


(-1,9),(-1,1) 


t 

y = 5. + ^ 


. 2 2 k 2 • 


2 


(i) 




Locus is the point (1,-3) . 




5 U 


* * > 
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■\ 




1 * / ; 



r 

7-7 * 



(a) 



•2 2 
"x y , 



2\ 2 



(a) 



49 

(x - l) 2 ^ (y-JO 2 



16 



12 



= 1 



The latus rectum of an ellipse is either of the tvo chords of an ellipse 
perpendicular to the major axis at a focus." ^ ^ 

If in -Equation- (a) of Figure 7-fc, we set x = ae , we find' 



AT 



_ + 



2b 

; thus, th6 length of a latus rectum is — 



(The same result is obtained in each of*. the other forms.*) 

x 2 2 

'For the ellipse vijth equation — g + g ^ 5- - 1 , 



r + 



a a (1 - e ) 
- 1 '= aep + y 2 + A* + ae)^ + y 2 



4*. 



= 7rx " aei) 2 + (1 - e 2 )(a 2 l x 2 ) + /(x tt + ae)? + (1 e 2 )(^ - x 2 ) 

/o 1 — ? £> £ 

/a - rslex + e^x + Va + 2aex^ 4- e x . . > • 



= a - ex f s a + ex v 
= 2a . 



It should be noted that the first radical expression is equal to 1 a - ex 



rather than' -ex j a because the' largest possible x , is a , and e 
is less than one: hence *a ex is positive*! 
If P(x,y) is any point on the ellipse, the fixed points are 
F(c,0) , F'(-c,o: 

PF + PF 1 = 2a 



(1) 



4 



x'- 'cf + 7*i /(x + cf *7 = 2a • 



.After eliminatinj radicals in the usual way, this becomes 



,2 2s 2 2 2 2, 2 2^ 
(-a - c )v- + a y = a (a - c ) 



/ 1 



or, wp let 



(2)^or . 



* 2 - a 2 . c 2 „ 
A 2 V aV = a 2 * 2 

u b 



This sketches 1ihe proof that if the coordinates of a point satisfy (l) 
they satisfy (2) • For the converse, we retrace our steps, "but must 
use "both signs when the square root is taken, so that there are four 
equations, • „ . * . 

/ ' +/(x r ( c-) 2 "+ y 2 + /(x +lc) 2 V y 2 = 2a . 

. - . \ * < \ ■ . 

It can easily be shown, ^because of the requirement that a, > c and 

the fact that the £wo radicals represent two sides of a triangle of * 

which the third si£e has length 2c , that only the positive signs 



can be usetf 



o. * Each poirit 

I A: 



is located so that the sum of its J 'stances from the fixed 



pointsy (i©P» ) is a constant (the length of W , greater than the 



r 



/ '9. 



length of PF' ) . v " , 

* / 

See Problem 8. As the distance between the tacks increases, the ellipse 
becomes more elongated-; as it decreases, the ellipse becomes more 3.il/e a 
circle. , . ' 



10. 



§0 5x + 9y 2 - kox - 5% + 116 = o 

> * 

Cb) \ 8x 2 - 4xy + 5y 2 38x - 58y 2^2 = 0 



U. e n 0 ; the foci* •directrix definition* cannot be used for a circle. 



12* 



2 2 

x . y 



The ellipse has j[uat,ion = i and is symmetric 7 with respect to 

a^ *b 2 ' 5 1 > \ 

thp origin and to botn of the coordinate axes. Therefore (-^0) and 



the line x = - - = 
e 



(See Figure 7-4 part (a)')* 



* are also a focus and directrix of the ellipse- 



>7 



13» We may recognize r = — — r ^ as an equation of an ellipse, and rewrite 

* & — COS * 

the equation in rectangular form for the purpose of discussion as in 
' Example 1. Instead, ve shall carry, out the discussion in polar coordi- 
nates in order to illustrate the procedure in that system. We may re- 
write the equation as 



r =\ 



1 - 2 C0S e 

and see that the graph is an ellipse with one focus at the pole, with 

eccentricity e = , and with ^ ' 

directrix six units' to the^left of 
the pole and perpendicular to the 
line 'along the polar axis'. From the 
definition of eccentricity we have 

1 a(P 1 ,v 1 ) aCF^Vg) 

e " 2 = d(V 1 ,Q)- = d(V 2 ,Q) ' 

Since dCF^^^Q) = 6 , we have aCF^V^) 
the vertices are = (2,n) and Vg = 



f 





■ v, ( e - 




1 V 









= 2 , d(F 1 ,V 2 ) = 6 
(6,0) . Since 



Therefore 



,.d(Fg/Vg) = d(F.pV^) = 2 , we have the coordinates of the other focus, 



Fg = ( ^,0) .. Since the center "of the ellipse is the midpoint of F^g , 

we have C = (2,0) . We readily find the major axis, 2a = dfV^V ) = 8 

and the focal distance, 2c = d(F 1 ,F 2 ) = h . (We verify that 

c 2 1 2 2 2 

e s - s r s - ,) From the relationship b = a - c , we have 
a 4 2 

? l 

b 2 a fcf - 2* - 12 and b = 2^3 , which gives the minor axis, 2b = Uv^ . 
The length of a latus rectum (only one, RS, is drawn in the figure) can 
be found from the fact that it is twice the polar distance to the point 
R , for which G = ^ . Substitution in the original equation gives for 



this distance 



d(F x R) 



cos 2 



= 3 ; 



therefore each latus rectum is of length 6 . Using these values, we 
complete the sketch. 



7-8 .. 

x 2 2 

Ik. Using the representation — ~ + —s — = 1 , the desired proportion 

a 2 a 2 (l - e 2 ) 0 

is 

* ♦ "a - 

2ae 2a = 2a : 2 - . 

e 

This can be verified immediately. 

In the first 'four problems in Exercises 7-8, you will notitfe that the 

-/ *" • 

location of the transverse axis has been specified, but it has no.t been 

indicated vhich of the lengths given for the semi-axes is that of the trans- 
verse axis. This is deliberate, and it is suggested that you not make any 
additional specification in assigning the problems to the students. They ' 
should discover for themselves that two different hyperbolas meet the condi- 
tions in each p problem, and should realize how this case differs from that, of 
t'ne ellipse, where the longer of the two axes must be the major axis. 



Exercises 7-8 




x 7-8 



"5 2 

* x + L. - i 

e*-iSVv(o,3) , V'(0,-i) , F(0,VJ3) , F«(0,-V33) 



D-: y = jfSTS , D« : y • 
A : y = |x , A» : y = - |x 



13 ^ 



or 



= i 



e =^|1 , V(0,2) , V'(0,-2) , F(0,^) , F'(0,-^lI) 



D : y. = ^53,.D« : y = - ^ 



13 



A : y = |x , A" : y = - ^ x 



_ (fx + 2) 2 (y - 3) 2 _ , 
3- -7-& 9 x 

e.= | , V(2,3) , V'.(-6,3) 

F = (3,3) ,- (-7,3) 

■ , ' 6 26 
D : x = - , x = - — 

A : -3x - ky + 18 t=' 0 

A« : 3x + hy - 6 = 0 



or 




(x + 2) 2 (y - 3) 2 _ , 
15~^ " L 

e = | , V = (1,3) , V(-5,3) , F(3,3) , F'(-7,3) 



D : x = - i , D 1 : x 
5 



i2 

5 



A Ux - 3y + 17 = 0 , A' : kx + 3y - 1 = 0 
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• • .(x + 2) 2 (y O) 2 _ 1 

e =| ,..V(-2,6) , V(-2,0) , F(-2,8) , F'^2,-2) 



2h 6 
D : y =4f , D« :y=j 

PC~: 3x'* liy + 13 = 0 , A 1 : 3x + liy - 6 = 0 



or 



(x„+ 2) 2 . (y.- 3) 2 _ , • •' 

-—9 + "T5 1 

e - | , V - (-2,7) , ?'<-2,-lj ,• F = (-2,8) , F'(-2,-2)T 

D:y= 3 i>D':y^-i * 
A : hx ■- 3y - 17 = 0 , A' : hx + 3y - 1 = 0 

5. - -See the next page; 

6. Ma) *x 2 + y 2 = U • ' 

-(b) x 1 y 2 * 1* • 
(c) -Ux 2 + 9y 2 = 36 
. (a) ,25x 2 - iMy 2 = 3600 

(e) x 2 - ky 2 - kx + 2Uy - U8 » 0 

7. i'6x 2 * 9y 2 = 

8. 2xy, = 1 ; e = v£ 

9. It will be easier to do this proof . if the coordinate system is chosen 
in such a fashion that the origin is the midpoint of the line segment 
determined by the two f ixe& points . 

10. - The latus rectum of a hyperbola is either of the two focal chords 

9 2o 2 • 

perpendicular to the transverse axis; its length is . 

11. The points located by the construction lie on a hyperbola because the 

construction determines each one so that there is a constant difference 

(2a) in its distances to the two fixed points. * 

2 2 
x y 



12.- elimination of the parameter gives 5 " 1 

a b 
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5. • 


, e 


a 


b 


C 


F 




V 


v't' . 


. D,D* 


A,A l 






2 


2 


(6,o) 


(2^,0) 


(-2V2,0) 


(2,0) 


(-2,0). 


X 




y 


= +x 


(b) 


t£ 


2 


2 


(0 0) 


fO 2>/?} 


(0 -2i/?^ 


(0 2) 




y 




y 


= +x 


(c) 




3 


2 


.(0,0) 


(m,oy 


(-V33,o) 


C3',o) 


(-3,0)' 


X 




y 


= ± §x 


(d) 


13 

5 


'5 


12 


(0,0) 


(0,13) 


(0,-13) 


(o,5) 


(0,-5) 

* * 


y 




y 


= ±h 


(e) 


I 

y5 


2 


h 


(2,3) 


(2,3 + 2^5) 


(2,3 - 


(2,5)- - 


(2,1) ' 


y 


= 3i|v5 


X 


-2y + l* = 0,x + 2y-8 = 0 
■» 



7-8: 



•1-3 ♦ Draw concentric circles, center 
(©>0) , radii a and b , any 
angle 0 * Draw tangent at B 
(intersecting OD at C) and 
tangent at D (intersecting 
x-axis at E) . Fron: C and 
„ E draw parallels to the x- and^ 
y-axels .respectively, int^pr- 
•secting at ^P(x,y) . Then 
x = 0E*= a sec 6 and *' 
y = CB = b tan 6 



2 2 
Hen«e — g - ^ = sec $ 

Br b 



2 „ 
tan 9 




(a) 
(b) 



xy i -21 



-x 2 + 



y 2 = ho 



15* Locus is a pair of intersecting lines (the asymptotes of 



■ 2 2 
a b 



Review Exercises 



1* (a) ^Circle with center at pole and radius of ^ ♦ 
(b) Circle with .center at (1,0°) and radius Of 1 ♦ 



(c) Parabola vith vertex at (k,n) , focus at 0 and directrix 
perpendicular to polar axis and 8 uni*cs to left of pole. 



V 



7-8 





(e) Ellipse with eccentricity of- ^ , center at (1,0°) , foqi at 

(2,0°) and (0,0°) f directrices r cos 0 = 5 and r cos Q e -3 , - 
vertices (3,0°) and ( 1,180°) . 




(J) Parabola with eccentricity of 1 f focus at pole, vertex at (2jl80°), 
and directrix r qos Q « —^ . 




29k ' *~ 



Ellipse vith eccentricity -r , center at (4r- , 0 ) , foci at 

(0,0°) and , 0°) , vertices at (2U,0°) and • ;i80°). , 

the length Qf the minor axis is — , and the directrices are ' 

; . ♦ v? 

r cos 6 = and r cos 6 = -8 . * - 

7 * * 




(i) Hyperbola vith eccentricity 2 , center at, " ("2,l80°) , vertices at 

(l,l80°) and (-3,0°) , the fo'ji are at U,l8o°) and at # the pole, 

3 5 
and the directrices are r cos 0 = - -| and r cos Q s - ~ . 




The graph is the point ("2,-3) * m 
(k) Hyperbola vith center at (0,0) r vertices* at (^2,0) and (-V2,0) 

it A , 



, foci tt (S,0) and (-/5,0) , eccentricity of / ^ , directrices 
x = — and x = - ^ , and asynjptotes y = 7|x and y = • 



fjf) Farabola vit*h vertex at (-2,3) , focus at (-H,3) and directrix 
x = 0 . , - 

(m) • Ellipse with center at^Pv^^ at (-8; -It) and 



/El 

foci at (-2 + vTl , eccentricity of , 

x = -2 + 



and directrices 



+ & 



(n) Ellipse vith 'center at (1,-2) , vertices at (l t S, -2) , 

.eccentricity of ~ f foci at (l t V§ , -2) , and (Jirectrices 

5 5 
x = 1 + — and x a 1 . 

* & ' • 

(o) The graph is .the point (3,-5) • i 



(p) Hyperbola with center at* (-**,-!) , vertices at (A 1 Jzl , -1) , 
foci at (2,-1) and (-10,-1) , eccentricity of — , directrices 

x = i and x ? - ^ , and asymptotes x + Jf J >^(y + 1) * 0 . 

(q) Hyperbola with center at (-2,3) , vertices it (3,3) »nd (-,',3) , 

eccentricity of ^ , foci at (11,3) and (-15,3) direct rices 

1 51 12 39 

xs - ^ and x = ~ , and asymptotes y = -pr-x + — and 

12 9 

(a) ~y 2 = ,20x 

(b) . (x , J) 2 = 32(y - 6) 

(c) Four circles, centers (t ? , 1" 5) i 

Equations: x 2 + y 2 - lOx t lOy + 25 = 0 , x 2 + y 2 H lOx + lOy +25 = 

'* * 

O O 

(d) r b 2^2 . t Equatiop: x + y, - 2x + 8y + 9 = 0 

(e) C = (0,h) , r = 2/5 . Equation: x 2 + y 2 - 8y k = 0 
ff ) x 2 + y 2 - 12x + 8y - U8 = 0 

(h) 42L^,jy^=i- ' ■ 

> .2 , / 2. * 
UJ 319 + -319 * . - ' 

(k): 2x 2 '-x-y + 5= 0 , 

(x + l) 2 - l6y ^ v . - 

+ = -l*(x r 2) . Each center is equally distant from a fixeS 
p6int (1,^1) and a fixed line (the line x = 3) * 



2 



• V s * ' ' * "x 2 y 2 -* 

Elimination of the parameter &iyes -5 + '*-g = 1 

' - - • a, b * - - *' 



.300 297 



r/U Mk 2 + 3y 2 ^ 6x - lfcy + 6 = o V v 

: *\8, -Choose axestso that equation 

' 1 r - . 2 2 J 2 2 * fl 2 

of curve is b x \- a y^ = ^a~b " 

*/ then ^asymptotes are y = I . 

Then write' (expressions for.dis- 
Ranees- from P = (:x,y) to 
% * asymptotes; 

■ ~ a(P,Q)> ?(p;r) = Mz^ • 

9 6\ 




r 
A 



,.2.2\ 2 2i 

*~2 



a + K 



% (a) £f, .| 2 , b = 2a 



. Then- e 



6 s 



a- 



-/5 



tf^ln similar fashion/ e *= Jl 



+ k 



o ** 2 -«->" .2 2 ^.2, ^ 2 . , 2 . 

.1Q,, ..(a), Since x^- + y ■= 4 .• we" get x +y =r/., 



4 



(b) If only positive (or only negative ) signs are used, the graph is 
only one-fourth of a circle | which part t depends on the signs used, 
and also on whether r and, t are positive or negative ♦ If + 

/ signs- are used, and r and t are both .positive, it is the part 
*in the first quadrant; if + signs are used,, and r > 0 , t <: 0 
vit- is, the part in the second quadrant; and so on, - 

' * t 

(c) In' order for x to be +r , 



+1 f This, is impossible, 



A 



+ t 



for A f t 2 = t only if t =r6Vand then x ' •= 0 Thus to be , 
precise wew^uld say that .the parametric equations represent a 
^circle, with two points missing* 



2 2 

12. ^ X ~ 2 a ^ + ^ y " b ' = I,, This is a circle with center (a,b) and 

k - k * 

radius |k| \ 

If k were zero, then the locus would >e reduced to the point (a,b) 

13. Computed height, at edge of road is ft. (~ lM ft.). f 



1&. 20 feet . 

2 2 2 r~ 

,ti5. Let the equation of the hyperbola be x - y = a ; 4 then e = v2 , 

F = (ae,0) _, F 1 = (-ae,0) , and for a point (x,y) on the curve, 



.r = /(x - ae) 2 + y 2 - Ax < - aV§) 2 + x 2 - a 2 = /(2x 2 +<a 2 ) - 2a>/§ 
similarly ' 



r 1 = J(2x 2 + a 2 ) + 2a/2 x 
• r» =/V(2x 2 + a 2 ) 2 - 8a 2 x 2 



= Ax' 1 * - Uax + a* 

, v ^ 2i 0 2 2 
= |2x - a I = 2x - a • 

The square of the distance from the point to the center (0,0) is 

,2-2 222^22 
x+y=x+x-a=2x -a 

X Y 

l6, ( a) One possible form is — g + ^ = ^ 

•» , 2 2 ' 



17. (a) The equation of the circle is 

,2 2 2 

x + y = a and the equation 

of the chord Is y = p . If 

* " -222 

y = p , then x = a - p or 



x = ; V a 



/a - p 




ERLC 



Then d(i>,N) = /a 2 - p 2 and dfP,M) = /a 2 - p 2 • 
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(b)- x 2 + y 2 = a 2 



a(P,M) = /a 2 - p 2 , a(M,P) -a - p , 
and d(P,Q) = a + p . 



(c)' Let (0,0) be one point and P = (p,q) be the other. 




-/(x - p) 2 + (y - q) 2 a k 2 /x 2 -r y 2 
(k 2 - l)x 2 + (k 2 - l)y 2 + 2px + 2qy = *p 2 + .q 2 

( X + + (y +v ^) 2 . k2( | 2 + ft 

•k 2 - i - k 2 - 1 (k 2 - i) 2 

This is the equation of a circle. 

We must restrict k so that is positive and not equal to one. 



Challenge Problems ,, 

2 2 * 
1. Let the hyperbola have equation ~ = 1 • Then the equations of 

a b 



b H a * -a/ * \ 

the three lines named are, in order, y=-x,x=-,y = -^lx - ae; 



These lines can be proved concurrent in any of a variety of ways. 

2. If- P = (x,y) is the point where the explosion takes place, the 5-second 
" time difference at A and B. gives the condition 



A 2 + y 2 - Ax - 2) 2 + y 2 = 5( -2) , 



(x - l) 2 £_ _ , 
.25 " .75 



which becomes 

The 8-second difference at A and C gives the condition 



which becomes 



/x 2 + y 2 - /x 2 + (y - hf = 8(.2) , 



(y - 2) 2 -x 2 



If ve write equations of the appropriate asymptotes (the ones we want 
have positive slope), we have y = /3(x - l) and 



300- 3Q3 



-7-8 



y S3 x + 2 . Solving these equations simultaneously, we find that 

the point of intersection is approximately (2.9,3.3) . While a point 
of intersection of the asymptotes is not a point of intersection of the 
curves, it is probably satisfactory here since there was only one 
significant figure in the times given. 

If the suggestion is followed, the condition is 

a(p,w 2 ) - a(p,w 1 )*> 20 



which is /(x + 15) 2 + y 2 - /(x ~ 15) 2 +.y 2 > 



20 



This becomes 



m < OPQ = c*. 
1* 

Therefore we must show a 



100 ' 1^5 - 1 ' The locus has QS i;ts boundary the part of 
the hyperbola for which x is positive, 

Prom the statement of the problem 
and ihq diagram, v we must show 

But m < GPQ = 0 - a . 

0 - a or 

6 = 2c( t Rectangular coordinates of 
P are ( r cos 0~, r sin 0) ; the 
equation of the parabola in 
rectangular coordinates is 
y t = 12^x' +' 3) \ . The^ point-slope 
form of the -equation of a line 
through P 'with slope m is 

y - r sin 0 = m(x - r.. cos 0) , 

or . ' , 

" y = rax -v^r(sin 0 - m cos 0)'.. ' " 

Ttiis line will in general* intersect 
the parabola in two points, but if 

it is a tangen£ line there will be just one such point. The coordinates 
of the intersection points can be 1 - found by solving simultaneously tlie 




equations of the line and parabola. 



7 



Thus by substituting we get a single equation £or the x- coordinate, 



^rnx •> r(sin o 0 - m cos 0>)^ 2 = 12(ot+ 3) , 



ten 



or 



m 



3 p / \ P P 

"x + ( 2mr(sin Q - m cos 9) - 12 Jx * r ( sin 9 - m cos 0) * - 36 = 0 * 

Tangency requires that the roots of this equation be equal; therefore, 
the discriminant of the equation must equal "zero. Hence 



^2mr(sin 9 - m cos°e) - 12^ 2 - Hm 2 (r 2 (sin 9 - ir cos 
/This equation can be eventually simplified to 

3m^ - mr(sin 9 - m cos 9) + 3 = 0 . - * 

6 



9) 2 - 36) = 0 / 



But for this parabola r 



; substituting this in the equation 



1 - cos e 

just above, ve obtain, with some more simplification, 

2 

(1 + cos 0)m - (2 r-in 0)m + 1 - cos 9 = 0. 

sin 9 



Solving this for m gives the single value^ m 



9 



1 + cos 9 * 



But this is identically equal to tan , Since m is the tangent of 

9 
2 



the angle of inclination, J_ , ve have a = p or 6 = 2 a, vhi^ch is 



wjtiat ve van ted tr» prove. 

We indicate here one possible position 
lot the triangle^ and indicate a method 
of proof* There are many other 
possibilites* 

In triangle ABC-, ve select 
one altitude as y-axis, and place 
the origin at the foot of* the 
altitude* Then let the vertices 
be, A = (2a,0) , B = (0,2b) , „ 
C = (2c, 0) * The midpoints are 
A 1 = (c,b) , B 1 = (a + c, 0) , 
C* = (a,b) * N C'*'(2c,0) 

Altitude CF lies in the line 
vith equation 



y = ^(x - 2c) * 




302, 



,305 



7-8 



It intersects altitude BO in point H = (0,-^J^) . Hence the midpoints 



of CH and AH are R = (c ,—) and P = (a , - . 

'© . - • \ 

The center of the circle through R , P , and C 1 "would lie on 
the perpendicular bisectors of RP and PC 1 ; the point in which they 
intersect is 



Now we verify that the remaining six points (OjD.F.Q.B 1 ,A' ) lie 
on the same circle. One way would be to find the radius, 



1 // 2 , . 2w; 2 * 2n 

r=^/(a + b )(b + c ) , 



arid.verify that it is equal to the distance from N to each bf these 
points* • * * 



Illustrative TeVt* Items 



r.^Idehtify and sketch the curves whose equations are given* 

(a) -,5 = 0 (g)- x 2 ijr hy - h = 0 

* (h) £&x 2 * 25y 2 = hOO \ 

(i) 9x 2 + hy 2 - 36x + 32y + 100 = 0- 

p p * 
( j). x* - 25y + 2x + lOOy - 99 = 0 

(k) i6x 2 - ^y 2 + 32x + 5Uy - 209 J* 0 

? CjO 9x 2 + V 2 - l8x + l6y - 1L = 0 

-2. Sketch the graphs of the" following polar equations/ * r 

Write the equations in rectangular form. * 

■ (a) 2r - 7 = 0 (c) *j - r sin- e -2=0.; 



(b) 


r = 


2 sin-'e 


;('C) 




3 


r = 


1 - cos 9 


(a) 




% 


r = 


2 - cos e 


(e) 


r = 


6 


j* - & cos e 


/'(f) 


3y 2 


- kx 2 = 12 , 



(*> r ? a - (d) 



1 . 2 cos 6 x * 3 - 2 cos e 

3* Identify the following conic sections; give the eccentricity. 

•'* (b) 2r •.- 3r cos G - 12 = 0 (d) r = U - r cos G 
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7-8 • ' ' 

~k* The directrix of a parabola is the line y = x , and the focus is » 
(k,-h) What are the coordinates^ the yertex? 

5. The eccentricity of a hyperbola is 2 and the distance between the foci 
is 8 ♦ Find the lengths of the semi-axes. 

• » • 2 2 

6 # Write an equation of .the* tangent to the circle x + y =2^ at the 

.point (-3,*0 . 

7* Find an equation of the radical axis of the circles with equations 
(x - 3) 2 + (y + 2) 2 = k .and x 2 + y 2 = 9 . 

8. What^kiHd of symmetry do the graphs of the following equations have? 
If there is point -symmetry, give, the coordinates of the point; if line- 
symmetry, give an equation of each axis of symmetry. 

f\ ' 6. U - 2) 2 , (y + >) 2 , , 

(a) r = 3 - 3- cos 6 (d) h + - 36 ^ 1 

/ 2 2 

(b) r = cos 9 + sine ' (e) ( *,y } -. (y ^ l} = 1 ^ 

/ ^ ^ 

(c) -.25x 2 - ^y 2 = 100 (f) x 2 - 6x - y + 7 = 0 

9. Write an equation of a circle with center (3,-1) and tangent ;to the 
line wi'th the equation 2x + 5y - 5 = 0 . 

10* The axes of an ellipse have lengths 10 and 6 ;^vhat is its 
eccentricity? 

11. Findr the distance,^ toween the foci of, the conic section with equation 

2 2-*^ " : ** . 

T ~ ~9 " # _ ^ 

12. The vertex of a parabola'is (1,5X and the focus is^ (k,5) . What is * 
an equation of the. directrix? * * v 

. 13.. The directrix of a parabola is the line with equation x = 2 , and the* 
endpoints of the latus rectum are (6,6) and (6,-2) . Write an 
equation of this parabola. * 

lift Write an equation~of the circle having the segment wi^h endpoints 

(-1,3) and (3,-3) as a diameter. 

' r > 

o 

15*. What is an equation of the conic with eccentricity of # ~ and foci at 
(3,8); and (3,2)-? ^ 



l6* (a) Wrxte an equation of the family of hyperbolas with center at (2,-3) 

**2 2 

and asymptotes vith slopes . - and - ^ 

(b)' Find an equation of the member of that family which contains the 
point (22,7) . 

Answers for Illustrative Test Items 
1. ; (In some routine cases the graphs are omitted.) 
(a*). Circle, center (0,0) , radius 5 .j 

(b) Circle, center (1,75) , radius 1 

1 

(c) " Parabola r = 3. ./c 0 s e \ 

f * 



( f) " Hyperbola 



2 2 

x a. y - i 



(g) Parabola x = U(y + l) 
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(i) "Point-ellipse (2,-U) 

9(x - 2) 2 + My + k) 2 =0 r 

( j) (x + l) 2 25(y - 2) 2 = o or (x + 5y. - 9)(x - 5y + n) 

Two lines, equations x t+ 5y - 9 = 0 and x 5y + 11 = 



7-8 

1 




Ellipse • 



2^ (a) Circle; x 2 + y 2 = ^ 



(b)' Hyperbola; 



1 



3 +• 




7-8 



k. V = (2,-2) 
•5. 9 « 2 , b «*2/3 

6. y - h = ^(x + 3) , or 3x - l*y + 25 £ 0* 



■ » 



7. 3x - 2y - 9 = 0 

8. (a) JParabola; line symmetry, 0 = 0 . 

(b) # Circle; point symmetry^ (^| , ^) ; line symmetry, every line -through 

the center. " v * 

(c) Hyperbola; point symmetry, (0,0) j^line symmetry, x » 0 and y ~ 0 « * 
*(d) Ellipse; -point symmetry, (2,-4') ; line symmetry, x « 3- > y « 

(e) Hyperbola: point symmetry, (-3*1) ; line^ symmetry, x = -3 and' 

.y = r . , ■ . i . 

(f ) parabola; line symmetry, # x = 3 • k * * ' ' . 

•9/(x- 3 ) 2 M^i) 2 =( i 2(3) f 5( -^-^ ) 2 =i ; 

or 29x 2 ^"29y 2 - 17Ux + 5,8y * 274, - 0 - " «- \- 

• ». 

10. e5 - a ^i-; 

11. ' 2ae = 2*13 *£, **' .... 

12. x = -2 ' * . 

. o " It . * • 

13. (y- 2) 2 ^(x - 4), . i' 1 ': A-!., ^ 

IV, -C = (1,0) ; r*= ^L3 . . - ^ ' S ' V f 



fx.* l) 2 + y 2 =13 



15* Hyperbola; ae=3,a = 2,b=^5;c = (5,!?) 



Cx - 3) 2 . (y ,5) 2 . , ^ ' 



l6 . (a) i^.i^.^ ' 

• (b) iiL^.iv^k 2 :., 
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.Teachers* Commentary 
* Chapter 8 
* THE DINE "AND THE PLANE ill 3 -SPACE * 



Farts of this, chapter wiil be familiar to. some classes. Time saved when 
this is the ease may permit study „of some of the supplementary chapters ; 

Many teachers have a favorite, method of teaching students to make sketches 

«of '"solids, . If you do not have such a 

preferred-method^ you 'might like to try 

this v Have the students use squared 

vaner.j teli them to draw OY horizontal, 
iir ' 

0Z~ vertical, arid OX at ah angle of 

with the negative end of the y-aicis* 
Chbose-a -suitable length for the unit on 
the y- and z-axis, arid oh the x-axIs let 
the^diagonal of the unit squaiie measure, 
two imits^This- j^-ar-CoTwenient way of 
"^getting units, and makes a rather 
.satisfactory- drawing. 



The formulas for point of division in Section 8-2 apply for botn internal 
and external point's of division; In Exercise 9V parts (t>)' to (,f ) , of" 
Exercises 8-2, the distances are considered to be directed, and" two points are 
found; „ ■ * ' » 





Exercises 8-:2 



Projections^ ( 


p i 


on, x-axis 


(2,0,0) » 


on y.-axis 


(0,-3,0) 


pn_z-axis^ 


(0,0 ,k) 


on xy -plane 


(2,-3,0) 


on yz-plane 


.(0,-3,H)' 


on xz-plane 


(2, OA) 






lengths of projections 




on x-,y-, and z-axes: 


3,6,6 



P 2 
(-1,0,0) 
(0,3,0) 
(0,0,-2) 
(-1,3,9) 
(0,3,-2) 
(-1,0,-2) 



on xy-, yz-., ancl xz*-planes: 3-/% S-/2, zS 




(3,0,0) 
(0,0,0) 

(0,9,-3) 

(3,0,0) 
(0,0,-3) 
43,0,-3) 



X 



(c) a(P L ., p 2 ) v£5l 

lengths of projections 

on x- , y- ana zraxes ,6, 5, 10 

on xy- , yz- , and xz-planes VSl , 5^5 > 

* U) (|:, -|,?) 

(b) (^-|,^{or (8,-11,1^—^ • . 
' (c) (L-#,3) or (#,-# , 18) 



a 3 



(a) (-$,§,!) or (-^§;-iA) 

(e) (0^,|) or (6,-|,|) 



**** 



10. d(A,B) = f&i 

aCA,cr= v^?; 

* d(B,C) = TgQ 

Right* tri angle . 



Challenge Problem 

The question of how we know there are three mutually perpendicular lines 
through a point in space is intended as a warning to the s t ad e nt s jag ai n s t_ t h e _ _ 
_ uncritical^use of intuition* It is hot a trivialTquestion. In terms of the 
development in the SMSG Geometry it can be answered as follows. By a postu- 
late, there are at least four points in space, so we can select 0 and another 
-point, P . By another postulate there is a unique line ' , containing 0 

and P M By a theorem, there exists a unique plane a through 6 perpendicu- 
lar to OP . By a postulate there is another point Q in a - By a postulate 

there is a unique line Lp through 0 and Q , and it is perpendicular to 

~. * * t 

OP . Finally, by a theorem there is a unique line in a through 0 perpendi- 
cular to L 0 , and by another theorem it is perpendicular to L. too. 



The argument by which the parametric representation is obtained is 
rather tricky and should probably be gone oyer in class very carefully ♦ It 
.may help ^o show that . 

Z * 2 Q+ S (Z 1 - 2 Q ) ^ 

for suitable v s ; by noting that z^ - Zq £ 0 and hence s = 



z -z^ 
z l ? z 0 



will do. In the final step the argument is -that from the parametric equation 
JTor L* and . L 11 ^ .we . see that" - — « 

y = y 0 .+ s(y 1 -t 0 ) * ' ' 

for suitable t and that 

. ~ y = y o + s < y i - y o } . 

f o r jg^ijbable- .s, — Since— y^ - Yq1/="G 9 

- y " y ° = t . * 



y l " y 0 



Students are often intrigued by t,h» * ^f^^-p-^^TTPm^ onq I spaced *?o 



they nay enjoy our brief discussion of^the notion,, If it is taken up, you 
should try to make it clear, that ve are not introducing a coordinate system 
'into*:a space which is given (by a system :pf postulates) tut instead are r 
defining a "space" which is in many ways like the space of ordinary geometry. 

In 3-space, as in 2-space, a line has not *just one, but many representa- 
tions. Only one is given in this commentary ^xcept wh _ere~the directions 
specifically ask for^wcT. A student should be allowed to write any correct 
-representation,, but should be able to show that his representation is equiva- 
lent to any desired representation. 

In, Exercise 2 of Exercises 8-3, you may wan,t to have the students con- 
sider further the cases in which symmetric representation is not possible. 
In part (d) , for example, since one of the direction numbers is zero, 
symmetric equations cannot be written. However, t can be eliminated and 
the equations .of two planes containing the line written: z - 1 = 0 , ^ 
x + 5y + 13 = 0 . In part (a) , with two direction numbers^ equal^to zero^ 
w^ have at once the equations of two such planes: y,= 2 , z = 3 ♦ 











<• 




* 




Exercises, 8-3 




(a) 


r X 


= 1 + t(l) 


(f) 


( x = 0 + t(5) 




*7 


= ,2 + t(0) 




y = 04 t(-l) 




2 


= 3 + t(6) 




,2=0 + t(o) 


lb) i 


f X 


= -3. + tXo) 


(*g) j 


' x = 0 * A t(l) 


y 


= -2 + t(o) 


* 


y = 0 + t( 2) * 






= 1 + t(i) 




1 Z a 0 + t(3) 


"(c) 


' X 


= 1 + t(-U) 


(h) 


' X = 1 -r t(-l) 




y 


= L+ ,t(.-u) 




V = 2 + t(-2) 




. 2 


=.3 + t(-2) 




^2 = 3 + t(o) 


(a)- 




= -3 + t(5) 




fX = lf t(5) 




i: 


= -2"+ t(-r) 




y = 2 + t(-l) 



2 = 1+ t(o) 



(e) 



x"= 0 +'t(-H) 
y = 0 + t( J*). 
k 2 = 0 + t( -2) 



(3) 



x = 2 + t( A) 
y = -3 + t(-U) 
2 = 1 + t(-2) 



'2. The symmetric form exists in parts,, .(c) , (e)^ , (g) and \j) 
- 1 y - 2 _ 2 - 3 



(c) 



-2 



2 

-2 



(g) 
(J) 



1 ~ 2 " 3 
x 



2 y j- 3 2-1 - 



J. (a) "(l,0',0) 
*• (b) -(0,0,1) 



(c) 




- - ) 

3? V 


la): 




755 


(e) 


c-.f, 


3 1 '3 ; 


(f) 




725 


(g). 




715 .715 
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8-3 



(i) (-5-,-^-,o) 

■/2b -/2b ■ 



(a) 



(b) 



1 + t(-l) 
1 + -t(-2) 

-2 + t(r) 

-i + t(.i) 
-i + t(o) 

-1 + t(2) 




(-1, -3, 0) 



(-3, -1, 3) 



—tt jx = n + t(-3; . x = 1 + t(3) (-2, -6, 7) 

\z = 1 + t(3) 

(d) • ,x = -3 + t(!0* 

. " Jy = 1 + t(l) -y = 2 + t(-l) 

<*■ . *" lz = 1 + t(-2) ' ' 2 = -1 +"^(2) 



Z = k + t(-3) 

x = 1 + t(-lf) (5, 3, -3) 



<» # - % - P 117 °' so0 ' f 1 63 °- W.wi" • 



•1 



" 3 0; 59° ^7°, 121 0 . 

103 0 , 6k° 



x-axis (1,0,6) 
X-axis*; (0,1,0) 
z-axis (6,0,1) 

(-,->-) 

Vf ' /j' /3 



i 
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8, (a) No 

/ (b) Yes , ; 

, (c) Yes 

- (d) Yes * * 

Line's with equaticms (a) and (f) are parallel; so are (b) and (d) .- 



9- 
10. 



*t * y - 1 z + 1 

:h \ 5 ~ 3 53 • .2 * -1 

L 3 : ~2T~ = * 



# x + l y - 2 _ z - ^ 



cannot be written In symmetric form. 



11. 



d(P 1 ,P 2 ) = \f [(x Q +jgt x ) - (x Q +Xt 2 )] 2 + Q(y 0 '+ mtj - (y Q +'mt 2 )] 2 



[(z 0 + n^) - ( 2 0 ^ nt 2 )r 



- S/^ + m 2 ^ 2 )^ ^tj 2 
r^/i 2 + m 2 + n 2 |t x - t £ 



The distance between any two points on <a line with the given parametirc 
representation is a constant multiple (YjJ + m. + n ) of the absolute 



12. 



value of the difference of the values of the parameter that give the 
points? If the direction numbers are normalized, the distance is equal 
'to the absolute value of 1 the difference of the parameters. 

,Supp?se L is in or parallel to the xy-plane. In that plane, L would 
have 1 the parametric representation J 

x = x 0 + t{ h - V • ' * 

y = y 0 + t(y x r.y Q ) . 

The z-coordinato of every point on L would be the -same number, so 
z = z Q . Thus Equations (3) would represent the line L ; similarly, 

* they -would represent a line parallel to either of the other coordinate 
planes. . • ' 
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Challenge Problems 



For all values of t the x-coordinaie of the point on L vill be 2 go 
the line is in the plane x * 2 . Similarly for every, point P(x,y,z) 
in the plane 3y - z - -5 there is a value of t such that y * -1 + t 

and z r- 2 + 3t • \ 
"So^L : x 8 2 , y s -1 + t , z. * 2 *» 3t lies in the intersection of the. 

planes x = 2 and 3y - z = -5 • 

x = 2 z ^ -I v . N 
x «V Q + tC^ - x Q ) . \- - _ 



'0. 

z o. 



Z = + t{z i - Z Q ) . 



v v . w 0 + tcv x - w 0 r 

If Pg(x 2 ,y 2 , Zg, Wg) is on L then there is a. number 

x 2 = x a + \ { \ - V 



t 0 such that 

2 / 



z 2 = z 0 + t 2 ( Zl - Z Q ) 
w 2 = w Q + t 2 ( Wl - Wq) 



•But then 



.i 



*1 " X 0 + ( I 2 )(X 2 " V 

y i * y o + % )iy p - y ol 



Z 1 = Z 0 + ( I 2 )(Z 2- Z o\ t 



j.V, = + (* )( w o - w n) 



So P. is' on the line through P Q and Pg . 

On the coordinate axes, (x 0 ,0,OyO) , (0,y Q ,0,0) , (0,0,z Q ,0) , (0,0,0^). 
On the coordinate .planes, U o ;y 0 ,0>0) , (o,y 0 ,z Q ,0) , (0,0,z 0 ,w 0 ) , 

(-0,:9,or- o ),(x o ,o,z o ,o),(o,y o ,o,w o K ~*~ " ^ 

On the coordinate hyperplanes> -(x 0 ,y 0 ,z^Q) , (0,y 0 ,z 0 ,w Q ) , (x 0 ,0,y 0 ,z Q ) y 

322824. . 




In 3-space V - E + F = 2 • where 
V is the number of vertices, E, 
the number of edges, F, the number 
of faces* 



In l|-space the polyhedron is made up of vertices (O-dimensional), edges 
(l-dimensional), faces (2-dimensional) , and hype rf aces (3-dimensional). 
In the picture the hyperfaces are represented as truncated pyramids with 
bases on faces of the figures that appear as inner and outer cubes. . 
V - E '+ F - 'H = 6 



Exercises 



2x-y-Uz + 6 = 0 
x + ky - 5z -6=0' 



(a) 
(D) 
(c) 

(a) 

(e) 

(f) 

(g) 
(h) 
(i) 

(J) 



Intercepts 



2 
5 

-2 



3 

-3 



none -k 



0 

none 
7 



0, 
0> 



k 
10 

-2 

-6 

none 

5 
2 

0 

0 



n6ne none 



hone none - ^ 



Traces in 



■xy- pl a ne - 



xa - pl a ne - 



3x + 2y - 6 = 0 
2x + 5y - 10 =0 

2x - y - 5 = 0 

3x - 2y- + 6 = 0 
3x - l*yrl2> 0 

y +A = 0 

x-;2y = .0 
y = 0 
x - 7 = 0 

none 



ky . 3z - 12 
5y + z - 10 

2y + 5z + 10 

-3y + z + 6 

y + 3. 



= o 

= 0 

= 0 

= 0 
= 0 



2x + z 
2x + z 



U = 0 

10= 0' 



kx - 5z- - 10= 6 



5y-- .8z + 20 = 6 



•3y + ' z 
3y - 5z 
"\ione 

2z t 9 



3x + z 
x 

-2z 



+ 6 = 0 
- U=o 

4-5 = 0 

+ 2z = 0 
z=0 
r 7 = 0 



2z + 9=0 



8-ir; - 



(g) 3* - 6y + 2z = 0 

I* 1(0,2,6) 




(8,4,0) 





(j) 2z + 9 0 



If, (a) ax + by + cz = 0 

(b) cz + d = 0 

. # .(c) ax d = 0 

(d) ax + by' + d a 0 

(e) by +*cz + d = 0 

(f) ax + cz *. d s 6 




in 



• t 
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i. 




. • \ • (d) 0* (i) 6 

. (e) 5 ' (J) 1 
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11. (a), -8x_+ 3y r Tz + 23 = 0 
M 2x - 3z - 1 = 0 

i2* (a) 3x - 2y + z -r U = 0 
(b) x v 2z + 5 = 0 

~ 4 13** Let the equation of the plane be .. Ax + By + Cz + D = 0 . 

Since the plane contains (a,0,0) , (0,h,0) , and (0,0,c) , we have 



Aa + D = 0 or A = 

■ Bb + D = 0 * or B = 

'and Cc + D = 0 or * , °C = 



x y c * 

Thus: if D = -1 , an equation is — — = 1 . 

\ 9 ^ a b z 



D 
a 

D 



D 
c 



Ui. ( a )-j4| + {-l . 

• ... 

15> (a) x - 12y + 3z - 7 = 0 

- ss/^W^x * & + 2z - 15 = o 7 

l6. One method vould be to find an equation of the plane determined by points^ 
A,B,,C (2x-y + z- l=0) and then check that point' D 'is a point 
of this plane* 

17., (a) x + y + 2z - 2 = 0 
(b) 3y - 2z + 1 = 0 

l8„ The proof given in Intermediate Mathematics , may be familiar; it follows* 

Let P = (x,y,z) be any point on the plane that is the set of points 
equidistant from 0 = (0,0,0) and Q = (ka,kb,kc) where 

-2d 



2 2 2 
a + b* + c 



Then, since d(P,0) = d(P,Q) , 

' x 2 + y 2 + z 2 = (x - ka) 2 + (y - kb) 2 + (z - kc) 2 , 

or 0 = -2kax + k 2 a 2 - 2kby + k 2 ^ 2 - 2kc + k 2 c 2 , 

2 2 2 2 

which becomes * 2k(ax + *by + cz) = k (a +b + c) 

k 2 p 2 2 
or ax + by + cz = -g(a + b + c ) . 



J 

By substituting the value of k , this equation becomes 

ax + by + cz + d. = 0 . 

r / 

.This argument is reversible. This means that any point P whose 
coordinates satisfy ax + by + cz + d = 0 is equidistant from the points 
0 and Q . Hence ax + by-rcz*d=0 is the equation of a plane. 

Note . If d = 0 , it follows that k - 0 ; the two points coincide, 
and no plane is determined* In this case we use the symmetric points 
(a,b,c) and (~a,-b,-c) and carry through the same steps as above. 

8-5 The definition of a vector as a set of equivalent directed segments 
makes the extension .to 3-space almost trivial. Since any member of the set 
may represent the vector, we are free to choose those representatives which 
mas.t simplify our models or diagrams. In Chapter 3 we stressed the freedom, 
but we did not attempt initially to pursue all the consequences of this 
freedom. At this point it may be helpful to review, the earlier material 
briefly and to point out that all vectors which have representatives on 
parallel lines also have representatives on the same* line. Once this property 
of vectors is .understood, the, approach to.3f space should follow more easily. 

The "proof of Example 1 assumes no more knowledge of prisms than the 
.material presented in the SMSG Geometry . . If students have had additional 
training in solid geometry, they should be able to develop a' more concise 
proof. 

In Chapter 3 we approached vectors from a purely geometric point of view 
before introducing any analysis using components. Here we have adopted the 
•same approach, but in almost any application of vectors it is more convenient 
to use representations in- component form. # 

For simplicity we use i ., j , and k v to represent ba«is vectors with- 
out the usual symbols indicating vector quantities. Consequently it may be 
necessary to stress that these are indeed vectors. 
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Exercises 8-5 



1. (a) 0 (e) 1 

*(b) f 0 .. (f) 1 

(c)* 0 " (g) 0 

(h) ?' 

- (e) 1 

(f) 1 

(e) o 





.(d) 


1 


2. 


- (a) 


0 , * 




(t>) 


0- 




(c) 


0 " 




<d) 


1 


3. 


r = 


+ 1 


L 

4". 


(a) 


[1^,-3,3] _ 




V "J 


1 • f , io, j 








5 

5. 


(a) 






(b) 


rl7* 12 9i" 

■ 1 5 ' 5 ' 5 J 




(c) 


3 ' * 3 ' 3 


6. 


(a-) 


•1 




A (b) 


-6 *> 




(c) 


2h * 




(a) 


-50 




(e) 


0 



\ 



(h) ^ or g 



(a) 


[6,0,2] 


(e) 


fiH,io,-23 


If) 


-4,-6] 


(a) 


[o,-|,o] 


_(.e) 


[-7,0,1] 


(f)' 




•(f) 


-70 " 


(g) 


257 


•(h) 


4 


(i) 


c231 


(j) 


h2 



A* A is a real number defined |a| |a| cos 9 where 6 is the angle 
between A. and * A ; i.e., 0. = .0° So A- A = |a|- |aI = |a| 2 . 

|A| 2 and |A| 3 are real numbers. A*- A . A is not defined unless^a 
convention about the order of mutliplication ^.s made, but in any case, 

e.g., (A* A)*A = \t\ 2 X , the product is a vector, not a number. 



-&5 - 



.1 + 



J + ■ 



1*1" /a 2 + b 2 + c 2 /a 2 + b 2 + c 2 7a 2 + b 2 + c 2 



k . 





(o.o.c) 






/ 


L*-~- F 






r 

/ 

* 






Com 



A vector -of magnitude one in the 
direction of P' , 1 



10. 

n. 

12. 

Ik. 
15. 

16. 
17. 



k _ . 9 

1_ - 

V5 . _ 

The line segment joining the endpoint of A and B is parallel to 
A - B . But A - B = i + 4j which lies in .the xy-plane. Hence AB 
. iS- parallel" to the -xy-plane. 1 , 



, we must 




lOW 


"c • "a + c" 






Therefore 


> 


b * 






V 






V 



= 0 . 



-?£ + 6j - k 

7ci - 6c j + ck , where .c, ^ 0 . 
/A = 12k° 



P +„r[0/l,r — ] is a parametric representation of a line through 

P = [a,h,c] f= [0,0,0] vhich is perpendicular to P ; i.e., there is 
such a line for each r • i 

We wish to prqye that rA = [ra^ , ra^ , ra^] # 

Since A = [a^a^a^ , 

' rA = r[a 1 ,a 2 ,a 3 ] . 

Does r[a L ,a 2 ,a 3 ] = [ra^ra^ra^] ? 

If two vectors are equal, their magnitudes and directions are equal. 
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magnitude of rfapa^a^] -= |r|/a " + + a 



2 • - 2 + a- 2 
•2 +a 3 



magnitude of (ra^ra^ra^ = /r a 1 + r a 2 + * a 



L 3 



' n 2" - a 3 



|rj ^a^*" + a/" + a 



If r is positive or negative the directions of the two ore equal. 

Therefore the vectors are equal. 

t> ' * 

l8. (a) We .vish to prove that 

S X* (Y + ~Z) = X. Y + *X* Z . 

■* > « *» 

We' expand the left -hand' member to obtain 
. [x 1 ,x 2 ,x 3 ] •.fy 1 + z x , y 2 + z 2 , y 3 + z" 3 J 

= x 1 (y 1 + % x ) + x 2 (y 2 + z 2 ) HK^ 3 (y 3 + z 3 > 

■ Vl ' x l z l + V2 + X 2 Z 2 + x 3 y 3^ X 3 Z 3 , . 

" i* 

' " Vl * V2 * X 3 y 3 + Vl * X 2 Z 2 + X 3 Z 3 
• i - X • Y + "X • Z . 

This is the right-hand side of the equation and the proof is 
v complete. - 

"(ti) To -prove ( tX) • Y t(X • Y) . 

The ^left-hand member is expanded to obtain 

- • [tx^tx^tx ] . [y 1 ,y 2 ,y 3 3 . 

- - ■ t Vl. + " tx 2 5r 2 + tx 3 y 3 

='t(x 1 y 1 . + oyr 2 + x 3 y 3 ) ^ 

■which, by Theorem 8 T 3, is t(3£ • Y). 
Proof is complete. 



Corollary . To prove that 

"X • (aY + bZ) = a(X • Y) + b( *X- Z) , 
*we expand the left-hand member to obtain 

[x 1 ,x 2 ,x 3 J ■ [ay x + / bz 1 + ay 2 + bz 2 + ay 3 + bz^ 

= ax 1 y 1 + ^W** aXgy 2 + bx^ 2 + ax^ + bx 3 z 3 ] 

_ = a(y 1 + X2 y 2 + x^) + bfx^ * x^ + x 3 z 3 ) 

* * « a(*X-*Y)'+ b(x* Z) , or the right-hand member. 



ence, the proof is complete. 

' : ' 332. 
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8-6 Although there are not many nev ideas in this section, some of the argu- 
ments require close attention* The postulates and definition mentioned are 
from the SMSG .Geometry . * 

We note that even +Jiough w , P and P^ are in the plane M f P -, 5-^ . 

denotes an origin-vector vhich does not lie in M unless M also contains 
, the .oVigin., 

Example 3 through Example 6 are not essential io the development, but are 
included to show students that entire regions or their boundaries may be 
described concisely -with vectors^ 

Exercises 8-6 

- 7 l. " ( a) 7x 3y + .5z = 15- 

2* We assume the plane in question contains the given points in each of the 
^ follbi*ing # * - ' 

( a) 2x - 3y + 2 - l 1 * - 6 
p ,(b) 2x - ky + Tz + 69 = 0 

( c) 3* - 5y + - 50 = 

(d) x + y - 62 + 38 = 0 • 



3i (a) or 

<b) 3 TT 



1 ' ' ( c)_ if d = 0 : 0 
if d ^ 0 : 



y 2 7 " 2 t 2 

va + b- + c 
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A,B,C, and D are the four vertices of 
the tetrahedron and P,Q,R,S,T and *U 
are the midpoints of AB,BC,CD,DA,BD, 
and CA respectively- Thus 

p=|(a + 'b) q=|(b + c) 

•R=|(C + D) S = |(D,.A) ^ 
.T»i(B + D) U = |(A+C). 



(a) To show that QS , uT , and PR are concurrent. QS is represented 
by ,xQ + (l - x)S- or |((1 - ,x)A *+ xB ' + xC+Jl - x)D) . UT is 

represented by ytT + (1 - y)*T or i(yA + (l - y)B + (1 - y)C + yD) \ 




.For these to intersect there must be x and { y such that 
- ,x) = y and (1- y) ? x , But x = 



p = ^ meets this 

■l -i* • ■ 

condition so i£(A +..B + C + D) is on both QS and UT . But , 

J(A + B+C+D) = ,|(|(a"+B) +|(C +D)).= |P + (1- |)t 

which is on . PR . Hence the three lines are concurrent. . 

(b), We wish to show that* QUST and PURT are parallelograms. First 
.we must show that QUST and PURT are plane figures. However, 
from C&). we know that QS intersects UT and that PR intersects 
UT , so we have Coplanarity. 

Then Q - t = |(B - A) = ^ - f { so d(Q,U) = d(B > A) „ 

> and (T- "T = |(*C - D) = U -'s\ sq •:d(Q > T) = d(U,S) . 

Thus OUST has two pairs of opposite sides of equal length and is 
thus a parallelogram. We could not get from QU| |BA and TS| |BA 
to QU| |TS without assuming or proving the theorem in solid 
geometry that for any lines a , b , and c , a| |b # and b||c imply 
a| |c . The proof that PURT is a parallelogram procedes similarly. 
PR, intersects U?', so P , U , R / and T are coplanar. We 



show that P - T = ^(A - D) 



U - R 

and P - U' = |(B - "C) = T - "R , 

so that • d(P,T) .= d(U,R) and d(P,U) = d(R,T) . m 
'Hence PURT is a parallelogram, 

(c) 4 " Since in (a) we show. that x • y * | , the point of concurrency 



is the midpoint' of 'the segments involved.. 

V 



5« Let D be the normal vector from P^ to M . % 



D 



= [x- x^,y r - y^ z - 2^] 



The , unit .vector normal to M is 

"n » . 



Then the distance from P^ to M is found from 



d n \t'I>\ = \[\,\l,v}* fx - - y 1 ,z - a^ll 
= |*x - to^ + py ~par x '+ - ^zj = IX*^ + py 1 + vz } - p| • 

(a) AB = (x : x = [U , 9p - 7 , -2p + 5]}, 

(b) SB = (x : "x = (3 - - P, ? + p] , 0 < p < 1) 
*:(c) AB = {x~: x* = (3 - 5P^U - P., 2 +. p] , p > 0} 

(d) BA.= (x : x = (3 - 5P, ^ - P,2 + p] , p < 0) j 

7. (a); Midpoint M* [3,6,75] ' / 

trisecti'on points "$ = [2,!*,5] and "Tp = [^,8,10] . 

(b)""" "M = [3|, 13] 

= [a| , -2i , 8|] and- T 2 =' [5§ , -63 , 15 ] . 

At » 

( c)' M = ife^ + \ ,,a 2 + b g , &3 + b 3 ] 
-? .1" 



T x ='^[2^ + b x , 2a 2 + b 2 , 2a 3 + b^ . and 
• % --'^t^. + 2b x , a 2 + 2b 2 , a 3 + 2b 3 ] . ' 



(a) X = [0,0,0 J . 

(b) xVtfjsj':^ 1 . 

(c) X« [lj,- |.,3j] 
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(a) The triangular region is (Y : Y* = [1 + p - _2q + 2pq , / 

- k - p - 2q + 2pq, -2 + 3p + 6q - 6pq] where* 0 < p < 1 and 

0 < q < 1} . * " • 

The Interior is the same except 0 < p < 1 and 0 < q < 1 ♦ 

- The triangle is (Y : Y = [1 + p - 2q + 2pq , h - p" - 2q + 2pq s 

1 -.2 + 3P; i+ '6q - 6pq] where (p = 0 and 0 < q < 1) or (q = 0* .and 
0 < p < 1) or (q = 1 and- 0< p<l)) . 

' 1 " * 

(b) p = q = 75 in the above gives the-desired point [1,3,1] • Hence 

[1,3,1) roust "be an interior point, 

(c) if [-^,-5,-6] is in the triangular region, then p - 2q + 2pq = -if 

> > 

t and h - p - 2q + 2pq = -5 i If we solve this, we find "p = 2 and 

• ( \ 

hence [-l*,-5,-6] cannot "be in the triangular region, 49 



1. z = 5 



Review Exercises. 



8-6 



2; x = 25. 

2 ■> -2 

3. « - *r . . * 

y 2 + z 2 = \ : ' , * 

2 2,2.2" 

6. (x - 2) 2 + ^(y fl) 2 + z 2 - r 2 

7. (x - I) 2 + (y - 2) 2 - Hz + 5~= 0- 



8* f x~+y + z- 6 = 0 

* » 

9*» x + y - h = o 





10v 2z - 7 = 0 



12* x-y + z + 3= 0 





Z 






: V 


✓ 
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1 I I M 1 M x 

0 3 

One-space: a point 3 units to 

the right of the origin. 

2- space: a line perpendicular 

to the x-axis and £ ' 
unites to the right of 
.the origin, 

3- space: a plane perpendicular 

ifo the x-axis and 3 
_ units in the positive 

direction from the origin 

* * $ 

' /: 338 



One space: a segment between, but not 
including, the points 
o ■ • x = -1 and* x = 3* 

2- space: a portion of the* xy -plane 

between, but not including, 1 
the lines x = -1 and 0 . 
x = 3 v 

3 - space: s a portioti of 'space between, 

but not including, the 
planes x = -1 and x = 3. 
(it may be visualized as the 
path made by moving a plane 
parallel to the yz-plane.). 



— ♦ I J t I 1 ♦ 1 X 

-3 0 3 „• 

One-space:,, two points, x = 3 and / 
x = -3 • 

2- space: two lines, x = 3 and 

x = -3 . 

3- space: two planes,, x = 3 and 

' x a -3 . 



s 



- 18. 



•3 



H — \ — I — 1 1 # I 



> One-space; the»pprtioh of the x-axis * 
to the right of, and including 
x = 3 , and \o the left of 

* and including \ x = -3 * 



19- 



2- space: the portion of .the pl<nte to 

£he right of and, including 
the line x = 3 \ and to the 
left: of and including x = -3. 

3- space:' the portion of space beyond 
' ' (in the positive' direction) 

> and including the plane .* 
x = 3 , and the portion beyond 
(in the negative direction) and 
including the plane x = -3 * 



■i i i i i i i q i ♦ 



-5 



One-space: a -segment between and 
including the points 
x = -5 and x » 5*** 

# 

2- space: a portion of the xy-plane 

between and including the u 
lines x = -5 and x = 5 • 

3- space: a portion of space* between and 

including the planes x = -5 
, and. = 5 • 

1 , / 



8.-6 



20.. 









y 






— H — » ♦ 1 • * J .1.1 X 

-2 0 1"-/ - , 












. One- space: the points x ^= -g , 


• * — i — 




_ 




1 X 


v x = 0 , and x = 1 . 

2-space: the lines x = -2 , x = 0 , 


. -2 




0 


i 




and 'x = 1 . 












3-space: ^ the planes x = -2 , 






f 1 


f 





x = 0 , and' x = 1 
21. = l\x,y) : |x| < 2) 



i i » > i 
-2 0 



-i — i — x 



i 
t 



One -space: 'a segment between but 
excluding the points 
x = -2 and x = 2 * 

2- space: a portion of space between 
but excluding the lines 
x = -2 and x ' *= 2 . 



o' y ' 

i 
I 

: * I 
i 




3-space: a portion of space between 

s 

but excluding the planes 
' x - -2 and x = 2 . 
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R 2 =/((x,y) : |y| •< 2] 

/ . f 

0 



One-^pace (if we choose the~y-axis): 
a segments etween but 
excluding the pqints < 
y = -2 and y = 2 . 



O ..I"' 




2-space: a portion of the plane 

betveen but excluding^ the 
lines y = -2 and y = 2 



3-space: a portion of spa<;e between 
but excluding the planes 
y = -2 and y = 2 . 



> er|c 
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One-space:^ R^ is the null set 



-2! 



-2 



2-space: the interior of the square 
bounded by x = -2 , x = 2 
y = -2 , y = 2 . 




3-space: the interior of the prism 
bounded by the plane ' u 
x .= -2 , x = 2 , y = -2 , 
y - 2 . 



If, in Exercise 21, < is changed to < the grapha include the points, 

lines, and planes vhich are only boundaries and are not included in 

Exercise 21. U R~ is the union of the first* pro graphs 'and would 
12 • \ • 



include all points in R x or Rg 



2 3« > ^ The graph of x 2 + y 2 i z 2 < 1 




represents a sphere with the ce N nter 
at the origin and , all the points 
vithin the sphere* (Only a portion 
of the graph is shown. ) If < is 
changed to < , .the graph includes 
only the points vithin the sphere* 



2U, 



25- 



26; 



Distance 




A 


B 


C 




D 


0 


(aj 






0 


_5_ 


2 




17 


h 


* 
















/is: 


(b) 






h ^ 


1 


2 






3 


\. 
















(c> 


3 




7 


13 - 


13 




O 


0 




c 












/IF 


/IF 


(d) 






5 


,_5 


1 




_3 


_1 * 








■/3 ■ 










/3 'v 


U i 


x + 11 

5 c 


y z - J.8 
" 1 " -7 


< 


(d) _I ■ 


y 


- 5 z - 

11 " 7 


k 


(b) 


* = Y • 
1 1 


2 


z - 2 
" 1 






2 


= 7 3 = 


z 
-2 


(c) 


x - 1 


■y 


-2 z 
3 1 




(f) ^ 


2 


- y - ,1 _ 
" 2 ~ 


z - 2 

3, 


(a) 


[x,y,z] 




[-lj.,0,18] 


+ t[5,l,- 


7] 








(b) 


;[x,y,z] 




[0,2,2] + 


t[l,l,l] 










(c) 


fx,y,z] 




[1,2,0] -+ 


t[H,-3,l] 










(d) 


[x,yiz] 




[0,5, «0 + 


t[-l,ll,7] 








(e) 


[x,y,z] 




[2,3,0] + 


t[3,5,-2] 










(f) 


[x,y,z] 




[2,1,2] + 


t[5,2,3]' 
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27* »One method is to find direction numbers; for AB and DC direction , 
numbers are (-2,2,6) , hence they are parallel. Direction numbers for 
BC and AD are t . 

28, Barometric equations of the medians' 



from A ? x 



-t 1 , y = 3^* , 2 = -t x . 
- from B , x = 2 - Ht p ,-y = k - 3t p , 2. = 6 - 10t r 



from C , x = A 5t 3 , y = 2 , 2 = -8* + llt^ . 

2 2 

The medians are concurrent in the point (- - , £, - ^) • 



29. a = 7 

30. - a = -3 
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Teachers 1 Commentary 

C- : - ' v 

Chapter 9 t, * 

• ' QUADRIC SURFACES *. 

. * * * 

Since many of the students who study this course ara likely candidates 

for college-level mathematics, this chapter has been included to give the 
students help in vizualizing and handling the types of objects they will en- 
counter in later courses. Our sights are particularly set on the calculus. 
Even in the elementary applications of calculus, one encounters solid, or 
3-space, figures of the non-rectangular variety. It might aid some students 
if you were to roughly describe calculus as a sort^f super-algebra which 
enables us to handle areas of objects with curved sides and , volumes of objects 
with curved surfaces. Ordinary algebra is generally powerless with objects 
which do not have straight sides or flat surfaces. Of course, this would not 
Tbe a complete description of the power of the calculus, but some such dis- 
cussion could be used to motivate the study of this chapter. 

Except for the Challenge m Problems, and an occasional natural extension in 
the Exercises, we have limited the discussion to very simple forms of surfaces. 
In most cases the origin is chosen as the center pi the figure, and the axes 
or elements of the figure are oriented along some coordinate axis. This 
simplifies the drawing techniques and the algebraic manipulations. More 
complicated forms are obtained by simple extensions. 

Quadrics hold much the same, place among surfaces that the conies occupy 
among curves and, next to the plane, are by far the Y most important types of 
surfaces. . N * 

It is usual to identify nine species of quadric surfaces, but in order to 
keep life in this chapter simple we have presented only six of these in the 
students' text. The other three types (numbers 5 , 7 , and 8 in the lict 
below) appear in Challenge Problems. For completeness we list the^nine .species 
with an example equation for each. * m 



2 2 2 

«1. Ellipsoid." v 2* + \2 + \ = 1 • ' k * 

/ a b c 

• ' ' ' ^ x 2 y 2 z 2 ■ 

2. Hyperboloid of one sheet; -g + g = 1 . 

a b c • * 

x 2' 2 z 2 

3. Hyperboloid of two sheets. ^ ~ ~ ~2 2 = 1 ' 

- — . a" b c ' 

x 2 2 

k. Ellipticparaboloid. ^nj-cisO, „ 

2 2 x 
x y 

5. r Hyperbolic paraboloid. —5 g - cz = 0 . 

a b 

« 2 2. 

6. Elliptic cylinder. ' ' — + ^g = 1 . • 

a b « 

* 

7. Parabolic cylinder* x - cz = 0 . 

2 2 
x y 

8> Hyperbolic cylinder. , -g g = 1 . 

a 1 b 

2 2 2 

* x y z 
; 9. Elliptic cone. m — g + — g g = 0 • 

a - a b c o 

It is of considerable interest to note how the surface changes when the 
equation is altered by .changing a sign, or by changing the power of a variable 
or by changing the value of one" or .more^of the constants?* However, we felt 
^hat this material would make the course tou long, so we somewhat reluctantly 

restricted the quadrics to the six simplest ones. 

< 

For the sake of variety, some of the spheres in Exercises 9-2 have been 

2 2 2 

located away from the origin. If the coefficients of x , y , and z are 
all equal, then the quadratic represents a sphere* One may then complete the 
square for each variable'' and obtain an equation of the^form ■ - 

* " (x - x Q ) 2 + (y - y Q ) 2 + (z - z Q ) 2 = r 2 . 

The point (x 0 ,y 0 ,2 Q ) fc is tne center and ~r is the radius-. 



c 
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A point-sphere. 
Center: origin j 
Radius: 0 ; 
The origin is the only point 
of th*e locus. 



A prolate spheroid. 
Center: origin 

The xy- and yz-traces are ellipses. 
The xz-trace. is a 0 circle. 
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A prolate -spheroid. 
Center: origin 

The xz- and yz-traces are ellipses. 
The xy-trace *is a circle. 



A prolate spheroid. - 
Center: origin 

The xy- and xz-traces are ellipses. 
The yz-trace,is a circle. 



An oblate spheroid. 
Center: origin 

The xy- and yz-traces are ellipses. 
The xz-trace is\a circle. \ 

• \ 



•v / f ' I < '. 



V 

A 



\ 



V 



An pblate spheroid. 
Center: origin 
The xz- and yz-traces are ellipses. 
The xy-trace i.s a circle; 




/ 

/ 

/ 



A prolate spheroid. 
Center: - origin 
The xy- and xz-traces are 
The y'z-trace is a circle. 

X 



An ellipsoid 

Center: origin 

All traces are ellipses* 



3,3. /(x - r t ) 2 + (y - y Q f « U - z Q ) 2 - r , 

* .or (x - x Q ) 2 + (y - y Q ) 2 » (z - z^) 2 = r 2 . a 

f * * • 

o p p « 2 2 2 ^ 

1*. x* -<Cxx 0 + x Q * 4 y* - 2yy Q „y Q * z - 2zz Q ■> z Q - V , 

'or x 2 + y 2 + z 2 -;(2x Q )x - (Cjr^y - (c2z Q )z i (x Q ' 2 * y^-i - - r 8 ) ■ 0 1 
§ince ( x o^o ,Z 0^ represents any point and r > 0 , the given equation 
represents n spher6 with radius r and center at ,(*o ,y O ,Z 0^ * ; 

15. -(a) x 2 +.-y 2 ,H z 2 - hx --£5r - 6z - 11 » 0 . 4 
« (b) x 2 + y 2 + z 2 + 2y - hz + i = 0,. - * • 

(c) /x 2 + y 2 + z 2 - 2x -; 6y + hz + 12 « 0 • * 
(a)^ x 2 +>* + z 2 - fx + 2y - z h ±| « 0 , 

or 36x 2 f 36y 2 + 36z 2 - 2Hx + 72y - 36s ^ 13 - 0 . ; 

2* P 2 1 b J 

(e) x + y* * z - x - -gy + z + ^ = 0 , , / 

' or l6* 2 + i6^ 2 + i6z 2 - l6x - 8y + l6z ♦ 5 = 0 . 



(f) x 2 + y 2 + z^ 3x + y - 5* - *25 - 



0 



< v or hx 2 + hy + hz 2 - 12x + hy'- 20z - 1*= 0 . 

* 16. ('a) Center: origin. , Radius: . 

(b) .Center: (1,-2,3) * Radius*: Zs. ' 

I \ (c) Center: (0,2,-1) Radius: 5 . 

I fm ' (d). .Center: ( -3, h, r l) i * Radius: & . « > 

(e) Center: "(-2,3,6) \ 'Radius 1 0. (a point-sphere* ) 

.* / (f) Not a sphere* 



, (g) Center: f| , | , -l);.^ Radius: | . 
(h)' Center/ (2,2-, ^|) * Ra'ius: '| * 



17. Center: (0,1,5) * Radius:. i/S 

N - 2 2 2 

Equation of the sphere: ^ x + y + z 2y - lOz + 20 = 0 
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• 2 2 2 
x . y . z 



Challenge Problems 



(x ,^3) 2 . (y + r) 2 . (z - 2) 2 . 

+ =-7 f r-r = 1 



35" 



15" 



ihh 



"222 
or + 9y c + 2 - 2Ux + l8y - hz - 95 = 0 



Substituting the coordinates of " the four points into the equator, of 
2 2 2 

general form, x + y 4 2 + Dx i- + Fz + G»« 0 , results in 



(1) 

(2) 
(3) 
(h) 

From these *?e obtain 

(2) . 

(5) (1) - 00 

(6) 3- (3) - (1) 
.Then we have 



3E-+ F b G a -10 , 

-2D » + 2F + G = -8 , 

D + E + ■* G = -l8 , 

-3D + 3E » ?^ + G = -22 . 



-2D + 2F + G = -8 , 
3D°- F = 12 , 

3D + 11F + 2G = -hh . 



(7) 
(8) 

(9) 



(6) - 2- (2) 
7- (5) 

(7) + (8) 



7D + 7F = -28 , 
21D - 7F a 8h , and 
28D = 56 • 



Therefore, D = 2 , F 



2 2 2 

x + y +2 + 2x - hy - 6z + 



6,G=8,Ks-ltj and the equation is 

= 0 . This can be written 

(x 4 l) tf + (y - 2)^ + (2 - 3) a = 6 , showing the center and radius of 
the sphere. 

As an alternate method, find the center of the sphere as the intersection 
of the perpendicular bisecting planes determined by pairs ?f the given points. 
The radius may then be found as the distance between the center and one of the 



given points. 



\ 



Four points determine a sphere if the points are not coplanar and if no 
three points are collinear. 

3 ' 
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Exercises 9-3 



"A paraboloid of revolution. . 
Axis: x-axis 
Vertex: origin 



The xy- and xz-truces are ^parabolas. 
Sections paraLlel to the yz-plane are 
j) circles. (These sections are /not 
drawn because they interfere ywith 
, other parrs of the figure.) / 

' -■/'..- 



■ 7 




/ 



A paraboloid of revolution. 
Axis: z-axis j 
Vertex: origin / 
The xz- and yz- traces are parabolas. 
<f sections parallel zd the xy-plane are 
circles (not shown);. 



\ 



\ - 
\ 
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A paraboloid of revolution. 
Axis: y-axis 
Vertex: origin 

The xy- and yz- traces are parabolas. 



are circles. 



An elliptic paraboloid. 
Axis: y-axis 
Vertex: origin 

The xy- and yz- traces are parabolas. 
Sections parallel to the xz-plane 
are elli^Jes (not shown). 



Sections parallel to the xz-plane 



* 




9- 



An elliptic paraboloid. 
Axis: y-axis 
Vertex: origin 

The xy- and yz- traces are parabolas. 
Sections parallel^ to the xz-plane 
are ellipses (not shown). 



£zi elliptic paraboloid. 
Axis: x-axis 
Vertex: origin 

The^ xy- and xz-traces are parabolas. 
Sections parallel to the yz-plane 
are ellipses. 



A hyperbolcid of revolution (one sheet) 
Axis: z-axis 

The xy -trace is a circle of radius 7> . 
The x*.- and yz-traces are hyperbolae. 



A hyperboloid of revolution (one sheet) 
Axis: y-axis 

The xz-trace is a circle of radius 2 . 
The xy- and yz- traces are hyperbolas. 



360 
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An elliptic hyperboloid (one sheet). 

Th& xz-trace is an ellipse 

The xy- and yz-traces are hyperbolas. 



A hyperboloid of revolution (one sheet/) 
Axis: y-axis 

The xz-trace is a circle of radius 5 ♦ 
The xy- and yz-traces are hyperbolas. 



. -3M 



/ 2 ,2 

13. In Section 7-7 we have e = < 1 as the eccentricity of an 

a* 

ellipse. Applying this to the equation of the xy-trace of Equation (3), 



y_ , 



1 , we find e 



For any section of the hyperboloid 



& 

parallel to the xy-plane, say when z = k , we have 



T + T = 1 ' 25 



k 2 

Let 1 — i= q , q > 0 , the equation then becomes 



= 1 



Evaluating the eccentricity gives us 



9q 



V^q 2 - Uq 2 _ S 
3q = 3'' 



36< The Challenge Problems which follow contain voi'k on hyperbolic paraboloids, 

which were omitted from the basic text. An aia to identifying several of these 
surfaces is in their names. c Ihe first part of the name (an adjective) indicates 
the .kind of sections we find parallel to one coordinate plane; the second word 
(a noun 1 .indicates the type of sections which are parallel to the other two 
coordinate planes. 



.1." (a) 




Challenge Problems 

It will be noted that these ."r»add re- 
shapes M are difficult to sketch. 
The yz-trace and the sections parallel 
to it are parabolas opening downward. 
The xz-trace and the sections parallel 
to it are parabolas opening upward. 
The sections parallel to the xy-j>lane 
are hyperbolas, which degenerate to a 
pair of intersecting lines as the 
xy-*.race. 



9-3 '* 




The planes shown in part (b) inter- 
sect on the z->axis and are determined 
by this axis and the xy-trace. These 
planes servein an asymptotic capacity 
with respect to the hyperbolic 
paraboloid. A section parallel to the 
xy-plane (a hyperbola) will have as 
asymptotes the section of these two 
planes formed by the horizontal 
cutting plane. 

If students encounter difficulty 
vizualizing this surface, have them 
look at the region between two 
knuckles of a clenched fist. 



2. 



The sections parallel to the xz-plane 
are parabolas opening downward. The 
sections parallel to the yz-plane are % 
parabolas opening upward. 
The sections parallel to the xy-plane 
are hyperbolas 9 except for the 
xy-trace which is a pair of intersect- 
ing lines. 













/ - 








/ A — 












i 


* 


J 


YZ 
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3. 




The sections parallel to the xy- and 
xz-planes are parabolas; the sections . 
parallel to the yz-plane. are hyperbolas,, 
except Tor the degenerate yz- trace. 



y6h A cylinder need not, be "round". Any curv3 (or line) may be a directrix.. 

We have purposely included In the basic text only closed cylinders. Other _ 
types, including sinusoidal ones, are found in the Challenge Problems. 



Exercises' 9-k 



1. 




Axis of revolution: z-axis 
The -xy- trace arifl sections parallel to 
the xy-plane are circles of radius 8 
The xz- and yz-traces are lines 
parallel to the z-axis. 



ERLC 



366/ 



365 




3, 




Axis of revolution: x-axis 
The y2-trace is, a circle of radius 
The xy- and xz-traces are lines 
parallel to the x-axis. 



9 -k 




The xy-trace (and sections parallel^ 
to it) is an ellipse. 
The xz- and yz-traces are lines 
parallel to the z-axis. 



2 " The xz-trace is an ellipse. 

The xy- arid yz-traces are lines 




V 





c,. 
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8. 




The xz-jbrace is an ellipse. 
The xy- and yz-traces are lineG 
parallel to the y-axls. ,, 



9- 



xhe xy-irace (una sections parallel 
to it) is a hyperbola. 

6 

The xz-trace is a pair of line? 
parallel to the z-axis. 
There is no yz-trace, but planes 
parallel to the yzLplane which 
intersect the swfaoe cut off lines 
parallel to the z-axis. 




The xy-trace is a hyperbola. 
The xz-trace is a pair of lines 
parallel to the z-axis* 
There is no yz-trace, but planes . 
parallel to the yz -plane which inter- 
sect the surface cut off lines 
parallel to the z-axis. 



11. (a) y 2 + .z 2 = 8l . 
* 

(b) x 2 + z 2 ='36 . 

(c) x 2 /* y 2 = 16 . 

'12. (a) ' y 2 -f z 2 = 9 . 

• P P ' 

(b) vi + z = 25 • 

(c) x 2 + y 2 = 100 . 

-~ cp p 
13. X + z = 100 . 

ik f <"y 2 + z 2 = ikh ♦ 
15, x * z = . 



16* 25y 2 + hz 2 = 100 . 



9-H 



3. 




A hyperbolic cylinder. 

The elements are parallel to tho x-axis. 

The directix is a hyperbola. 




A hyperbolic cylinder (only one 
branch shown). 

The elements are parallel to the 
z-axis # 

The directrix is an equilateral 
hyperbola. 
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5. . 

t 


• 
















/ \ 












fr/ i ■ , 


/ 

o » 






1 



A circular cylinder. 

The elements are parallel to the 

y-axis, 

A* directrix is a circle of radius h 
having its center at (0,0,3) • 




A circular cylinder. 

The elements are parallel to the 

z-axis, . 

A directrix is a circle of radius 3 
having its center at (-1,2,0) . 
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The elements are parallel to the 
'y-axis, , m * 
The directrix is a sine curve. 



9 : 



The elements are parallel to the 
x-axis ♦ «j 
The directrix is a cosine (or 
displaced sine) curve. 



&75 



(y + 2) 2 + (z - 5)" = 16 , or 
y 2 + z 2 + hy - lOz + 13 <= 0 . 



Exercises 9-5 



Axis: x-axis 

Intercept: origin 

Sections parallel to the yz-plane 

are circles. (One nappe only is 

shown. ) 



3 7 #3 



2. 




y-axis 



Axis: 
Intercept: \origin 
..Sections parallel to the xz-plane 
are circles, \ 





Axis: x-axis 

Intercept: origin 

Sections parallel to the yz-plane 

are circles. 



Axis: z-axis 

Intercept: origin 

Sections parallel to the 0 xy-plane 

are ellipses. 




p ' p p 

7. x - fcy + as » 0 • 

8. -i+x 2 + i+y 2 + 9z 2 = 0 . . - 

9. l6x 2 + l6y 2 - 9z 2 = 0 . 
16. 225x 2 l6y 2 + 25z 2 = 0 , 

x 2 z 2 ' 

11. The section in, the plane y = 1 has thie equation -jj- + = 1 • The 

# 6 </o _ k -/^ 

eccentricity, of this ellipse is e = — = . For any section of 



the cone parallel to the xz-plane, say when y = k , we have 

2 2 2 2 

v z 2° y z 

4- + .— = k , or -=-^5 + - 5 = 1 • Evaluating the- eccentricity gives 
* £ i l*k 2 9k^ 



/9k 2 - l*k 2 V5 



us e = ^ = — r- • 

3k. 3 ■* 
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Challenge Problems 



1. Since a = 6 , e = ^ = — — g-^ ; therefore, the ellipse in the plane 

2 2 2 2 

v z y z 

x = 1 either has equation ^5 + "go = 1 ' or has equation ^ + = 1 



20 35 



The cone is either -l80x 2 + 5y 2 + 9z 2 = 0 or -l80x 2 + 9y 2 + 5z 2 = 0 



2. Since a = 



e s «g = ^ q ^ ; therefore, the ellipse in the plane 



2 2 2 2 

x y x y 

z = 2 either has equation *J5 + 12 = 1 ° r haS e Q uation *12 + l5 = 1 

The cone is either ^x 2 + 3y 2 - Wz 2 = 0 or 3* 2 + ky 2 - h8z 2 i-- 0 . 



368 m An interesting oral exercise might be interposed in this section. Have 
the students try to describe 'the surface generated by revolting about an axis 
of symmetry the printed capital form of certain letters of th^JSnglish 
alphabet. 9 + ^ 

Exercises 9-6 



1. 



(49,8) 




2 2 fl 
x + z =,oy 



: erlc 
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2 




9-6 . . 




4 




9t6 



16. 




9x 2 + 9y 2 - z 2 = 36 . 



» 0 




A.. 



-333, 



(0.2.8) 




2 6 2 
x - y + z = 0 . 



19* Since this is- a surface of revolution about the y-axis, any section 
' parallel to the xz-; Lane will 'be a circle of radius k with equation 



2 2 2 



» Tht .number k is the ordinate, -z , of any point on the 
I j fo 5 



curve f(y,z) = O0&n. the yz-plane; hence, since k 
equation of the surface is f(y \ /x 2 + z 2 ) = 0 . 



, the. 



372 Projecting cylinders, although time consuming to draw, can be very 

helpful in locating a space intersection. Look, for example, at Number ,WJ(a) 
of the Review Exercises. We have the intersection .of a spheroid and a- ~ 
hyperboloid; this is extremely difficult to visualize. But when we employ - 
projecting cylinders, we see that the curve lies in a pair of planes through 
the y-axis and that its projection on the horizontal xy-plane is a circle. 
This is mur» v i easier to visualize. By the way, even if a student should use 
a different pair of projecting cylinders than we have used, he will obtain 
the ,same intersection; 



Exercises 9-7 



2 2 r~— 
1. (a) x + z = 12 , _ A circle; radius , vT2 ; center on 

y = -2 . y-axis; parallel to and 2 units^ 

* left of the xz-plane. 

(b) y" + z ^ -5 No intersection. (This first • 

x = 3 , equati6n represents an imaginary 

cylinder. )- 

2 2 

(c) x + y = h , , A circle; radius, 2 ; center at 

* . ~ — 

z = 0 . v , origin; in the xy-plane. 

\ 

"2 2 * v 

(d) x + y = h \ Same locus as part (c) • 

z = 0 . 

(e) x^ + z^ = 5 > j A circle; radius, V5 ; center on 

y = 5 • y-axis; parallel to and 5 units 

i 

< right of the xz-plane. 

^ 

(f) x = 25 , A pair of lines; ^parallel to the 

z = 0 . y-axis; 5 units on opposite sides 
i - of the y-axis In the xy-plane. 

2 • 

(g) x = 25 , A pair of lines; parallel t*o the 

x - y = b . « z r axis; 5 units on opposite sides 

of the z-axis in the plane vhich 
bisects the first octant. 

2 2 *t* > 

c (h) x + 8y = 16 , An ellipse; center on z-axis; 

z = 1 . parallel to and 1 unit above the 

xy-plane. 

2 2 

• (i) 3y - ^z = 12 , A hyperbola; center at the origin;, 

x = 0 . in Jhe yz-plane; 

' 2 2 

( j) 2y + 8z = 8 , An ellipse; center at the origin; 

x = 0 . in the yz-plane. 

(kL * 2 + 8z2 = 0 > The P° int (°> 2 >°) • (Th is first 

y = 2 . equation represents a degenerate 

elliptical cylinder—the y-axis.)^. 



(£) x 2 + y 2 = 2 , 

2=1. 



(a) / . 

• 




A circle; radius, -/z ; center on the 
z-axisj« parallel to and one unit above 
the xy-plane, (Hint: subtract the 
second equation from the first, afiti 
substitute for z , ) - 

' (c) . 




X 



(b) 



(a) 



The point is . 1^ units above ihp 
xy-plane. By eliminating x , the 
equation of the projecting cylinder 
with elements parallel to the x-axis 

is z - Ik = -2(y - 1) ♦ The yz- 
trace of this parabolic cylinder is a 
parabola, which shows the. projection 
of the highest point of the space 

* 1 «* 

curve, (-^,1 ,1k) . Interested 

students may wish* to find this point 
by observing the projectiofi in the 
xz-plane. i 



5- 



2 2 2 - 
z = x + y represents one project-* 

ing cylinder, arid eliminating x from 

the other equation gives 



z - 2y = 0 , which represents a pro- % 
jecting. (parabolic) cylinder with 
elements parallel to the x-axis. * The 
♦resulting space curve togfeth^r with 
the xy- and yz-traces completes t\\e 
outline of theifigureA 
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377 Since cylindrical .and 5 spherical, coordinate's make use of polar lorms, the 

"V- . . ' • * . f 

remarks made previously abaut the»ambiguity of this type of representation 

, a PPly here as uel&f m ' 1 \ " • 

TherG is nothing ( except custom) to prevent us from applying^the polar, 
designations to one of 'the other coordinate planes. Thus, in Figure 9-23, ve ' 
might have 'designated the point as P ? (7^,6) or P„= \x f v f 6) ? 



. We chosa the form which is in common use. * 



Exercises 9*8 



« r = p sin $ , 

Z = p COS <+> « 



or 



\ 



2.2,2. 
P ..f r + z -j 

B - 6 1 



tan <t> = ~ 



These may be obtained 'by, equating the cylindrical and spherical fbrms _ ^ 
" in terms of rectangular coordinates. For example, ' f • 



*i cos 9 - x = p sin*t>j:os 6 , 
r = p sin <t> * 



*7 



tan e = f 



y _ p sin <t> sin 6 
x ~ p sin $ cos. 6 9 



tan Q = , (an identity); # therefore, 

cos B 

e = b . 



erJc 



2. '(a) (^,^,2^) 'J (2^,|,.2^2) . 

* 4 (*•>)* (J^,o;.|) ,(|^,o,|) . '. % 

. '.(c) (0,2,0) }'(2,|, 0) . 

» 

.(a) (0.239, 2.l60). ; (3.3^, |, 2.160) 

* H 

,3. (a) (^.,1,'3) J .59) . - 

(b) (0,5,0) ; (5-,§,|) f 
-(9) * (o,o,&) j-'(8,J,o) . ' . 

_ --(d)- (2.l60.,3.3^2ljJ^S^l J l«n)_j; 



/ VS. 



f (<*) (V33,' .98 , o\ j (Vl3*, .9'8 ,■§) >. 
'•(b) (6 ,§, 3) J '(34,1,1. I'D • 



. (c)-(A,.f ,^ ; (^-,|,,f) . . %gk f * 

(a) (VST, ,2fc, 2) i (7S;,\2fc, i.3«3 .' . ' 

A * ' 

o "22 
(ai r = 25 , or simply r = 5 ; p sin <i> = 2^ ,/or p sin <t> = 5 • 

*- (b)^ z tz h tan 0 ; p cos <$ cot % = U , , 

(c) r = 8 cos 0 ; p sin o =8 cos 0 • * 

(d) r 2 rr^3z ; p sin^o tan <j> = 3 > 

.6/- .(a) x 2 + y 2 + c 2 = 36 • , ' . ' 

(b) x 2 + y 2 = 36 . . 

(c) x 2 + y 2 - (z -.6) 2 = 0 . ' . " 

(d) x 2 + y 2 + z 2 = 9 . :-4 , ' ., * ' 

7», (a) A cylinder of radius 3 whose axis ;Ls the z-axis, 

(b) A plane -containing the z-axis and bisecting gie first octant, 

(c) A sphere of radius 2 vith center , at the" origin, _ 

(d) A circular cone vhose vertex is at»the origin and vhose axis is 
the z-axis?" . 

(e) A plane^parallel to and 7 units above the xy-plane. 

(f) A plane containing the y- axis and bisecting the first octant, 

(g) A circular cone vhose vertex is at the'origiji and vhose axis is 
the z-axis, - a 

(h) A^plane parallel to and 2 units in front of the yz-plane. 
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8. (a) Let the center of the ^sphere be* the ^origin and the axis«of-^the v 
■ *» 

- t cylinder have rectangular equations x = 2 , y = 0 ; then the 
» ^ • 

bounding surface g are • N * 

, , ' * x 2 + y 2 + z 2 = l6, 



(x - 2) 2 + y 2 = h -. 



(b)- 
(a)" 



•r 2 + z 2 = l.S, 
r = fc cos 8 . 

p. = t , 

p sin $ = h cos 8 *• 



. Heviev Exercises 



1. 




A prolate spheroid. 
Sections parallel to the xz-plane' are 
circles ^ Sections parallel to- the 
other coordinate planes are ellipses. 
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A sphere, Radius: 3 ♦ 


i; ... 


\ f 


11 i 1 rl r 1 


* All sections ^are circles. 
- « . 


! 




_ • 1 ^ '51 » * 








* *■ 






h 




'.V 


\ 


\ > 


i * * 
* < 
\ » 








t , 

*■ , 










1 v • 3. 




Z 


A paraboloid of revolution* 


ys . ; '• 






^ Sections parallel to the ay-plane 






-are, circles, 4 m t ? 








>^ Sections parallel ^to; the other 


" ♦ 

: * ^ » \- 

* V 

" \* * 




j-^rTr *i l 1 i 


jf . t coordinate planes are parabolas, , 

1 1 * ' 






























/ , * 


« « 1 - 

- - J&«> . 
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An -elliptic paraboloid. 

Sections parallel t6 the ay-plane 

are ellipses. 

Sections parallel to the other 
coordinate planes are parabolas. 



An elliptic paraboloid. 

Sections parallel to the ay-plane 

are ellipses. , 

Sections parallel to the other, 
coordinate planes are parabolas. 



893 
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An oblate spheroid. 

Sections parallel to the yz-plane are 

circles* 

Sections jpr.rallel to the other 
coordinate planes are ellipses. 



v 



jo.o. | ) 



A sphere, Radius: ^ , 





• 


- . 
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( - 


- 




2 - / 


t " A hyperboloid- of revolution (one 




'/ 


sheet). • * 


m / 


Sections parallel to the xz-plane 


COM 


• 1 1 1 1 


are circles. 

Sections parallel to the other 
coordinate planes are hyperbolas. 


1 . J 


1 1 1 1 1 


1 1 !) 






6 

1 

' ' 




\\ - 


v* • 

% ■ -" 


: - 9 * 


2 


^An elliptic cylinder. • 


\ . - 




Sections parallel to the xz-plane c , ^ 


y. 


i 


are ellipses, " 




'(0.0. Zf \ 


Sections parallel to "the other 




■ - / 


coordinate planes are parallel lines. 


/ 


I I 1 X 






i K 






, ** * - 








V 
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A hyperbolic cylinder (two parts). 
Sections parallel' to the xz-plane are 
hyperbolas. 

Sections parallel to the other 
coordinate planes are parallel lines. 

i 



-Aw 



A pair of planes intersecting on the 
z-axis. 



H— | ^ / . 



5 



•v 
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v An elliptic paraboloid. 

Sections parallel to the yz-plane 

are ellipses* 

Sections parallel to the other 
coordinate planes are parabolas. 



\ 
4 



An elliptic hyperboloid (one sheet). 
Sections parallel to the y z -plane 
are ellipses, 

r 

Sections parallel tQ^W* other 
coordinate planes are hyperbolas. 




(/6,/0.O) 



A circular cylinder; axis: x-axis; 
radius: 10 « 

Sections parallel to the yz-plane 
are circles , 

Sections parallel;, to the other 
coordinate planes , are parallel lines* 




A sphere; center: (1,0,0) ; 
radius: 2 « 



The point ( 0,0,0) 



* 



An 'elliptic cone. 
Sections .parallel 
are ellipses. 
Sections parallel 
coordinate planes 



i 

to the xz-j>lane 

'to the other 
are hyperbolas. 




:k03 




(x + 10 2 + (y - 3) 2 + (z + 5) 2 = 16 . 
A sphere vith radius k and center 
at (A,3, -5) . 



4* 




An elliptic cylinder. 

Sections ^parallel to the xz-plane f> 

are ellipses. 

Sections jparallel to the other 
.coordinate planes are parallel lines. 







• 






- 
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20. 

(3.0.*)^ 




** * 

A circular cone* 

♦ 

Sections parallel to the yz-plane 
are circles* 

Sections parallel to the other 
coordinate planes are hyperbolas. 








* « * 
♦ • * 








• * 










• 




• 








2 / - 

(0,0, 10) k 
> >v 


— ^ ' •/ - 4 

" 2 *" \ 2 2 
' x . + y* + = ICO . 

» » 


✓ * 


! • v / 

V 1 ' 


v \ 
i i v i* i 1 i i 


- 9 

I 

9 






*/C0,IO,Q) 




I , J^iJ 0.0.0) 

* ✓ * 




* < 

* ■ 




c 


* 

* 


V 




; i .' . ! 

; is?- . 
i •• r • ***. 


* ' ■'" ' V 


/ 



- ,ti 
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A circular cone. 

S*5x 2 - l6y 2 + 25z 2 = 0 . 



; ( 
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A circular cylinder, 

2 2> , 
x , . + y * k . 



' • ' ' *13 
* -:-\ »• / . 
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A circular cone* 

- * 

x 2 + y 2 .- l*z 2 = X> 



I 



39* 


2- 

X 


+ .y 2 

» 


+ z 2 - 6x + V - 2z - 86 = o . 




2 

X, 




= 25 . 


43- 


2 


, + .,z 2 


= lac - 36 . 



k2. m (a) Ellipsoid. - 

* (it) -A point. 

(c) Wo locus. , " . 

(d) Elliptic hyperboloid of one she qt. 

(e) Elliptic cone. 

* .(-f ) "Elliptic hyperboloid of two sheets. - 

(g). Elliptic hyperboloid of two sheets, 

(ti)- Elliptic cone. 

(i) Elliptic hyperboloid of one sheet. 
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Eet the , points be A = (2,0,Q) and 
fl ( B = (-2,0,0) • The equation is 



/x-2) 2 +y 2 +z 2 ^W(x + 20 2 + y 2 +z 2 ~6 



This -simplifies to 



5x 2 +.9y 2 + 9z 2 = ^5 , 



an-,equa;tion-of-arproIate spheroid. 




. The equation i-s - 

i < . • '- — 

/(x-2) 2 +y 2 + z 2 - ■/(x+2) 2 + y 2 + z 2 *= 2 

' -1-2 2 2 0 ' ■ 

or 3x - y - z = 3 , 

an equation of a hyperboloid of two ■ j 
sheets* 



Since the blades of the sharpener, generate a circular cone and the sides 
of the pencil are portions of planes parallel to the axis of the cone, 
the intersection will be, under ideal conditions, portions of six 
congruent hyperbolas. & v % , 



9t8 




Since the plane contains,' the point 

, the equation of^Ehe plane 

d d d * — — • ir? . 



* in normal form is^ 




x~+ y + z « ^ ♦ ^The lnte^ec£ti<5n 



■ < 



S 



z 1 * */ the cube is a regular <fhexagori "with ? 

sides of length ^' Sl -- 




The second equation represents -a 
circular cylinder -whose xy- trace is 
shown; Subtracting the second 
equation from the first gives 

. z + hy =s : ^ j this equation represents 
a paracolic cylinder whose yz- trace 
is shown*. Thcspace qurve is /the. 
r to;4j$+ t intersection of the sphere and . ~ 
cylinder, ' ' 



9-8 




An oblate spheroid and an elliptic 
hyperboloid of one .sheet, 
v Two-projecting, cylinders have 
equations 

x 2 - z 2 = 0 ,~x 2 "+.y 2 » k . 




An opiate spheroid and an elliptic 
hyperboloid of two sheets. 
Equations^bf two projecting cylinders 

are -•■ s 

- p p P ■ P ^ - 

3x^ + 3sr = 2 , 3y r 3» = 10 " i ' 



: *18 

l»17 



s « 



. (c) 




A sphere and an oblate spheroid; 
These surfaces do not intersects - The 
sphere lies entirely inside the sp heroid 



\ 




A paraboloid of revolution and a 



circular ^cylinder. Equations of two 
projecting, cylinders are 

V. 



+ y 
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h * 9,8- 










(a)- 


* ._. ... C - ' 


v — . ~~ 

<r * 


(b). 


r 


'= ?f' cos 0 j p sin <> a- 1; . cos .$ . •• . 




-(c) 


< 


2 + y. 2 = 1*9 p sin 0=7. * \ 




(d). 


c*2 * 2 C ' ' 




.Ce) 


* 


2" 2 '2 ' ' - " 
+ y. + Z = 9 ; p = 3 . 


• * - 


•"(?) 


z 


= " 6 ; z = 6 . r , 




"(g) 




2 ( cos 2 /ft - sin 2 ' 6 j = 16 ; p 2 sin 2 0 ( cos 2 $ - sin 2 = 16 / - 




•(h) 




2 2 ^ 

; + y a 2x ; ^ sin- $ a 2 cos 6 . " 




(i) 


2 * * 2* 2 1 
x. + y~ = 2z ; r. a 2z . v «. / 




(J). 


j 


2* 2 

>+ y « 9 ; r = 3.. 




(*)' 


r 


a 8 ; p siri <& =8'? - • ; , y 


'* * » 


(i) 


x 


= yz y z, a cot 6. • - * , 


; «i.« 


• 




s Challenge Problems-^ 

y 

. . A cylinder vith elements parallel to- 

the x-axis and vhotfe directrix -is a 
sine curve. 1 * 




* 




' >v * 1 V/i 1 — * - : 


_ 
























* " * » - 
> 

■v * * 






* * * * 
* ... r 


'- * * • * — 


■ 




' s 
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A cylinder with elements, parailer to 



the z-axis and "whose directrix is a.a'V* ;* 
cosine cul*ve# • \ / 



■0> 




A parabolic cylinder with elements 
parallel to the y-axia ♦ ■ 



ERLC 




An ellipsoid" with center at (•1,3,1) 
^ The\xis parallel to the x-axis has 

\^S* Iw^th 12 ; 'the axis parallel to the 
v i * y-axis has length 8 ; the axis 

. parallel to the z-axls has length 4 . 



A hyperboloi^l of revolution of ^one 
sheet vijh center at (-l,-3jl) • * 
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- • . ; 9-8 

* 

This curious surface is a type of 
ruled surface. It is entirely 1 con- 
tained between the planes 2 = 1 and 
z % -1 * It can be visuali2ed as 
being geneiated by a line (minus the 
.point on the 2-axis) vhich is always 
perpendicular to the 2-axis • Starting 
in the plane 2=1 and parallel to* 
/ the x-axis, the line, rotates as it * 
drops until it is parallel to the- , 
y-axis in the^plane 6 2/= -1 . The 
line continues to rotate as it rises 
to its original position, thus 
completing th v e surface. 

1 a ° 




- Teachers' .Commentary 

' * ^ . ' . '* < . *■ 

, * Chapter 10 , 

> * / - 

; " - : geometric transformation 

10-1. Whjr sluay - Geometri c Transf ormatlons ? ' * K 

4* ^.Most of: thla- chapter is an extension of Chapters 5*7 on curve tracing 

,ahd conies; Although the principles^ presented in Sections 10-2 and 10-5 g 

are applicable to all curves, ve, emphasized the straight line, and the coi^c&L 

because ;of their importance and because the students are more familiar vithU 

tfccmw ' * ' '\ ' / " " * ' 

* , * *»\ * 

- • ' ' ■ . ' 

The„ treatment of geometric transformations in this text differs from most. 

other; texts in that ye look u?on geometric transformations from two points &t 

1 / ^ ' ' • * - "» . « 

viev. We first move the axes> keeping the figure, fixed; then ve move the 

figure, keeping .the axes fixed. We feel that the student should become 
acquainted with both types. The point transformation has much vtder applica- 
tion than thfe transformation of axes and Section 6 vas included to show its 
. possibilities, " . . . % * - ^^t- 

. Groups of transformations are discussed in a supplementary chapter • You 
will recall that in ±812, Professor Felix KLein (1&9-1925) presented his 
famous "Erianger Program" in ;which he classified all geometries on the basis 
of those properties invariant under groups of transformations. Mention is 
,made in this chapter of the set of rigid motions vhich character/ze 
Euclidean. Geometry without designating 1'hem as a group. You vi4l find a good 
treatment of this subject in Courant and Rqbbins' book entitled What is', 
Mathematics? 



"10 r 2#. Translations, - 



. a Sufficient motivation may be provided for this section, by, requiring the 
* students;- to, graph each part of the equations listed in the first section. 



•10-2 > ' 

* * 

You will note that there are two forms given for the equations of 
• x f * = x + h 

translation^* The form " is more useful for the translation of axes 

. Jy' •& y + k ; 

because more applications are similar to those presented in Examples 3 and K, 

NOTE ? „ Almost all solutions for this chapter are presented without 
graphs since they are so familiar to you. 

♦ ' '< ' ' 



Exercises 10-2 



\ ( 1. I x« = x + 3 
= (-3>) 



/ x = x* + 3 
<2. The equations of translation are I 

* I y = y»' - 2'. 

The new equation is: - 

2('x« + 3) 2 - (y 1 - 2) 2 - i2(x J + 3) - My 1 - 2) + 12 = 0 , 

* ■ 22 > . 

which simplifies to 2x» - y» * 2 . 

* P P P * 

3# (a) (x r - U) + (y» - 6) = r ♦ This is a circle with the same 

"* r"adius t and center at (U,6) , 

■ .( b) kI^.kL^)! = 1 . 
a b 

This As a congruent hyperbola with its center at (U,6) and 
with its axes parallel to the x- and y-axes # 

Neither of .the curves undergo a change* They merely have a 
new equation relative to the new axes. ^ 

{x r = x + \ 
0 The new coordinates 
. y f = y + 2 

of the vertices of the triangle are A = (5,2) , B = (9,0) , arid 

•C = (7,6) with reference teethe new origin* Two suggested methods are: 

(a) Application of the 'Pythagorean Theorem, 

(t>) Proof that the product of the slopes of .AB.. and AC equals -1 « 



10-2 



By completing the square, the ^equa^ion of the hyperbola becomes 

(1) (x^5) ? - (y - 2) 2 = 16 • * . /' 

Substituting x f for (x + 5) and y* .for (y - 2) into (l) , we 
have '* 

.(2) * ' x' 2 - y' 2 = 16 • 

Equation (2) represents the same hyperbola with reference to the new 
axes with origin 0* = (-5,2) 

To graph, translate the origin to 0 1 • Draw the x*^ and y*-axes , 
through 0 % • Then draw the graph of Equation (2) with respect to the 
x*- and y*-axes. 

Th/s students may select any three points. We choose A = (5,0) , 
B = (3,U) , and C = (0,5) • After 'translation, the coordinates of 
A<= (h,l) B = (2,5) , and C = (-1,6) with respect to the new origin. 

The transformed eqration is (x f + l) + (y« - l) = 25 . The new 
coordinates satisfy this -equation. 

After the first translation, L has the equation 3x* - 2y* + 11 = 0 
with respect to the x* - and y'-axes.. After the second translation, L 
has the equation 3x u - 2y u + 13 = P with respect to the x ,! - and y"-axes« 
tx = x u + 7 

The transformation | would have the same effect as the two 

I y = y n + 7 ' * t 

successive ones. 

There would be no difference in the final result if these transla- 
tions were commuted, (This is true of all translations.) * * 

(a) Completing the square, the equation becomes (y - 3) = 12(x + l) . 
The equations of translation are therefore: 

x* = x + 1 

y* = y - 3 

2 

The parabola now has the equation* y* = 12x* with respect to the 
new origin at' 0* = (-1,3) . To graph, draw the x'- andy'-axes 
through 0* and Sketch the new equation with respect to, those axes. 

The* solution of the "other parts is similar to part (a) . The 
new equations and origin are: 



MT2.7 



(b) * 2 -^' 2 



%--+"^y- = i ; o« = (1,-1) 



(c) x« 2 = |y« ; Oi = (-§.,§) . 

(d) x«y« = 12 ; 0« = (-3,!*) . 

(e) , y* 2 = x* 3 ;i6« = (-2,-2) . 

The graph of - (e) looks like the" 
figure to -the right. It is called 
' a semircubic parabola. There is 
no asymptote.' * 




9. 



P = (x,y) 
J-P'^x'.y') 




From the figure 



(x = x* + h / 
or 
y = y* + k -l 



x f = x - h 
y« = y - k 



10-3 # Rotation of Axes ; Rectangular Coordinates , 

* 

Motivation for this section, as .for Section 10-2, could be provided by 
asking the students to graph the pair of equations N ' 

x 2 + 2/3 xy - y 2 = 8 and x» 2 - yt 2 ,= 1* . 

Then point out, to them or have them discover that the graphs are identical 
except for position. 



w You will note that ve present two forms for the equations of rotation. 
•The form chosen for use in solving a given problem depends upon the nature 
and form of the problem. The four examples presented in the text should^ 
clarify "this point.' 

Your better students should be encouraged to study the Supplement to 
Chapter 7 where the topic is discussed in detail. Among other things, the 
student will learn how to determine the angle of rotation in order to arrive 
at a new set of axes and an equation containing no xy-term. % 

h02 The "digression" on this page, which discusses the merits of one form 

.of an equation, over, another for the same .curve 'when both are simple, has an * 
ulterior motive. That purpose is to indicate several scientific areas in 
which the equilateral hyperbola, in the form xy = k , is studied/ As a 
rule, students are more acquainted with the other conies. 

1*03 We recommend that the details of this rotation be carried out in .classy 

by the instructor. The students may then carry out the details of rotating 
the axes through an angle of measure a , and arrive at the equation of the 



■with respect to the new x'y'-axes. No x'y'-term should appear. A complete 
discussion of the general equation of the second degree is found in the 
Supplementary Chapter for Chapter ? . 

Because of the nature of polar coordinates, the rotation of the polar 



to the conies. If time permits, you may like to discuss the rose curves, 



circle* 



x l + y* + Dx* + ty' + F -a-0 



axis leads to a very simple result. Once again we have restricted ourselves 



olemniscates," spirals, and other curves. ■» 



Exercises 10-3 



1. Since a = 150° , sin a = | and cos a = 1 . The equations of 



1 • v 

' ; f x* = ^(-V^x + y) # 

rotation are I . ♦ The new coordinates of the vertices 

ly l = |(- x -1%) 



of the triangle are A = (. ^, - |) , L = ('^ " 2 , * ^ ), 



and 




Using the original coordinates, we 



have d(A,B) = VS) , d(A,C) - V^O . ,% Area of AABC p 10..^ Using 
the new coordinates, we have f ~ 4 



\ ' '= - I) 2 + (-2 + V3) 2 = V*20 . 

Similarly d(A,C) = 5 and the area of AABC * 10 . 

Since a -30° , sin a = - ~ and ? cos a = ; • The equations of 
rotation are therefore: 

Jx" ,«=|(V3- x« + y«) . 
ly = |(-x« + 0/3 y') . 

The 'equation of , the line with respect to the. new axes is: 

. X« + y«) + K-x' + y')-8 = 0 , 

which, simplifies to (3^ - 2)x« '+ (2^3 + 3)y' - l6 = 0 .. , 

The slope is . &^ = ±4^*". 
•2^3+3 J 

I .cos a - y*- sin a = x - 
x lv sin a + y* cos a « y 4 ' 

2 * * 

/. x 1 cos a - y r sin- a cos a.^ x cos 

2* 

, x* sin a + y 1 sin a cos ct.= y sin a 

•Adding corresponding members, x we have 

2 2 
x*(cos a +- sin a) = x cos. a + y sin ct 

x 1 = x cos a + y sin a. • 

Likewise, . y* = -x sin a + y cos a . 

Since a = ^5° ■, the equations of rotation are. 

'x = -i(x« - y») ... ' 

y i-i(x« f y«) . 

(x* - v»Y x» + v» 
The new- equation is." ■ > ■ ■ ■ - . = - — r- 2 - which simplifies to 



x« 2 - 2x«y« + .y«? - Vs-x' - V§ : y« - 0 



The solution is similai to that of Exercise (h) . The answers are: 

(a) A x* 2 + 5y' 2 = 6 . ' i . 

(b) \(Here sin Q = ^ > cos>0 = . 

V '5 5 

25x' 2 + 13y' 2 = 25 . ? , . v 

(c) y' 2 - x« 2 = 8 . - v . 
(a) ,x« 2 = -lfy« e ' , ■ 

* * « 

After rotation, ve have 

(x* cos a - : rt sin a) + (x l sin a + y* qbs ^a) = r , 

2 2 : 2 2' 

or x 1 cos a - 2x , y. 1 sin a cos a + y' sXn a + 

2 2 2 2 2 

x 1 ,sin a + «2x t y t sin a cos a + y* cos,, a = r , 

Thus, x* 2 > y* 2 =.r 2 . \ 



( a)., r = r 



5> 3 cos(e - 120°) 



(c) r 




1 + sin(9 - 30 ) 











— yC t< 








J 8* 
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Challenge Problems 
* V ' ' i 

, 1* The proof is as follows: after rotation of axes, thje new equation is. 

p o * • ** 

. I A*x ,c + B*x*y* + C'y 1 + D'x* + E»y» + F» = 0 where 

L IL 2 ' 2 ■ ' . ' b 

* A* =*A cos a + B sin a cos a + C sin. a 

B* = -2A sin ct f cos a + B cos a - B sin a + 2C sin a cos a 

2 * 2 
C* = A sin a - B sin a cos a + C cos a * 

M = D cos a + E sin a 

* E* = -D sin a + E cos a 

** ■ * 

When yoiy perform the indicated operations and simplify, you find that 

B* 2 - UA«C» = B 2 - UAC . " ' 

2. x = x* cos a - y* sin a = (x"' cos 0 - y" sin- 0) cos a A , ^ 

-fx" sin 0 + y" cos e) sin a 

x"(cos 0 cos a - sin 0*sin a). - y"(sin 0, cos a + cos 0 sin a) , 

- * ■ ~ *- 

. # \ , K x = x n co"s(0 + a) - y" sin (0 + a) . * 

Likewise, y = x" 8in(*0* + a) + y^ 1 cos(0 + a) • % . 



10-|f. ^Invariant Properties . 

*' " , *' - - * 

We have already touched upon *he significance of the study of the 

geometric properties invariant under certain, transformations. When the axes 

are rotated or translated, and the figure remains fixed, the question of 
.invariant properties has meaning only with respect to observers using 

different points or v lines of reference. -When we study point transformations 
* in the next tyo sections, the question of invariant properties lias many more 
.and varied aspects. When the points of a figure are moved, we are frequently 

hot certain about, the- appearance of the image; it may or may not be congruent. 

to the- original figure. 

You may wish to omit the discussion following Theorem 10-3 • It is 
included tp show a. second approach to the problem and to lead to an interesting 
challenge, exercise. *" . , v 

• The exercises for this section were deliberately selected to point out ' 
properties other than distance and .angle which remain invariant under the set 
of translations „ and rotations* We encourage you to discuss these other. pro- 
perties carefully on the basis of the exercises. T3ie students should, be. 



. encouraged* to find more invariants^ than are Indicated. 
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* * Exercises 10-k , 

(a) 3x + 2y *-8 = 0 

(b) The equations 6f translation are 
x* .= x + k 

y» = y +-6 or I y = y* 6, 

Thus A = (6,7) and B = (^,1°) Wltti respect to the new origin. 
,Also, with respect to the nev origin, the line has the equation. 
3(x* - k) f 2(y f - 6) • 8.« 0 , which simplifies to 
3* f + 2y* - 32-.= 0 . * 

Tc) d(A,B) =.VT3 with .respect to%ither set of axes. 

• j* 

The equations of rotation &re 

* * 

/ x* = x cos a + "y sin a = y 

I'yt = cos a + y cos a = -x 
-« v p 

Thus A = (1,-2) and B = (U,0)* with respect to the nev axes. 4 . 

d(A,B) = V53 vith respect to either set of axes. 

The- equations of translation are * 

. ■ ' j;x« = x + 1 , * Qr fx = x' - 1 

\y t = y. + 1 — j , ly ^y* -1 . 

(a) A» = (1,-3) , B» = (37 w i) ,and C> = (lf,l) . 

# L* t&s the equation U(x» - l) - 3(y* - l) - 12 « 0 , which 
reduces to kx* - 3y* - 13 = 0 . > 

(>) B is between A and C v since V d(A,B) + d(B f C) « d(A,C) . B* is 
between A» and C» since d(A«,B») + d(B« ,C«) % d(A« .C») . 

(c) . Since d(A»,B») + d(B»,C») *= d(A»,d») , the points are collinear. 

Another way %6 prove .coliinfcarity is to show that, the .slopes of 
A»B* . B*C r . and A*C* are equal since B* is common to 
* . M and iFS* . 

(a) ,The lines, are concurrent since the point (2,1) lies on all three 

lines. * * . 

(b) The 'equations of translation are:' 

x* = x - 3 • a x = x* + 3 

* or I . * 

y* = y/+;2 I y = y r - 2. . 



The equations of the three lines "with respect to the new axes are: 

. y*'ix* - 3y f *13 « o 

■L 2 « x' - 2y' * 7 = 6 

I^ 1 : I5x» ^ 3y* .+ = 0 . 

-(c) The lines are concurrent, since the point (-1,3) lies qn all three 
* lines'. I m 

(d) Point (2,l) maps into ( -1,3); under 'this translation, 

(e) When the axes are rotated^ through an angle of the .equations 
of rotation are 

/ x' = ~ (x + y)- ' . 7 x = i (x« - ;y«) 

I " -Vg ' | ^2 



\ y t = ,i.(. x .i. y ) ly - — (x« +y») ; 

s V2 V2 

, (i) The equations of t6e three lines with respect to the new 

: x' - 7y r - 5^2 = 0 * e 
L 2 f : x* + 3yV= ° 
. . ' . L 3 : 2x* - 8y* - 7V2 = 0 ;■ , 

• . (2)" The lines; are concurrent since the point 
(Jl m JL) lies on all three lines, " 

(3) Point *(2)1) maps into * (— , ) under this rotation. 

. r & J2 ' - • 

(a) = - "| , ^ ( s "5 - * ■ . .» 

\ ' * ■ ±la ^ - ' ' ' 

/ /— : 5 ; .2 

-> b . ^yi -f.n^ Vi *+ ^ - * 

0 == *^ and its supplement is ^ ' ' t. 



io-U 



(b) The equations Qf translation - are 



{x = x* + 2 
V = y* + 2- . 



With- respect to thenew axes, the equations of the lines are: 
1 ♦ L^ <i 3x* + 2y* +2 = o 



5x* 



1 = 0 



Since - - | , * 5 , ■ {(and ^f) « 




Challenge Problem 

The proof that the measure pf angle is invariant under rotation may be 
presented as* follows : ' * 

i 

. ( l) Consider the angle between- the lines 

• J. 

• " - , * ' 1,1 

• . • . V s .V + V + b 3 = 0 • *' 

« 

It will be convenient to use the formula for 'the angle between two lines 

«2 """i 



u ± . a^x- + x agr + a 3 = 6 



in the form: tan a. = 



which is equivalent to the cosine form 
1+m L m 2 • % 



developed in this text? Thus: 



fb 



tan a 



b 2 . a 2 



1 + 



a l b 2 - a 2 b l 

W _& l b l +a 2 b 2 
a 2 b 2 



(.2\ The equations of rotation are 

x = x f cos 0 - y* sin 6 ; 
y x'.sin 0 + yV cos 6 • 

Substituting in L, and L 0 , we Have 

\ • : 

Li : (a^ cos 0 + a 2 sin-6)x« + (a 2 cos 6 - ^ sin e)y* + a 3 . = 0 
L 2 * \(\ cqs 0 + b £ sin 0)x* * (b g cos 0 - ^ sin 0)y» + b, « 0 



The angle between and L g is given by 



6 
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_ M& 



tan a* 



( choose + a^sinG) (bgcosg - b^-sinS) - ( a^cooO - a^sinG^b^cosG + bgSinG) 
( a^cose + a 2 sine)(b 1 c6r»e + b sink) + ( a 2 cos6 - a^sinGMbgCose - bjsinG), 

t (3)- Thin complicated expression reduces to • r p 

2*1 



tan a 



., ^2 - a 2 b l 

' _a i b i + a 2 b 2 ; 



tan a 



* * 2 * 2 

after several applications of the identity sin .a + cos a = 1 • 

Thus a *«a„ f for the principal values of tan a and tan a* • 



NOTE: Before offering this problem, you may wish to show, the equivalence 

1 + m^m^ * m 2 - m^' 



of the two formulas: cos a - 



and tan a 



/ /' 2 

VI + v>l -r nig 



1. + 



The equivalence follows from the Pythagorean Theorem and the definitions of 
.the trigonometric functions. 




I ♦ in | % in ^ 

■x 2 + a + nyn^ 2 ■ (*'+ >\ 2 )(i.+ m 2 ^ 



Thus x 



(r 



and tar, a = 



angle, and its supplement. We chose ^(m^ - m^) arbitrarily 



• This formula gives us the 



* 10-5. Point Transformations . * . ~ | • . 

Most of the transformations studied by mathematiciansl^e ' considered as 
point transformations or mappings. The reason , for dicussing the transfprma-. 
tion of axes first is that this type is most ,useful in reducing ? a complicated 
equation, to ^ simpler form for sketching. Considerable care has been taken to 
distinguish between the t^wo sets of transformations and to^ indicate that 
translations and rotations can be effected by either type. 
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The material included here op reflections relates so closely to the • 
djscussion of symmetry in Section 6-2. that a review of that topic may be 
appropriate before proceeding 'with this subject. ♦* 

Euclidean geometry in characterized by the fact that the measures t>f both 
distance and angle are preserved under translation and rotation. In elementary 
geometry this statement is expresseS in the "Postulate for Rigid Motion" which 
states that an object may be moved in space without changing its size and shape. 
We now see that all rigid motion can be performed by a series of no more than 
three reflections. * -. *'•* 

* * ° * 

. " The ,SMSG . Geometry , Appendix 8, has an excellent discussion on rigid 

motion. . » ' / - 

The students may wonder why the .third reflection is necessary in Example 
3« Two reflections are sufficient if the sequence of points on the line is 
not considered. You might label seVeral points on A'B 1 , see where they*fal«l 
on CD , and then observe what happens after the second and third reflections. 

An interesting result is\btained by subtracting the, corresponding 
members of the equations of 'circles C and C* described on^this page. The 

2 

result is 8x + 12y = 0 or^ y = — x. This^is the equation of the common 

chord (or radical axis) -Shown.* * 

»- * 

A reflection is an example of what is called an "involutory transforma- 
tion". A transformation is called an involutory transformation if it has the 
property that, if repeated once, it produces the 'identity transformation • 
This can be written analytically as follows: Let (x,y) — ► ( x t y t )— *-(x tl ,y") . 
If x" = x • and y ft = y then the transformation is involutory. 



Exercises 10-5 

1. (a) A = (1,2) maps into A* = (1,-2) and B = (3,-^) maps int6 
B', = (3,k) after reflection with respect to the x-axfs. K 

d(A,B) = 2VT0 = d(A*,B f ) . 

\b) A"= (1,2) maps into A? = (-1,2) % and B = (3,- 1 *) maps into 
.B^-S,- 1 *) after reflection with respect to the y-axis. 

* d(A,B) = 2ifl0 = d(A*,B*) 



* (c) A s? (1,2)% maps into' A? = (-1,-2) and B = (3, %J 0 ^mapp into 
E* = (-3,*0 after reflection with respect to the origin^ 

\d(A,B) = 2ift0 = d(A*,B t ) / 

x . ' ..." 

■ (d) A = (1,2) maps into A* = (11,2) and B. = (3,->0 { maps into 

*B** ="(9,-10 after reflection with respqct to the line x = 6 . 

' . . d(A)B> = 2VI5 =: dU^B') . 

We choose the, points A = ^2,0) B = \h,0) , C = (7,0) , Under .this 
transformation, the images of these joints are A* = (^,0) , B* =? (6,0) 
and C* = (9,0)". Two invariant properties are > the measure of distance 
and the order of the points on the lipe. The three points on the Xine 
also remain collinear (a thirch invariant property). 

r . Under the. transformation x f ,= 2x , the ^images of the three points are 

A* = (k,0\ , B* = (8,0) , and' C! = (1^,0) , Three invariant properties 

m I * 

are: the origin remains fixed, i.e., (0,0) — *-(0,0) , the. order of the 

three points on the !J.ine, arid collinearilfy. (Note that distance is not 

an invariant property* under this transformation. ^ I 

. The angle between snd has measure 1*5° . When both lines are 



rotated^through an angle pf measure ^ , the 'equation of becomes 

y* .= x* f and the equation o# L 0 becomes x* = 0 . The angle, between 

' " o 

.these lines also, has measure ^5 • " * 

» * v . 

CflOTE: This problem can, of course^ be solved by'using the equations of 

rotation. Since the lines are rotated through an angl.e of measure 

^ , the axes .must .be rotated through angle of 'measure/ - j£ to achieve 

the* same resuJLt. )* ' 1 

The images arer - /' * 

(a) y 2 = -x< / ' • 

(b) x 2 = -y./ . . * 

(c) ;_xy = 6- '..<-.' 
(«> x 2 Vyf=i-r \ 

(e) xf + y + 2x hy m- k = 0 , % ■ . " V? * . 

"(f)- -x 3 • . • - 

(g)" <y = - sin-x , . ' 

* ; - '438 • 



(h) * y a - tarr-x - t i 

(i) y =,2" x , ; • - r 

It is recommended that the graph jfor the original curve and its image 
/be drawn on the »'same set- of axes. 

* r * 

In' this problem, the points are rotated about the origin through an 

* 3 

angle, ,0 such that, tan 0 = • In order to achieve the same rjesuljb, 



JThus 



we rotate the axes through an angle 0 such that tan 0 = -j* 

3* • k ' > 

sin 0 = - |r , cos 0 a , and the equations of rotation are 

fa' : =i(lfx — 3y) 

y» =i(3x + %) . 

~ ? * 

<• 

11 2 

Under this rotation A = (-2,1) maps into A* =(-—,- -) , 

' • 0 0. 

B' = (5,-2) maps into B 1 = (-^- , ^) , and C = (3,3) maps into 

* c , I (3 - 2Xv ■ ■ . . 

Invariant properties are: 

(a). Measure of Distance . For example, d(A,B) =.-^5 = d(A , ,B t ) . 
,(b) Measure - of Angle . For example, 

■SB V 7 ' "Sc = I > 008 A = \ ' and m ^ A te ? 

9 23 ' 1 , /, At n 

' "SfT = 37 ' V? = 3J , cos A» = — , and ,m/A» = ^ . 

<(c) | Area of AABC = Area of M'B'C 1 . 

t Apply the formula s = Vs(s - a)(s - b)(s - c) where s is the 
N semi -perimeter. - 

We^do not present the constructions here since the procedure is shown. in 
the text. In part (b) , each corresponding pair of lines must be mapped 
separately. ^ 
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81 Since the^ points on the curves are rotated through an. angle of measure 
* -g/ , ,the axes must be rotated through an angle of measure - ^ . The 
.equations of rotation are, therefore: ^ 

•xA\.-H* + y«) 

y = |(-x« + -H y«) • 

(a) -The, image of the line 3x + 2y - 8 = 0 is 
jk-/$ x«-+ y») + |(-x« + yjy 1 ) -8=0, vhich simplifies to 

(3^3 - 2)x« + (2^3 + 3)y' - 16 = 0 . 

2 2 2 ? 

(b) The image of the circle x + y = 25 is x 1 + y ! = 25 . 

(c) The image of the parabola y = hx is 



i 

I x' 2 - 2V r 3x'y» + 3y f2 - 8>/3x« - 8y« = 0 . ~ 

I , ( NOTE ; You may wish to excuse your students from sketching this 

j „ parabola. ) - 

9. Another way to write thfs transformation is 

1 = -y + 3 ( x = y 1 - 1 



y* = x + 1 ° r [y = -x 1 - 3 . 

The images of the curves in Exercise 8 are: 

(a) The image of the line 3* + 2y - 8 = 0 is 

3(y* - 1) + 2(-x' - 3) -8 = 0', which simplifies to , ^ 
2x* - 3y f + 17 = 0 . Note that these JLines are perpendicular. 

2 2 

(b) The image of the pircle x + y =25 is the circle 

y r . 

x t 2 + y i 2 + 6x« - 2y« - 15 = 0 which has its center at (-3,1) 
- and a radius of 5 • 

u 

(c) The image of the parabola y = kx is x* + 6x* - ky* + 13 = 0 . 
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10. Another way- to write this transformation is: 



|x» = x + y 
= 2x - y 



OT' 



x = ±(x« •+ y«) 
y = i(2x« - y«) 



e line 1^ : 3* - 2y + 5 = 0 maps into the line 
r ; :' x 1 - 5y- f - 15 « o • 



The line I» 2 : 3* r 2y - 3 = 0 maps into the linfe 



5yt + 9 == o . 



L^ 1 1 llig 1 since they have the same slope. 



10-6. 'Inversions . , 

The justification for Section 6 was presented in Section .10-1 and in 
Section 10-5 of this commentary. This .transformation has T>een studied by 
many outstanding mathematicians and plays a role in the Poincare model of 
non-Euclidean geometry. You will, find an excellent discussion of inversion 
geometry in introduction to Higher Geometry by William C. Graustein. 

An inversion is an involutory transformation as defined in Section 10-5 
of this commentary. If an inversion T carries P -r+- P* , a second 
application of T will carry P* — *-P . f 

You may like to point out to the class that as point P approaches the 

origin, the image P* will recede farther an4 farther out in the plane. For 

this reason it is often stated that the center of the circle of inversion 

corresponds to the "point at infinity" under \he inversion. "This is a useful 

concept since we can now say that an inversion sets up a one-to-one 

' ' ' \ . 

correspondence between the points of *the plane and their images. 

\ 

One of the most important properties of an inversion is that it' trans- 
forms straight lines and circles into straight lines ^and circles. Specifically, 
we show that, 'after an inversion: * ' \ 

\ 

1. A line through the origin inverts into the same line through the 
origin,, although the points on the line are interchanged. 

2. A line not through the origin inverts into a circle through the 
origin; 
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3« A circle through the origin inverts into a straight line not 
• - throligh the origin. 

hs A circle not through the origin inverts into a circle not 
through the origin* . - 

. .Ydti may want to precede Example 1 by a similar problem wherein the 
constants a } , b , c are specified. You could then drav the unit circle 
of inversion^ the straight line, and Its inverse on the same set of coordinates 
You can thufi verity that § the inverse really does pass through the origin* 

This same comment holds' for Examples 2 &nd 3 * In Example 2 9 let 
x = t 1 , x = f2,y = iiy y = i 2 and observe what happens"/ It may also 
be profitable and interesting to explore with your\ class the inverses of a 

family of circles concentric to the* unit circle; for p example 

*» 

p p v t p p 
x + y = k f x + y = 9 , .** . This could be -followed by a set of^ 

concentric circles with their centers at (2>U) or 1 some other point* 

If you have studied projective geometry or non -Euclidean geometry you 
undoubtedly recall the cross-ratio which fcppearg in Exercise 9. The cross- 
ratio is invariant under a projective transformation And certain,, other 
transformations as well as under the inversion transformation. This property 
plays a .very important role in the proof of the consistency of non-Euclidean 
- geometry* If interested, you may like to read Chapter h of Foundations and 
Fufidame}rit£ti Concepts of Mathematics by Newsom and Eves* 



i - " Exercises 10-6 

1. The inverse of the line 3x + 2y - 6 = 0 is 

-A -a • ,. ' 

x* + y* x* + y* 
which simplifies to x* + y' *. _ - = 0 * This! represents a circle 

with center at and radius ~5 4 The circle passes through the 

origin; 

2*. The inverse of th-> line y = 5x is the line y f = 5x* . The line 
inverts into itself* 
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The inverse of the line y = 3 is the <£urve : — 5-* * = >3 , vhich 

* x*^ + r 

2 2 1 * * ' 

simplifies to x f + y* - -y* = 0 . It is a circle vhich has its 

^center "at (0,^) and radius ^ ♦ The circle passes through the origin. 



The inverse of the parabola y = kx is the curve 

«y |2 hx x '2 kx*^ 

.(x ! +-y« ) (x* + y* }, • 0 

NOTE : The graph of this curve may be left as a challenge exercise. It 
is a cissoid with' the following properties: 

(1) / Symmetry* with respect to the x-axis. 

(2) Intercept at ' -(O^O) 
1 



(3) Asymptote: x* = ^ . 
(If) Extent: 0 < x*<^ . ■ 
The curve has this appearance 




2 2 

The inverse of the circle (x - k) + (y - k) = l6 is found as follows: 

2 2 

The equation simplifies to x + y - 8x - 8y + l6 = 0 . Apply the 
transformation and obtain: 



.2 .2 

_x» + y« 



8x« 



8y« 



or 



(x} 2 + y* 2 ) 2 (x* 2 + y* 2 ) 2 / x' 2 + y' 2 . x' 2 + y* 2 
1 8x» 8y« 



+ 16 = 0 



p p p 5 " " 2 2 
x> d + yt* x'* + y« + y t<£ 



+ 16 = 0 



or 8x« - Qy\ + 16 (x* 2 + y« 2 ) = 0 . 

..or x 1 + y* — 2 " 2 + T5 = ^ v ^ich represents a circle with center 



6. 
7. 



11 *'l " * 4 ■ 

lat (^j-jj). and radius jj". - 

^ * y 
This problem is essentially solved in Example 2 of the text. 

The inverse of the line L * 3x + /2y r 6 = 0 is the circle 



v. 



L« : x* V y 



2 ■ 3 : 0 - 



We- now apply the inverse transformation 
♦ 

x 



X 1 * 



y 1 



2 , 2 
x + y 

- y 

2 , 2 
x + y 

2 

x 

.2 , -2x2 



to and obtain: 



^(x* + y*)* (x* + y 2 ) 2 /, 2<x^ + y*) 3 (x* V y*) 
l . y ~ 



or 



0 , 



x 2 + y 2 2(x 2 + y 2 ) 3(x 2 + 



0 , 



or 3x + 2y - 6 = 0 , which we recognize as^the original line L . 

A reasonable conjecture is that a second application of the same invers 
transformation yields the original curve. v This verifies the fact that 

an inversion is an involutory transformation.* . 

" - f 

8. If we had not used, a unit circle, we would have had d(0,P) • d(0,P* ) = 



or d(0 ' p) = dTo7FT 



Since 



d(0,P) _ X- - 



r 2 (d(0,P)) 2 , 



^W"^"-(d(0,p.)) 2 "; 



we have x = 



2 
r x* 



and x 1 = 



2 
r x 



x 1 + y 1 
r y 1 



2 2' 

x + y ^ 



Likewise, y = —75 — - — g 
x 1 + y* 



and y f = 



2 

r y 



2 . 2 
x + y 
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;9. Since r = 2 , the inverse transformation is,: 



2 2 



The 



y« - 



JtiL 



2' . 2 
x + y 



inverse points -are as follows: 

' • ■ ■ A o (0,-3) — = (o, - £)' 
B = (1,-1) — *.B« = (2,-2) 

,1 . - — 

. -< _C=M2,1) — *C« «(f,f) 
D.= (3,3) — »"■ D« = (|*f) 



d(A,C) = 2^ , d(A,D) = 3>5 , d(B,C) = S , d(B,D) « . . ' 
d(A,C) . d(B,Cfl 2^> V|_ .. k 

d(A«.,C«) =| , d(A«,D«) = |vTo , d(B',C«) = 2/2 , d(B«,D«) = f i£ .' 



d(A»,C) . d^B'.C) " ■ 3" ♦ 2^2 k 
dU',D») ~ d(B«>) = 2 v j 5 ."" 5^ = 3 * 



^0 ^ 

The. above verifies that an inversion is a cross-ratio preserving trans- 
formation, * 

If . U * t 

Oi , • * 

10. The instructions for the construction are given in the text* As in the 
proof in the 'text tor the first construction j 

/ORP « /FOR = /OFR* . 

> . Thus * ARP f 0 - ADRP and 

.2 i 
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.Review Exercises 



Befor.e proceeding with "the solutions of this set. of problems, we feel it 
important to point out that there are two "ways to interpret the mapping symbol, 
,sfuch as (x,y)^-+> (2x,'3y) , .which appears in the first exercise* 

In this text, we haye adopted the convention .that ' (x,y) — *(2x,3y) is 
merely another way of writing the transformation \ , 



Ix J =.2x 
y' = 3y i 



or 



x =21 
x 2 

- y 1 



A second interpretation, which is often used (but not in this text), is, the 
following: wherever an x appears in the, equation, replace it by # 2x ; 
wherever a y appears, replace it by^ 3y ♦ \ 

2 8 \ 

The first interpretation leads po the result x 1 = -jyf ; the second 
interpretation leads to the result x - -|y when applied to Exercise 1(a) . 

■ ' : ' \ 

*s- Solutions , 

1« (a) x; =-y« (See above) - *. 

_(h) The transformation can be written as " . • 

( x} a x + 2 - / X = X 1 - 2 " • 

1 y 1 = 3y r l'y - y • 

^ Applying this transformation to the parabola x = 2y j , we have 

f '^i (x» - 2) 2 = , which simplifies to 3x» 2 - 12x» - 2y ! + 12 ^ 0 ♦ 

i' An invariant property of this transformation is that a parabola 

. maps into a parabola; i«e«, the type of curve is invariant. 

(c) The transformation can be written as 



r 

(y' 



: X • 1 " [ X = X* +1 

or | 
» y + 2 ly s y» - 2 . 

The parabola x 2 » 2y transforms into the curve: 

(x* + 1) = 2(y* - 2) " vhich ve ^^^i^ as the equation of the 
same -parabola with respect to a nev^o^fjgin at (-1,2) . 
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2, The mapping (x,y)* — (loc,ky} can be written as the transformation 

X* = lQC f X= lT 

' ' ' or y f 

y f = W \ y = 

In this case, we let „c = 2 Applying this transformation, in turn, 
to each of the curves, we have: 

(a) The line 2x + 3y - 6 = 0 transforms to 2x f + 3y» - 12*= 0 , 
a line parallel to the original line. . * 

2 2' 2*2 

(b) The circle x + y * = 25 transforms to x* + y 1 = 100 , a -, 

circle^ with the same center but with a radius twice as large. 

(c) The parabola -y = -kx transforms to the parabola y 1 = -8x j 
which is "parallel" to the original curve. 

The title is well justified since a figure "similar" to. the original * 

- appears after the transformation. % 

< 

3. Under, this transformation, the image of 1^ is the line 
L^.* : 4 x - 5y - 8 = 0 and the image of is the line * 

1*2* : 5x + y - 12 = 0 . ^ 1 L 2 ^ since ^i* * m 2 f = " 1 * 

k. Applying the transformation T to each of the curves, we obtain the 
following images: » •» 0 v 

' (a) 13x f2 - kxty** + 20y* 2 - 20x» - 2Ky* + 13 = 0 . (An ellipse) 

* (b) 65x* 2 +' 172x»y» - 2'8y* 2 + 232x» + USy 1 - 176 = 0 . (A hyperbola) 

(c) x + 22y - 28 = 0 . 

(d) x + 22y - 17 s 0 • 

Lines (c) and (d) are parallel and their images are parallel. A 
reasonable conjecture As that an aff ine transformation preserves the 
property of parallelism* (it does.) **" 

5. The proof follows that given in the text for the mapping (tx,y) — *-(x,-y) 
in Section 10-5. 



447 



l»i»7 



Supplement-to-Chapter 2 



1» 

2, 

3.. 

£, 

5, 



p> = 8 

scale preserving, 

"p» -22 " ^ 
.scale 'jiecreasing, 

i' = -i 

scale increasing, 
scale decreasing, 

scale increasing, 
scale preserving, 



Exercises S2-la 

q' = 0 r' 
order reversing 



-if 



o> = 10 



:> = 26 



order^prje^arylng 

1 r» 
or&e^preserying 



-9 
ordetf 

"J 
ordetf 



= -21 



reversing 



r' s v~ 



10 



6,. 

7, Let be t^e origin point, 



reyer^ing 



Ik 



order preserving 



the unit* point in the priginal g^stemj 



i.e, 


, J? fO 


.3 - L 




(5) 


P' =3 


9' - 


2 


-(6) 


p» = -2 


q'. ■ 


2 


.(7) 




q' .= 


1 

2 


(8) 


p? = 0 


q» = 


-3 


(9) 


,.-} 


q'f 


1 


(10) 


p» = 7 


ql = 


8 
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8« b&t P fee the origin of the new system^ Q the, neV unit point} i«e., 



-1 



(5) P = 3 

(6) p = | 

(7) ..P 

(8) p=o 

(9) P>|- 
(16) .p = *T 



\ 



q.i= 2 

v-1 . 

9 = 3 

1 

q = "3 

q = 2 

q = -6 



\ 



9« - Suppose .a = 0 in x' =■ ax + b. 



11. 



Then for any joint P with coordinate p, we would get p' ^ 0 ' p + b* 
So every point in the new system would.haVe coordinate b, thus preserving 
ne'ither measure nor order toor" betweennesg.^ , ' \ « 



16, x< = ax 3 + b 



\ 



Let p and . p f be the intrinsic and the new coordinates of P, arid 
similarly for q^and q f , etc* Let d f (p/q) = |p f - <J f |< Then \ 

d*.(P,Q) = |ap 3 + bK4q 3 , bf = |a| |p 3 - q 3 | ' ' A 

" i " * 2 2 

I.-.— r = |a| |p 'w q| Jp + pq + q |. 

Similarly 

d'(M) = |a| |r j- s| Jr 2 + rs + s 2 |« * 

Suppose .PQ = RS J !Uien |p - q\ - |r - s|« However, d'(P,Q) = d 1 (R,S). 

2 J * > - 2 f i 2 2 * 

orily If |p + pq + q j = |r + rs + s |, which In general is false; 

For exainple, if jp = 1, q = 2, r = 3 and 8=4, then |p + pq + q | - 7 

while |r 2 + rs * i- s 2 | = 37. It is also true that we can have 

d* (P>Q) = d f (R,s) although PQ and RS are not- congruent. The example 

P = 0 ^ - <3. c . V sJ/i r = 1 find s = 2 shows this, p < q < r always 

Implies* p J < q , < )r , so betweenness is preserved* d 



x* = e 



N d»(P,4) = 1^ - e*j 

' d'M) = |e r - e S | • 

So PQ = RS' does not always imply d* (P,Q) = d* (R,S) 

p < qj < r does ^wayfi lnply < e q < e , so" betweenness 



is preserved. 
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12; x* -i M£ v x'/0 . • . , 

v x* = x if. x = 0 

r If none of p, q, r, s is zero ^ 

- d ' (p ' Q) = 1^T |p " q| , ' ' - 

. V a«*(R,s) |r - s| • - 

. , ,So PQ,= RS does not always inqply $ (P,Q) = d f (R,S). % However, , if 

' P = R = 0 and PQ = RS, then [q| = |s| and d* (P,Q) = d'(R,S). 
• Let p < q < iv Then betweenness is preserved only if q = 0 or. 
r < 0 or p > 0. ' J 

13. x f = log 1Q x 

This cannot handle points on negative side of the origin since log-^ 
is not defined for negative numbers or 0 . Where it is defined 

.* d>(P,Q) = |log 10 || " ' 



a«(R,s) = |iog 10 1 1 



So, PQ = RS t does not always imply d'(P,Q) = d'(R,S) . Betweenness is 
preserved where log^o * s defined. 



i 

\ 

The notion of a group will mean very little to the students unless they 
consider many examples. They should study carefully all those mentioned 
in the text and try to think of others. If they know something about complex 
numbers, they cSn be asked to prove that the three cube roots of 1 form 
a 'group under multiplication, as do the four fourth roots. Ihese examples 
show that a group 'may be finite. If the students are asked for other finite 
groups /some* of them may suggest the kind" of arithmetic that suits clock 
faces. 1 "Finally, no complicated mathematical definition becomes clear to 
students until they have thought of examples that don*t quite fit. What, h , 
about the integers under multiplication., the non-negative integers under 
addition, and the rational numbers under multiplication? 
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. • Exercises S2-lb \ ' , 

1\ Let t be the function defined by f (x) = ax + b a f 0. ' * 
\Let g -be the function defined by g(x)* = dk +. d c f 0. 

We wish to prove f(g) is a function defined by (f(g))(x) ='sx + t 
for real* numbers e f 0, and t.» . D * 

(f(g))(x) = f(g(x)'). • 
' = a(cx + d) + b. * - . - 

n = (ac)x + (ad + b) * 

Since ~a T ^ 6 f and c f ' 0 we know that (ac) ^-0. t 
Thus there do exist real numbers s = ac f v 0j t = ad + b such that*" 
(f(g))(x) = sx + t.i . m . . * 

2* Consider f, g, h« # as three functions in our set: 

c 

" * f (x) = mx + n, g(x) = px + q,, h(x) = rx + s m, p, r ^ 0 • 

.i ■ * ) . 

We, wish -to show (f(g))(h) = f(g(h)) \ £ 

We find that f(g) is defined by (f(g))(x) = (mp)x + (mq + n) and that 

g(h) is defined by (g(h))(x) = *(pr)x + (ps + q) v - 

Then for all x (f(g))(h)(x) - (mp)rx + (mp)s + mq + n 

* for all x f(g(h))(x) = m(pr)x + m(ps + q) *+ n ^ 
Hence for all x (f(g))(h)(x) =. (f (g(h)))(x) which is the. necessary 
and sufficient condition that the functions S> or for each x> 
(f"(g)).(h) = (f(g(h)).). 2 



Note: this is a special case of t\\e theorem that if . h maps set A into 
set ' B, g maps B into C, and, f maps C into D then 
(f(g)')(h) = f(g(h)). The general proof follows: If x £ A. let 
g' = h(x) £ B, f' = g(y) £ C, and f (z) £ D." Let k = f (g) mapping 
"B into.^D, £=g(*0 mapping A into C, Then 

(f(a))(h)(x) = k(h)(x) = k(h(x)) = kty) but k(y)' = f( a )(y) = t (y). ' 
Also f(g(h))(x) = (f(i)Xx) = f(z) since (x) = g(h)(x) = g(y) = z. 
Therefore (f(g))(h) = f(g(h)). % 



3» Let >f Tbe define^ by f (x) * ax + b • a / 0 

g be defined by g(x) = cx +'d c i 0. 9 

* ** 

Then (f (g))(x) = f(cx + d) = a(cx + d) + b a (ac)x + (ad + b) 
; * (G(f))(x) = g(ax + b) ^(cajx + (cb + j) ' 

a -g(f) only if ad + b = cb + d.O ' - 

To show that the commutative property does not hold*, we need singly 
exhibit one case 4 when it doesn f t. Take a = 1, c « 2, d « 1, b « 1; 
. then ad + b* = ,1 1 + 1 =. 2 - cb + d = 2' ♦ 1 +*a = 3 

(f (s))(x)- = 2x + 2 • (-g(f))(x) = 2x.+ 3 f (g) / j(f) 

k* To show that in any group the identity, is 'unique. 

, Let e and- e 1 be identity elements. • < * 

*Theh for air' a, a(e) = 'e(a). = k (l) ' 4 

"* - , » a(e f ) = e*(a) '« a (2) r 

v • * » ' 

So in particular e*'(e) = e(e f ) = e 1 from (l) letting a = 'e* 

e(e f ) s'e'(e) = e, from „(2) letting a = e 

-Which gives us e a e*. 

5. To show that in any .groups G the inverse is unique. Let a € G* 
Suppose b and b 1 are both inverses; i.e., r * 

* " a(b) = b(a) ^*e 

a(b') = tf(a)~ = e 

Now consider bfaft 1 ),) = (bfa))^ 1 ) by associativity; but 

b(a) = e ' and aft 1 ,) - e - so 

b(e) = e(b«); T ;/ % 

but e is the -'identity element, so \. 

b = b». 

< - . - , - / 

6. Ito show that the inverse of the identity is the., identity, let e be , 

the identity, a its Inverse. ^ ■* * / 

. • ' ' ' ' ' ' ' t 

3hen a(e) =• e since a Is the inverse of e, • 

but a(e) = a since t e is the identity, therefore a. « e. 




7. 


a -X + ab + b - 


(g) 




p 


- (b) 


apx + aq + b 


(h) 


■i-X 
ap 


q + bp 

ap • 


(c): 


apx '+ bp + q 


(i) 




b« + aq 
ap 


(a). 


p. x + pq + q 


. (J) 


X 

Si* 


D + aq 
ap 


(e) 


^ • 2. 
a J x + aT) + ab + b 


' (k) 


Ex - 
a 


& + q 
a * 




p 3 x + p 2 q + pq + q 


' »0 


a 


sa + b 



#8* Let,.? be defined -by, f(x) = ax + b . a / 0 . 

If h(h) = f ve must have p 0 and q such that 
h(6(x)) = px+pq + q = ax+b = f (x) 

TtxxxB p and q must satisfy 

2 1' 
p » a 'pq + q- o 

Case 1% a < 0 - 

Ifcere is no real number whose square is negative so there is no 
. function h such that h(h) = f . 

Case 2. a > 0 and a f 1 

Both p = Va and p = - Va satisfy p 2 - a. So ve have, in 
general, tvo solutions to h(h) = f . ! 

h> defined by h. (x) = Va x + - - 
x x 2. + t a " 

h 0 defined by h 0 (x) = - Va x + ~ >- 
c c l - ya « 

is defined for all values of a / 0 and b. However, in the i special 
case a- = 1, ti^ is not defined because- i-Va = l- l = G. So when 
a » 1 ve get>the unique solution h(x) = x + ^ . 



Although Section S2-2 can be omitted vitfccut serious loss of continuity, 
there are a- good many ideas in it Tiiiich are important in other brakes of 
rathenattca. If you do not think there is time to cover it in clas^, pexvaps 
the better students could study it and do some of the exercises, 

' IU earli&f courses, students have studied various number systems and 
learned to consider them as sets closed under certain operations but not 
under others* " Otoe fundamenlel operations of addition and multiplication 



/ 
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are commutative. In the set of linear transformations of a line onto itself 
ve have an algebraic operation 'whose elements are not numbers but functions, 
ihe on^y operation--composition of functions--is not commutative. Nevertheless, 
the operation is associative^ There is an element which plays ttye same role 
for composition as zero does, for addition and one for multiplication. For 
each linear transformation there is a transformation which "undoes" the first, 
and thus acts like the reciprocal of a nonzero number when the operation is 
multiplication and like the negative of a number when the operation/ is 
addition. 

It is the fact that so many different algebraic systems share' these 
properties that led mathematicians to define a group. This concept was 
defined earlier, and the example treated, here is one which is vjry important 
in advanced mathematics. j 

If the exercises on cardinal number are to be assigned, it will probably 

be necessary to prepare the way w^th a brief discussion in class. It can 

be pointed out that when we are asked whether two finite sets, have the same 

number of members, we can count them. Now counting a set can be described 

as setting up' a one-to-one correspondence between the set and part of a 

standard sequence of noises, it we do this for sets A and B and discover 

that we used the same part of the standard sequence of noisps in both cases, 

i . i 

we have set up a one-to-one correspondence Detween A and B. We could have 

done this without counting, since we can*t, in any ordinary sense, count 



the members of an infinite setL it is natural to define what we mean when 
we say that two such sets have; the same number of members,, in terms of one- 
to-one correspondences. Althotigh the students will probably be a bit dis- 
turbed by the fact that the sei of positive integers and/ the set of odd 
positive integers have the same number of members, they will soon come to 
realize that no other definition seems reasonable. 

The students should be askeA to give detailed proofs, in class, for 
one or two cases of the theorem that an image is between two other images 
if and only if its pre-image is between the pre-images of the other two 
images. This will prepare them for the first exercise in the next set. 
Since we are dealing with a necessary and sufficient ^condition, two implications 
must be proved. „ The proof can be shortened, however, by noting that the 
inverse of a transformation of any of the four types is of the same type. 

Exercises 3-6 of the following set justify that the linear transformation 
of a line onto itself forms a group under the operation of composition,, 



Exercises S2-2a 

Let Q be between P and R; i.e., either p < q < r' or p>q>r 
where p, q, r are coordinates of P, Q, R on line PR, If T is 
a linear transformation, then there are numbers a f 0 and b such 
that the coordinate of T(x) = ax + b where x is the coordinate of 
X. 

T(P) ~ p 1 = ap + b T(Q) ~ q* = aq + b T(R) ~ r f = ar + b 

If p < q < r and a > 0 then ap < aq < ar and p* < q* < r* 

If p < q < r and a < 0 then ap > aq > ar and p* > q* > r* „ 

If p > q > r and a > 0 then ap > aq > ar and r y* > q s > r ? 

If p > q > r and a < 0 then ap < aq < ar and p* < q* < r* 

Hence' in all cases T(q} is between T(P) and T(R). 

Let PQ and RS be congruent segments; i.e., |p - q| = |r - s|. 
Let T be a linear transformation, defined: T(x) = X* has coordinate . 
c* = ax + b. < 

. q l = aq + b Ip'-q*! = |ap+b-aq-b| = |a| |p-q| 
s l = as + b | r f -s * | = | ar+b-as-b | = |a| |r-s| 

|p - q| = |r - s|. So |p* - q'| = |r l - s l | 
which means P'Q' = R'S r . 

Let T. , 1' be arbitrary linear transformations of the line into itself 

JL d 

defined by coordinate equations: T^(x) = X* * x f = ax + b, Tg(X) = X' 
x' = cx + d. We wish to know whether T^(Tg) * s a " •*-* near transformation 
of the line. 

Tg(x) is a point -Y with coordinate cx + d 

is defined at Y; ^(y) * s a point with coordinates 
(ac)x + (ad + b). 

But ac £ 0 since a £ 0 and c f 0. And (ad + b) is a number. 
So T^(T 2 ) is defined for all points X by coordinate equation 

x f = (ac)x + (ad + b). Thus it is a linear transformation of the line. 
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To show that composition of linear transformations is associative let 
T^* Tg, T^' be defined by coordinate equations 'i^(x) - ax + b, 

T 2 (x) = cx + d, T^(x) =. ex + f, 'Inen Tgfa^) is the linear transformation 

taking ' x to (ce)x + (cf + d) and T^Tg) is the linear transformation 

taking x to (ac)x + (ad + b). Let X Q be an arbitrary point with 
coordinate x Q . 

T 3 (X Q ) = Y with coordinate (ex Q + f), 

(T 1 (T 2 ))(Y) = Z with coordinate (ac)(ex Q + f) -j;$(ad + b). 

So ((T 1 ( ; T 2 ))T 3 )(X 0 ) » Z with coordinate (ace"Jx 0 + (acf + ad + b). 

Now (T 2 (T 3 ))(X 0 ) = y with coordinate v ^ (ce)x Q + (cf + d), 

T X (V) = "Z* with coordinate a£(cejx Q + ('cf + d)) +.b. 
So (T 1 (T 2 (T 3 )))(X Q ) = Z* with coordinate (ace)x Q + (acf + ad + b), 
therefore Z = Z f since both have the same coordinate which means 
T X (T 2 (T 3 )) = (T x (T 2 )yT 3 ), 

'Jto show that the set of linear transfoxmalipnts of a line has an identity 
with respect to composition, consider line (3F and the transposition I 
such that 'l(X) = X, J is given by the coordinate equation 
l(x) = x = l'x + 0 so I is a member of the set of linear transformations, 
1?his J is an .identity. By the definition of I we know 

(I(T))(X) = I(T(X)) = T(X) 
(T(I))(X) = T(I(X)) = T<X) 
so I(T) = T(l) = T ' 

Suppose I* were any other identity, 

Shen I' (J) » I(I') = I since V is an identity, 

%xx% 1(1*) «= I* (I) m V Since J is an identity, 

Therefore . I* = I which means I is the unique identity. 
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6, To show that each element on the set S of linear transformations of 
the line has an inverse with respect to composition, let T be an 
arbitrary element of S*T(x) is the point Y such that y = asc + b, 
b £ 0. 

If there were an inyerse . if to T we would have to have 

T" 1 ^) = T(T" 1 ) = I. s " 

There vould have to be numbers . c / 0 and d, such that for all points 
S, with coordinate x, 

c(ax + b) + d = a(cx + d) + b = lx + 0, 

'This requires cax = acs = lx * (l) 

cb + d = ad + b = 0 (2) 

Since a / 0 we can choose c » i f 0 to satisfy (l) and then 

1 

d *= -b along with c = - , y - b will be the inverse of T ; and 
is a linear transformation, 

7, We exhibit one counter example to show that composition i^ not commutative. 
Consider 

T, : T, (x) = Y, y = 2s * 0 I":" i« veoA 
1 1 "defined by"] 

T 2 ; T 2 (JC) = Y, y = 1.x + 1 
T L (T 2 ) : (T L (T 2 ))(X) = 2(x + 1) + 0 = 2x + 2 
T 2 ( V ; * ( T 2 (T 1 ))(X) - l(2x + 0) + 1 = 2x + 1 
Therefore Tgf^) / ^(Tg). 

Suppose we require T ; ^(X) = Y, y = ax + b and 

T 2 J T 2^ = Y ' y = cx + d ^ 

to be such that = T 2^ T 1^' i * e *' a ^ cx ' + d ) + b = 

c (ax + b) + V X ♦ 

So we must have acx = cax and ad + b = cb^+ d. 

The conditions are (l) a = c = 1 and b and d any real numbers. 

(2) a ="c £ 1 and'' b = d any real number, 

(3) a, c any real' 1 numbers and b = d = 0, 
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8. Let P :.F(X) = Y, y = ax + b be a transformation. 

Case" (l)'~ a >~0V F = T(E) where E : y = ax T : y = x + b 

V X, EQO has coordinate ax, T(E(x)) has coordinate ax + b „ 

Case (2) a < 0. F = T(E(l<)) where R:y,= -lx E : y = |ajx T :.y = x+b 

V X, R( Y ) has coordinate -x, E(R(x)) has coordinate - 
. . |a| (-x) a ax 

T(E(R(X))) has coordinate ax + b hence T(e(R)) * F. 

_ * 

Exercises S2-2b 

1. Let the points be R and S. We may assume r < s. The ratio of two 
non-zero numbers is positive if and only if both numbers have the same 

sign, r < s means r - s <0. Therefore > 0 if and only 

if r* - s* < 0. But we have r* - s r < 0 if and only if r* < s* 
which is the condition that the coordinate change be order preserving. 



Similarly.* < 0 if and only if r 1 - s 1 > 0 which is true if 

r - s 

and only if the coordinate change is order reversing. 

2. The coordinate change f determines an equation of the form 

f (x) = x* ss ax + b. From r 1 = ar + b, s 1 ~ as + b.- We find 

r* - s* , rs 1 - r*s 
r - s ' r - s 

(a) f' includes a contraction, if and only if 0 < a < 1 which is the 

r t . s t 

condition 0 < < 1. 

r *■ s 

(b) *f includes a contraction and reflection if and only if -1 < a < 0 

r 1 - s 1 

which is the condition -1 < < 0. 

r - s 

(c) f includes an expansion if and only if a > 1 which is the 

r 1 - s 1 ■ 

condition > 1. 

r - s 

(d) f includes an expansion and reflection if and only if a < -1 

which is r ~ S < -1. * 

r - s . . . ' 

3. The coordinate change f determines an equation of the form f (x) = ax + b 

pt - n* t>a* - p*cr 

From p* = ap + b. q* = aq + b ve find a = — , b = " — -. 

* P - Q ' P-q 

o 

(a) f includes a translation if and only if a = 1 which is the 

condition p * ~ q = 1 . ' m 
p - q 

(b) f includes a .reflection if and only if a = -1 which is the 
condition P ~ ~ j = -1. " 
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We wish to show that the intrinsic coordinate systems are identical to 
the coordinate systems whose defining functions have the form** 
x 1 = x + b -or x ! = -x + b with b any real number. 

Pick One intrinsic coordinate system, call i*s origin *Pg and refer to 
it as the P Q - system. 

Consider any other intrinsic coordinate system (one having the same unit 
length) with origin P^ and the same positive direction. 



P 0 P l 



x < y if and only if X is left of 



P Q -system 0 .P^ x* < y 1 if and only if X is left of 



new system P' 0 0 



So d(P n , P.) = 0 - P* = P. - 0 since unit of measure is the same. 

Solving P 0 ' = a-0 + b and 0 = a»P^ + b we get x 1 = x + (-P^). 

So this (intrinsic) coordinate system has defining function of the form 
x f = x + b relative to the P Q -system. Conversely for any equation 
x 1 = x + b we car^ find the intrinsic coordinate system whose origin 
has P Q coordinate (-b) and the P Q positive direction. 

Similarly we establish an identity between coordinate systems with 
positive sense opposite- to that of the P Q - system and systems with defining 
functions x f = -x + b # 
Notice 

*0 r l 



P.-system 0 P_ x < y if and only if X is left of Y 

u i 9 

new system P f Q 0 x' < y 1 if and only if X is .right of Y 

d(P Q , P^) is p^ - 0 in P Q -system, but p f Q - 0 in system with opposite 
positive sense. 

5 2 2 1 2T 2 1 2 2 3 

, I I I I I I I I I 1 I 1 I 1 1 I I I 1 I I I 1 1 1 1 1 

1 -i -| -1 -2-h 0 h 2 1 | "J | 

3 2 3 3 2 3 images 

t 

6. (a)- Domain of F(G(H)) = domain of H = {w:w is real} 
Grange of F(G(H)) =: [z:0 < z < 1} 



'I'ransformation p(,Ci(H)) ia into the line, not onto. 

It is one-to-one, .. * 

(b) o . . 2 I.. 0 -I -2 .. -a - Pre-iraages 

J\cx& ' i ' • | | | | .99^> 1 ' images 

(c) The cardinality of. the interior of a segment is the same as the 
cardinality of the line, 

?• (a) .Jtomain D{B(P)) - (w : w is real} 
Range = [z : 0 < z < 1) 

- * D(e(f)*) maps the reals, into but not onto the reals. 
It is one-to-one, - 
(b) ljie cardinality of R is infinite, 

8, Let the coordinate chance be given by x 1 = ax + b, 

x n r» s« * (ar + b) - (as + b) a (r - s) (b - b) r * s 

The operations are Justified since r / s and a / c so that 
r - s / 0 and — = 1, 

«-* ' 

This may be obtained from the change of coordinate formula., or^ using 
Problem 8, from ratios' of directed .distances (letting A = P, 
B = R - Q, C = S), 

* N b-a' v b-a' 

11, Let £ be a linear transformation of the line into itself such that 
for two distinct points X and Y, f(X) and f(y) = We. , 
wish to show that fqr all points 2, f (Z) =5 Z, 

f (X) = X and f(,Y) = Y yield coordinate equations 
x ~ ax + b and y » ay + b 

which implies a = 1 and b = 0, So for any point Z with coordinate 
2, t{z) has coordinate 

- 1 * a + Q - 2, 

So, f keeps all points fixed* 
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Supplement D o 
(Supplement to Chapters 2,3,8) 

POINTS, LINES, AND PLANES - 

In this chapter the student will face many problems arising 'from the re- 
lative positions of points, lines, and planes in space. Among these are the 
measurements of angles and distances, matters of parallelism and perpendicu- 
larity, and questions of incidence and separation. 

Various schemes and devices are suggested as being appropriate in certain 
cases, but in the last analysis we believe that a student should not be told 
too much. He has many tools; therefore, he should be encouraged to find his 
ovn solution for any given situation* 

Here is where a student begins to need some facility with determinants. 
There is help in Appendix A* 

If the equ- tion of a line is written in the form ax + by + c = 0 , then 

f 

the equations 

ax 1 + by.^ + c = 0 ^ 
ax 2 + by 2 + c = 0 
ax^ + by^ + c = 0 

may be considered a system of 3 linear homogeneous equations in the 3 un- 
knowns a , t , c . Equation (3) in the student's text is the necessary and 
sufficient condition that there are non-trivial solutions of the system. 
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Exercises D-2 

(a) collinear (*b) k « 46.5 (c) |"bc - ad| (d) collinear 

ac; rac; ac; -ac; yes;* no. The direction of traverse of the triangle 
affects the sign (positive for counter-clockwise, negative for clockwise 
the vertex- at whicji one starts does not. ** 

Consider the triangle with vertices Pj B (^yj) j i 8 1 » 2 , 3 • 

know that the area 'is 



x i y i 1 

X 2 y 2 1 



i.e. absolute value of determinant 



X3 y 3 

= I |3t L (y 2 - ,y 3 ) - x 2 (y 1 - y 3 ) + x 3 ( y]L - y 2 )| 

= - Xl y 3 - x 2 y ] -+ x 2 y 3 + x^ - x 3 y 2 | 

= 11(^2 - XtfJ + (x 2 y 3 - x 3 y 2 ) + (x^ - x^)] 



4 
(a) 



< 



*1 y l 




X 2 y 2 




X 3 y 3 


X 2 y 2 


+ 


x 3 y 3 


+ 


h y i 



-2 11 
2-2 1 
6-5 1 



-2(3) - 2(6) + 6(3) = 0 



(*) B - A = [4,-3] 1 C - A = [8,-6] 
Hence B - A = |{C - A) 

But AB is parallel to the line of B - A , and 

AC is parallel to the line of C - A which is the line of 
B - A . 

so 3b coincides with AC • 

(c) &(A,B) = 5 , d(B,C) = 5 d(A,C) = 10 

By the triangle inequality, this implies B lies on / AC . 
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If lines j Ig i meet ill a point (x^y.^) , 



then 



a 1 x 1 + b 1 y 1 + o 1 *d * 

- " *3 k l + Vi + c 3* 6 4 

This system of three linear equations in the two unknowns U^y^ has a 
Common solution only if the determinant of the Coefficients is fcero; this 
condition is Equation (3) in the student's text. 

it might he worthwhile to place considerable emphasis on the idea of- 
families * This concept will appear later in connection with curves in the 
plane and in space* < 

« 

» > 
Exercises D-3 

li (a) No (b) Yes, (0 No, (the lines a*e parallel) 

' . 2* (a) k 

(b) k 3 + **k - 16 = (k - 2)(k 2 + 2k + 8) = 0 ; real value, k = 2 * 

3* General foam, 3x - 2y + 5 + n(x + ' ky - l) = 0 

* (a) 21x - 28y + 1*3 = 0 
. (b) ikx + 21y + 6 = 0 

(c) kx + 9y = o 

Cd) 5x - 22y + 19 *= 0 # 
(e) x - 3y + 3 = 0 

9x - 3y^ + 8 « o 

5* This exercise may be done in a variety of ways* If students use the , 
methods in this section, some of the following may be useful in checking 
their work 4 * , 

(a) Centroi^ ,|) 

6rtH6cei/£er, (0,* 

(e) (ftrcut. rter, (^,£±22.) 



(d) -Evaluate determinant in (3) of text by factoring out 



a + c 



from 



r ' ^ 

P 1 i ^ frpn| Cg , multiplying elements *pf Rg by - ^ and 
adding to* elements of .R^ * 



0 


-ac 


a + c 


b 




3 






a + c 


b + ac 







a- + o 
6b' 7 6b 



ft + c 

36b 2 " 



-6ac 



db 2 



3b 2 


+ 3»c 1 




1 




2b 2 


1 




3ac 


1 
2 





3~V{~2)(3ac - 3ac) 
36b 2 ■ 



(e) Yqb, because by appropriate chPice of coordinates any triangle can 
have vertices with, the coordinates given for A,.B , C . 

Consider trappzpid ABQP and choose QoprdJ.nate system so that A = (a,0), 



B * (b,Q) , C = (0,c) , ,P = (d,p) 
cx + (b « d)y •* be = 0 , Joining 
midpoints of bases j.s the line 
2cx + (a + b » d)y - (ft + b)c » 0 



C b * d 

2c ft + b d 



"ftp 

* wbc 

♦ (a + b)q 



= 0 



The diagonals are cx + ay - ac » 0 > 
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The subject matter of this course can be grouped and developed in -various 
ways. Although we have used some of the contents of this section in earlier 
sections, we how consider, in a ntore systematic way, the general topic of. in- 
tersections and parallelisms. * 

We make .extensive use of determinants, with which we assume some reason- 
able familiarity. An appendix presents a brief -treatment of the topic, vhich 
was considered too algebraic to be part of the text. . Matrices .also, would 

' have facilitated our development, particularly the concept of tfte^rapk of a 
matrix, andj an augmented matrix; but' these ideas were considered to be too far 
afield from; our central theme, and so do not appear, even in an appendix. * 
Teachers, and interested students" a.re referred to the SM3G text on Matrix j 
Algebra, or jto any of the recent elementary texts on matrices ^ We recommend 
strongly that students be encouraged to gain some competence in those aspects 
of matrix algebra which apply to the present -content, and perhaps prepare oral 

.or written reports on these applications. 

Authors > as well as students and teachers, are not pleased with pages 
that seem overloaded with letters and subscripts. However, in three dimensions 
equations of lines and planes do require igany symbols • We choae to use fewer 
letters with different subscripts, rather thftynany different letters, be- 
cause we felt that, with a bit of effort, the patterns of relationships, could 
be more easily seen. Students should be encouraged to see these patterns, and 
to try to extend them to -corresponding situations in higher dimensions, where 
subscripts become more significantly necessary. We have avdided here, and 
generally throughout the text, the use'-of 2 notation. If students have the 
proper background and ability, they migjit be encouraged to 'state, as far as 
possible, the results of this section that could be generalized to n dimen- 
sions, using whatever symbolism they think most appropriate. 



. ... Solutions 'to Exercises D-U 
1. (a) parallel . « \ (d) skew 



(b) skew . -(e) skew 

(c) skew \ ' ( f ) skew 



(a) 



(b) 



y = 2 t 
I* 

•z = 3 - 2t • 

x = 1 -"6t 
y = 2 + 2t 

i>.= 3 + Ut * v 



(c) 



(d) 



l + 3t 

y «J2 V - St 
,2 = 3- 8t 

x = 1 - 3t 
.y 'a 2 + Ut 
z = 3 -'6t 



3; (a) M 1 : hx + l8y - 3* - 3 1 * = 0 
/ : hx + l8y - 3z - 69 = 0 

1 -(b). : lUx + 2Uy + 9z + 69 = 0 
J M*^ : lkx + 2Uy + 9z - 35 = 0 

4 vi 

U. (a) '* Ux + l8y - 3i - 3** =*0 : 
(ll) lUx + 2Uy +.9z -35-0 

5 * (a\ • 2x - -8y + 7z = 0 
\ . n 

(b) \ llx + 9y + 12z'= 0 

(c) V 22x + y + 8z = .0 

(d) \3y + 2z = 6' 4 



Note ^ || L 2 



6. (a) goes over 

(b) goes over 

7- fit LA goes over and goes over 9 then it is sometimes g ^P*** 



(c) Iv> goes under 

(d) goes under 



that 



goes over L 



8. It is false that if L A and L^v are distinct, then L A goes over Lg 



or 



;oes over L A 



Consider the lines L. 



2 . 



It is never the case that P^ on. and Pg on' Lg--have the sama 
-xr coordinate, *hencef one criterion is never met. 

9- (a) [1,0,2]. + t[5,ll,7] = [x,y,z] 

(b) ' [0,-11,-17] + t[l,7,7] = [x,y,z] , . 

(c) [1,-1,0] + t[5,8,l] = [x,y,z] 

.(d) [3,2,U] + t[7,l,5] = [x,y,z] v; 
'.(e) [1,-3,1] + t[5,2,.U]/= [x,y,z] ^ ( 

.(f) [-5,-1,-6] + t[8,2,7] = [x,y,z] 



* V .v rll 11 19! 

10. (a) i^^tp 
* , * ~ r 2 * -11 li 



/l^ 



(a) (3* > -y) 

11, (a.) 3x - 2y + a = 

("b) 2x + y *• 3z = 6. 

(c) x -t 3y - 2a = 0 

* (d) -8x + ,y + 2z - 0 

(a) l^TP/g-J 

ft) 4**1 



<•> 1*8.81 

(d). t^,^,6] 



13". 



x a.^ + i x t 
y = + 



(X = Sg + igt 

y = b 2 + ngt 



Jj^ arid Lg -are coincident if and only if 

0 



h '*2 



m l ro 2 



ancl there exiats an' such that 



a l - a 2 & Z s 0 



Note 5 !Riis is equivalent to the existence of -a t^ such that 



1*2 ' & l J l*0 
*2 " *1 ™1 *0 



= 0 . 



1^ and ai3 parallel if and only if 



ro l m 2 
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and there is no s Q such that 



a l a 2 *2 s 0 
b l " \ ^2 S 0 



0 i. 



and Lg intersect in a unique point, if and only' if 

! \ ' 

/0 



1 2 



m 1 m 2 



j It is traditional to talk about the angle "between two lines, "but present 
standards of precision require that we take account of the fact that at least 
four angles are formed when two lines intersect* These angles can "be distin- 
guished in a- diagram "by various methods, but all of these methods must induce 
a sent • along each of the lines* We indicate explicitly in the text that 
such a sensing must underly any method of distinguishing these angles analy- 
tically* 

It is convenient to carry through the development in the text using the 
parametric forms of equations for lines* We leave to ,an exercise (Problem l6) 
at the end of this section the development of some of these ideas, using the 
usual general forms of the equations of these lines, in 2-space* Students 
should be encouraged here, as in other places, in the text, to use the, corrdi- 
nate system and method of representation^ that seems most natural, and, to "be 
prepared to show the equivalence of the' results obtained in different ways* 

It is not expected that any class* complete all the exercises at the end 
of this section* We have supplied sufficient exercises to give some variety 
in assignments, testing, etc* 



(a) 


.-172° 


cos 9 


(b) 


-75° 


cos B 


(c). 


~83 6 


cos & 



Solutions to Exercises D*5 
9898 
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I 



2. fx = 3 + 3t . , , 

(a), ;y= - 5+t or y- 5 = 3-x -5 



x = 3 + 2t ' 1 " 3 

y = 5 ♦ t 0r y5 = 2 X -2 



(x = 3 - 2t -3 19 

(C) jy = 5 +3t 0r ya "2 x + # 

Lines 1^. : y + 3x - 11 a 0 - direction pairs 1^ = [-1,3] 

L 2 :'y'+ 2x - 5 = 0 L 2 = [-1,2] 

Bisectors ^ : (3 - 2V£)x + (l - v£)y -.11 + 5^ = 0 B 1 = [1-^2,-3+2^2] 

B 2 : (3 + 2/2)x + (1 + /2)y - 11 - 5^2 = 0 Bg = [-l-/2,3+2i^2] 

Let . 8 be one angle determined "by L^ and ■ B^ 
<J> "be one angle determined "by L^ and B^ 
Since L^ , 1^ and B^ are in the same quadrant we can be sure that 
cos 9 = cos <t> implies that Jq . 

A B 2 T L l 10 + 7& 
cos 0 = . 



A B 2*' L 2 f + 5^__ 10 + 7^2 
cos <t> = — — = * — = , — r 

l B 2" L 2l (/20 + 1W2 J/5 (/20 + 1W2 JVIo 

This can also "be checked by noticing that cos 0 is the cosine of half 

the angle between L- and L^ . « 
v 12 

k. (a) . P x = , 3] P 2 = § P 3 = [6 '" 7] 

(b) Alt. from P 1 = [^,3] + t[3,l] line through P 1 J[ L x 
'Alt. from P 2 = [-^>-Jj] + t[2,l] line through Pg J[ Lg 

Alt. from P 3 = [6,-7] + tL-2,3] line through P^ J[ L 3 

0 , 
5. The lines are parallel. Therefore, 0 = 0 f \ .* ' 



4«9 
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A, . 



6. . v 
(a) 

" (b) 

■•>) 

7. (a) 
(b) 
(c) 

8. ( f 

(c) 

9- (a) 
(b) 
(c) 

10. (a) 
(b) 
(c) 
(d) 
(e) 

- (f) 

11. (a) 

(b) 
(c) 

12. (a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 
(i) 



arccos * arccos 0.l6l « 80.5 0 and 99.5 0 

•/15S 

arccos (^) 2 l8o° - arccos ( 0.786) = and 38.3 C 

arccos (=—-) z l8o°- arccos (o'.65U) s ^q 0 and 50° 
v .5^ »• 



[x,y,z] = [1,2,31 + t[a , 3a - 2c , c) 
U,y,z] = [1,2,3] + t'[a , a + 3c , c] 
[x>y,z] = [1,2,3] + t[a ,3c - 2a , c] 

\ : [x,y,z] = t[0,3,l] 

N 2 : [x,y,z] = tn,lAl 

N 3 : [x,y,z] = t[^,ll,2] 

-3x + y + 2z - 10 = 0 
x - y + 3z - 19 ='0 
2x+y-3z+10=0 

5x + lly + 2z - 51 = 0 
o x + y + z- 9 = 0 
5x + lly + 2z - 53 = 0 
3y + z - Ih = 0 
x + y + z -7 = 0 
3y + z - 10 = 0 

86° and 9 1 * 0 

69° and 111 0 

60° and 120° 

7x - y + llz - 55 = 0 
x + 3y + 0z - 11 = 0 
3x - 12y + 7z + 2 = 0 
-8x + 7y + 5z - 62 = 0 
x + 7y + 2z - 35 = 0 
3x + Oy-s-7 = 0 
2x-y. + z- U = 0 
x + 13y + 5z - ^7 = 0 
3x - 3y- + z - 1 = 0, 



for any a and c not 
both zero. 



4 / 0 



13 «• (&) 5x - 7y - Hz = p 







> 






. (c) 


X '+ £ - Z = C 


* 


- t 




Iki (a) 


2i 


* 

(d) 29«2 


vg; 




(D) 


25.3° 


(e) 53*6° 




k 


(c) 




(f) kOik° 


(1) 


21 


i5* " . ' 


with x-axis 


y-axis 




z*sxig 


v (a) 


32.3 d 


53.2° 




15.5° 


(*) 


53*2° 


i5<5 6 1 




32,3° 


■ (?) 




32.3° 




53-2° 



1<>« Cos = 



*i a 2 + Va 



/ 2 7 - 2 / 2 iV 2 



c/ " 



/ 

/ 

/ 



0 



Supplement to Chapter 7 



1. (a) 27° 
(b) 60° 
. (c) 22.5 C 



Exercises S7-6 



(a) 36° 

(e) 3P° 

(f) 6 3 ° 



2: (a) X 2 + 1+Y 2 = k . ' 

. rotation through 1+5 C 
ellipse 



(c> 2X 2 + Y 2 = U 

rotation through 30 c 
ellipse 





y 


\ 

\ 

\ 

\ . 
\ S 

/ \ 


z / * 

/ / 
/ / • 


/ — ? 

, / / 




M\ / 


^ \ 


/ — 

« « / 
" / 


\ 

\ 

\ 


/ 


\ - 

\ 




(b) X 2 + 4Y 2 = 4 



rotate J+5 ! 
translate X = x + V 1 ? 
ellipse . 



(d) 2X 2 + Y 2 = 1 
rotate © = 45 
translate X = x + v£ ■ 
ellipse 





\ 
\ 



U75 
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(e'Y lOC 2 - 8Y 2 = 
' rotate ^5*" 



99 



translate X = x - 3^2 , 
Y = y 



V5 



(6)^-^ = 1 

rotate 1*5 9 

, translate X = x , Y = y + 

\ 

hyperbola 

\ 



hyperbola 





y ! 


\ 




\ 

\ 

\ 

> 












1 A 


* 4- \ X 

\ 



\ 



\ 




yx 




Exercises S7-7a 

Given that x 1 = x *+' h 
and y 1 = y + k 

and hx 2 + y 2 - 8x + ky + h = 0 " 

Find h and k such that the first-degree terms vill be eliminates. 

hx 2 + y 2 - 8x + ky + k = 0 (l) 
x = x* - h 

y = y» - k - : 

Substituting in (l) and grouping terms, ve find that the transformed 
equation is 

hx! 2 + y« 2 + (-8h - 8)x» + (-2k + h)y t + (hh 2 + k 2 + 8h - Uk + h) 
Solving simultaneously 

-8h - '8 = 0 ( h = -1 

-2k + U = 0 k=2 0 

The transformed equation becomes 



(a) &c wlixy+5y - 2kx + 2ky= 0 
Translate to center (1,-2) 
8x' 2 - l+x'y 1 +5y |2 - 36 = 0 
Rotate through arc tan 2 
1+X 2 - 9Y 2 =36 




(b) 3x 2 + 10xy+ 3y 2 - 6x+22y-53 = 0 
Translate to center (-**,3) 
3x' 2 + lGx'y' + 3y |2 -8=0 
Rotate through 1*5° , 
UX 2 - y 2 = k 
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d 

(c) 7x - 2Uxy + 120x + Ihk = 0 

Translate to center (0,5) 
7x |2 - 2Ux , y l + 1M> = 0 



Rotate through arctan - 
' 9X 2 - 16Y 2 = Ikh 




( d) Ux 2 - 8xy + Uy 2 - 9^2x 7^2y +lt 

Translate to (3,3 } 

X = 2Y 2 + 2 
Rotate through 1*5 0 

Uy |2 - 8y« 2x l + Ik = 0 
" Parabola: $ = 0 




Exercises S7-7b 



Center (2,-5) Axes of symmetry (y + 5) = +(x - 2) 
Center (- j^,- ^) Axes of symmetry (y + y) = (V5T - *0(* + I 

(y = -(VTT.+ 



Exercises S7-8 

p p 
(a) Ox + 6xy + Oy +' 3x - 8y - k = 0 



A = 



0 6 3 
6 0 -8 
3 -8 -8 



= -6(-2l*) - 6(21*) = 0 



Thus .it is a degenerate conic: (2y + l)(3x - k) = 0 
Lines : 2y +■ 1 = 0 , 3y - k = 0 

(b) 2x 2 + 8xy + Oy 2 - x + l*y - 1 = 0 



A = 



l; 8 -1 
801* 
-1 -2 



= U(-l6) - 8(-l2) - 3? = 0 



Thus it is a degenerate conic: (2x + l)(x + hy - l) = 0 
Lines: 2x + l = 0 / x + l+y-l = 0 • 

2 2 
(c) kx - 5xy + 9y -1 = 0 





8-^5 0 




A = 


'-5 IS 0 
0 0-2 


= 8(-36.) + 5(10) 


Thus 


it is not a degenerate conic. 


(d) 2x 2 


- lxy - 6y 2 = 

k o -1 b 


0 


A = 


;^l -12 0 


= 0 . 




0 0 cr 





So it is a degenerate conic: (2x + 3)(x - 2y) = 0 
Lines: 2x + 3 = 0,x-2y*=0 
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2 2 
2. Consider Ax + Bxy + Cy+Dx + Ey + F = 0 

— Z — where A = 0 ■ and $ / 0 

Case 1. Suppose the factors of the left member represent dependent 
linear, equations. Then we could" write the left member las 
(Mx + Ny + P)(kMx + kNy kp) = 0 where k / 0 . 
— ^-^^-But then we get 

~ * k^x + 2kMNxy + kfl 2 * 2 + 2kMPx + 2kNPy + kP 2 = 0 

- (2kMN) 2 =.0 which contradicts our hypothesis $ £ 0 

Case 2. Supposing the factors represent inconsistent equations, we 
get .that 

(Mx + Ny + P)(kMx + kNy + hP) = 0 for k / 0 , h / k . 
But again this implies that $ = 0 contrary to our hypothesis, £ f 0 

2 2 
> 3. Consider Ax + Bxy + Qy+Dx + Sy + F = 0 



where 



and 

Then 
or 



2A ) B 
B 2C 



2A* B 
B 2C 



D 

E 
2F. 

= 0 . 



2F - 2(2AE.- BD) + D(BE - 2 CD) = 0- 



-2AE 2 + BDE + BDE - 2 CD 2 = 0 
-2AE 2 + BDE = 2 CD 2 - BDE = 6 



Expression (5) is (3 - hkC)x + 2(BE - 2CD}x + E - hCF 

£ = iiAC - B 2 = 0 rmakes the coefficient of x 2 vanish. 
It remains to show tji&t the coefficient of x is '0 . 

From A = 0 and B 2 = hAV ;e get . 

0 



-Al^ + BDE - CD 2 



Multiply by -hA and use B = hAC to get 

; * 0 = hA 2 ? 2 - UABDE + 1*ACD 2 

; - 0 = h(AE) 2 - MAE)(5D) +.i*(BD) S 

0 = (2AE - K)f . ■ - 
Hence s BD - 2AE = 0 which comp3etes the proof. 
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Exercises S7-10 



1. 8x 2 - 12xy + 17y 2 '- 20 = : 0 

$ = hOO A = -16000 ; 

i lk" 
Rotate through ^ arc tan 



X 2 + » H 



ellipse 



\ 

\ 
1 

\ 

\ 




14- X o 



3. 5x - 6xy + 5y - + l6y +/8 

Translate h = i ,',.k = -1 
Wien rotate through U5 



X 2 + 4Y 2 = 1» 


ellipse • 




V 


• /x • 




/ 

/ 




/ 

/ 


I y ^ 


/ ' .. 


/ — 

/ 

, . / 


\\ x 

\ 


/ 

/ 

/ 


V 

\ 

\ 


/ 


N 

\ 



2, 



3x 2 + 12xy - 13y 2 - 135 = 0 

*f '= -300 A = 8lOCb 

1 1 3 
Rotate through ^ a ^ ctan ^ 

x 2 - 3^f = 27 / 
hyperbola . 




k. 9x 2 * 2Uxy + l6y 2 - 26x - .15y 
$ = 0 A = -8750 

Rotate through arccos J „<• ^ 
Y 2 . X 

parabola 




o p , p p * 

5. ?x - 2Uxy + l6y + 6ox - 80y + 100 = 0 7 . 5* + 6xy +5y - l6,x - l6y+ 8 = 0 
• f .» 0 & = 0 J 1 = 61* A = -1021+ 




47^ 
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9. 12x 2 -7xy-12y 2 -Ulx+38y+22=0 U. 9x 2 - 2l*xy + l6y 2 + 90x . 



8 = -625 A = 0 

\ • 4 , 1 t» 

Rotate- t" rough arccos 



5V2 



Translate X = x — > 



r- ■ 



(X + Y)(X - Y) = 0 
Intersecting lines 



S = 0 A = 0 

Rotate through arccos" 

Translate X = x , Y = 
.(Y - 1)(Y + 1) = 

Parallel lines 



12Qy +200 

k f 
5 ' * 

y - 3 
0. 



/ 




\ 

\ 

\ 

t v>/ 


7 

/ / / • 


s x 


— « 




\ 

\ 




\ 

\ 



10, 



13x + U8xy +27y + UUx +12y -77 = 0 12, ibxy + Ux - 15y -6 = 0 

$ = I900 a ^ -196200 J = .100 L = 0 

3 . Rotate U5r f 



Rotate arccos , 



Translate X = x + | , Y = y + ^ 



Translate X = x - 



£1^ 




1- y +^ 

(X + Y)(X - Y) = 0 T> 
intersecting lines 



6 ' 
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Supplement to Chapter 10 

o 

GEOMETRIC TRANSFORMATIONS 

In a sense, this chapter can be thought of as a review of the early 
chapters. It is essentially a summary of the various treatments of transforma- 
tions, out now they are "observed from a more sophisticated point of view. The 
concepts of mappings and groups constitute the background for the discussion. 

. The writers would be^interested in knowing how the teachers feel about v 
including this .type of material and also, if it is included, whether it should 
come earlier in the presentation— perhaps even near the front of the book. 



/ 



' - • Exercises S10-2 

1 # The reflection about the x = 1 Une is (x,y) — **(x f ,y f ) = (-x-k2,y) . 
The reflection about the x = A line is (x',yM — *(x",y u ) = (-x'+8,y* 
Taking x = 1 then x = k .we get 



x + 6 , V = y 



.Taking- x = V then x = 1 we get 



-x' *2 = -(-x + 8)" + 2 



So they don*t commute. 
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, 2. Mapping of- reflection about x = h 





(x > y)-*(x* > y» l f = (-x + 2h, y) 


Mapping of reflection about y = k 


_© _ 






,-y + 2k) 


Two successive reflections about horizontal lines: 


(x,y)-— U',y«) 


« ( 


x, -y + 2k) , (x«,y» 


)— ► (x", : 


x" = X* = x 
y M b -y* + 2n 




. x" = X 
y + 2(n - k) - y ,! 




Two successive Reflections about vertical, lines: 


« 

(x,y) ^ (x^y 1 


) « 


(-x + 2h,y) , (xV 1 


)— (x», 


x" a -x* + 2m: = 

y' 1 = yt = y 


x + 2(m - h) = x M 

r = y 




(x,y) — ^ (-x^y 1 


) = 


(-x + 2h)y , (x«,y») 


— «-.(x">y' 


x" = x* = 
y ,f = -y* + 2k 




-x + ah = x ,f 

-y + 2k = y" 




The mappings in 
The mappings in 


(3) 

w 


will commute only if k = n 
will commute. « 



Exercises ' S10-3 
1« Suppose they have the rotation 

= -q> + 2(e 2 - e x ) 

r" = r 
'Then ^rewrite 

<t>" = 26 2 - (20 1 - 9 ). 



Then let r = r* and 20^ - * = <J>* and ve have <j>" ■ 20g - 4)* , r" 

Then ve see that the rotation is the product of the line reflections 

Cr,*) — *• (r» > <t l «) = (r,20 x - <j>) and * 
(r»,*»)-~(r>>") = (r',20^- *») 
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2. Kfa vhere R m : (r,o) — ^ (r«,*«) = (r,2S ? - o) 

\ : (rSo')-^(rV) = (r',2^ - *«) 



<t>" = 2e 1 t - <t>* 



r" = r 



r = r 



Exercises S10-*T - 

1. (x,y) — (x f ,y f ) = (ax + by, cx + dy) vhere ad - be £ 0 

Nov solve for x and y in terras of x f and y 1 • 

„ cx* - ay* , dx* - by* 

Then y = — r -3— and x = — ■= r^— # 

• - be - ad ad - be 

Nov substitute these into the line kx + jgy + m = 0 and ve see that 

kdx* - kby* + jjcx 1 - ^ay f + m = 0 ' 



or 



(kd + jgcjx* + (-kb - 4a)y* + m = 0 



vhich means that any transformation of the group in Theorem. S10-3 will 
inap a line into a line, * • 

2. (a) (x,y) ^-*(2x,2y) 



/2x 



2y 



x* 2 ij y* 2 = h(x 2 + y 2 ) so the circle x 2 + y 2 = 1 
• 2 

maps into x 1 +*y ,c - = 4 • 



(b) ,(x,y) --^(2x,3y) 
x* = 2x , y 1 = 3y 



12 2 2 

+ ^y t =1 so the circle x + y =1 



(x,y) 



x +y =^x 

12 12 
maps into the ellipse ^x * - + — y * =-1 

•(xSy 1 ) = (x + y , 2x + Sy) 
x + y , y* = 2x + 8y 



Consider the point a , 2a on 2x = y , then a = x + y and 

2a = 2x + y so all points mapped into a point on 2x = y satisfy the 

equation x + y- a = 0. This is the equation of a line. 
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Show that the angle is preserved between two line§ through the origin . 
under z — z f = kz . 

Let z = r(cos Q + i sin 0) , then let be r(cos + i sin 0^ and 

L 2 be r(cos G^ + i sin 0 2 ) • Now the angle between L g aixd 1^ will 
simply be |8g - • Under the mapping — *- L^ 1 where* is 
Kr(cos 0^ + i sin Q^) and — L^ 1 where L^ 1 is 

«Kr(cos 02" + * sJ,T1 ^2' * ^° We See ^ e an £^ e between I»^ f a S aJ - n 
equals (©^ " ^1 • Therefore the angle is preserved* 

Discuss z - z* = ~ 
z 

,.1.1 x - iy 

2 = X + ly , — = Z* = ; — j — = — r ~ 

. ' 2 x + 1 y x 2 + y 2 

» 

X -V 

so x* = — g — ^-g and y* = — g — — g in non -linear coordinates. 

— - x + y . x + y 

\ 1 2 2 1 * 

Then the circles (x - r) + y = - — o are niapped onto x* = k and the 

* Uk 2 

2 12 1 

circles^ x -+/(y + ?-) - — y are mapped onto y* = k . 

k l*k 2 

o o 

2 2 x + v 1 
Also we have x* + y* = -^-g |-g = -g g > hence the circles 

(x + y ) x + y 

2 2 2 2 1' 

x + ^y = -r are mapped onto the circles x* + y* = ~ , in the . z* 

plrne. 

(a) It is simplest to consider this problem in polar coordinates then 

the solution is (r,<$>) — (r f ,<h f ) = where the origin is 

* r ^ 

defined to map onto the origin. 

(b) A second form would be (x,y) — (x*,y>) = ( — ^- , y) where 

x(l + oT) 

- y = ax is the iine involved. Again the origin would have' to be 
defined- as mapping onto the origin. 
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Exercises S10-5a 



R x R y 



cx:Hc :) 

(a) Reflection about y = \x 



x* = y = 0 • x + 1 • y \ 

y* -a X-~s 1 • x + 0 • y \ 

(b) Reflection about y ~x 

x* = -y = 0 • x + *1 • y l , 
yt = -x = -1 • x + 0 • y 

'Reflection in y = x 




.rotation 



t composition is 




'cOS Qr 



sin e n 



/cos e 1 Q sine iV 

sin 0 2 cos 6 2 J ' \sin Vcos ft^/ 

(cob Q 2 cos $ 1 - sin 6 2 s *n & , -sin 0^ cos $ 2 - sin cos © 1 
lcos Q 1 sin 0 g + cos Q 2 sin 0^ ^ sin © 1 sin $ 2 + "cos 6^ cos Q 2 

r cos(e 1 + e 2 ) -sin^ ■+ e 2 )\ 
sin^ + e 2 ) cosC^ + e 2 ) J**$ 

This mapping is the same as a mapping 'of a, single 1 rotation through 

43-5 - 



5. 



K = 



and 



K» 




f °l C 2 



C 3 °hj 



= k 



b l c l + b 2 C 2 



b i c 2 + b 2^ r 



b 3 c l +c 3 b U b 3 c 2 + Vu, 



hh c l + . a l b 2 c 3 + a 2 b 3°l + a 2 C 3 b i| "lVa + a lVl| + . a 2 b 3°2 + a 2 \ c lf 
, a 3 b l c l + a 3 t 2 c 3 + > b 3°l + V 3 b U , a 3 b l°2 * a 3 b 2 c li *> b 3 c 2 + W'f, 



a 3 ■ ■ 




b l V 



b 3 % 



■ c 3 c t 



°l b 2 + a 2 b UV 



.K« 



1 *2. 

a 3 b 1 + a u b 3 a,b 2 + a,^ ^ 

a l b l c l + a 2 b 3°l - *1*2 C 3 + a 2\ c 3 a l b l C 2 + a 2 b 3°2 + "lVl + & 2\% 
a 3 b l c l ■*" a li b 3 c l + a 3 b 2 c 3 + a lA°3 a 3 b l c 2 + a li b 3 c 2 + a 3 b 2 c l; + a l; b li c li 



and so we see that- r K = K* and matrix multiplication is associative. 




a ] _b 1 + a 2 b 3 



a i b 2 + a 2 \ 



=.L 



a 3 b l + % b 3 a 3 b 2 + W 



Vl + b 2 a 3 b 2 a l + V 2 



+ b^a 3 ,b 3 a 2 + b^ 



and so we see that L f L' hence matrix multiplication doesn't commute. 
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In polar coordinates 
r* a r -and 4> l = 26 - $ 




^c* = r cos (20 - $)= sscos <i> cos 20 + r sin <J> sin 20 = x cos 20 + y sin 20 
y 1 = r sin (20 - <j>) a r sin 20 cos *^rjcos *20 sin 6 = x sin 20 - y cos 20 

hence the matrix is: 



( 



cos 20 
sin 20 



sin 20 Y 
cos 20 



When $ = 0 , ve get 



which was previously shown to be a 



reflection about tRe x-axis, when 0 = ^ we get 



:) 



which was 



previously shown to be a reflection in y = x, when Q = ^ we get 

-1 <A ** 

which is a reflection in the y-axis,when 0 = -^2- we get 

which is a reflection in the y = -x-axis. 



r cos 20 2 sin 20 2 
.sin 20 2 -cos 20 2 



cos 20^ sin 20.^ , 
sin 20 1 -cos 20. 



cos 20 2 cos 20£% sAEL.2fi^sin 20 x cos 20 2 sin 20 1 - cos 20 1 sin 20, 
^cos 12^ sin 20 2 - cos 20 2 sin 26 1 + sin 26^ sin 20 2 + cos 29 1 cos 20, 



'cos 2(0 2 - 0^) 
,sin 2(0 2 - 0 X ) 



-sin 2(0 2 - 0 X ) 

cos 2(0 2 - e 1 ) 



This is the matrix of a rotation where 0 = 2(0 2 - 0 1 ) 
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Exercises S10-5b * 

cos a sin a\ / cos a -sin a\ 

sin a -cos a/ ' \sin a cos ay 

Bj Problem 7 (S10-5a) we saw that the product of two matrices of the form 
cos a «,sin a\ /cos a -sin a\ 

)• 



is of the form 



sin a x -cos a 



.sin a cos a> 



By Rcoblem h (S10-5a) we saw that the product of two matrices cf the form 
cfcs a -sin a * 



is another matrix of the same form. 



sin a -cos a 



cos a sin a 
sin a -cos a^ 



cos a -sin a 
,sin a +cos a , 



is of the form 



^sin P - .:os p y 



We see that the product 

(cos p sin p\ 
j ♦ 
sin p -cos p/ 

(cos a -sin a\ /cos p + sin p 
]• I 
sin a . cos a / > 

(cos a + p sin a + .p\ 
sin*a + p -cos a + p/- 

Hence we see that "the matrix multiplication is closed. From Problem 5 
(S10-5a) we see that the multiplication obeys the associative law,, and^ 

i 0 I • 

becc"£e is included in this set and it is the Identity matrix, 

9 0 1 

that this set forms a group. 




W + a 2 b 3 
a 3 b l + V>3 



V2 + a 2 b U 
a 3 b 2 + %\, 



Vl +a 2 b 3 a l°2 + a 2°U 
a 2 b l + a 2 b 3 a 3 b 2 + a l) b U 



? + a 2 b 3 ) ( a 3 b 2 + a,^) - ( a^ + a^) 

(a^-ka^) 

" "lVfcV a 2 a 3 b 2 b 3 " a 2 a 3 b l b U" a l a i b 2 b 3 
= a 2 a 3 )(b 1 b u - b 2 b 3 ) 





a 2 




V 


b 2 


V 




• 




\ 
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p 2 \ 

The matrix I j isn't an isometry as, the vector (0,1) — * (2.1) ana 

* V 2 1 J > - 



hence distance isnH preserved,yet the det = 1 

* / cos a -sin a 



The matrix mu*'c 


be 


of 


the form 


by ^Theorem 10-5 


• 








cos 


a 


-sin a 




sin 


a 


cos a 


i 


cos 


a 


sin a 


\ 


sin 


a 


-cos- a 



or 



sin a 



cos a 



cos a sin a 
w sin a -cos a, 



2 ' 2 
= cos a + sin a = 1 



2 2 
= -cos a - sin a = -1 



Hence tlie det of the matrix that represents an isometry is 1 or -1 



5. If 



*1 \ a 2 



a 3 %i \~ 1 then " d2& 3 * " 1; 81180 ,WG ^ aVG 

2* 2 \ 2 2 n 2 . _ 2 , 2 2 



°1 =a 3 



k- a 



= 3\ , + a 2 = 1 , a 3 2 + a^ 2 = 1 and a g 2 + a^ 2 = 1. Now, 

if the sum of two square3 = 1, the numbers can he written as sin and 
cos of some angJLe 0 . Hence we have a^ = + sin a or J sin a , 
a 2 = + cos a or\t sin a , = + sin a or + cos a-, 
% = + cos a or % sin a . Now,from these, we obviously * , 

get matrices that belong to S hut we get other as well: ' , ' 

"a 3 = + sin a or t cos a , 5 + cos a or t sin a. . Now from these ' 
we obviously get matrices that belong to S but ve get others as well: 
cos a sin a\. / cos a sin a \ / sin a cos ? ,a \ /sin- a cos a*^ 



sin "a cos a/ V-sin d cos a 1 * 



sin a -cos a 
cos a sin a /' 





cos a- -sinGiy 



and 



cos a Sir |j a 
'>sip a cos a \ 

t I • All of these cases can be 

w cos a sin a / 



reduced to members of S by letting a =* -P , a = p + "| or a = p + 3 

- * 

Hence, these conditions are enough to make the matrix helong to S . 



1. 
2. 
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Answeraf^t^en in r t4xt 
Answers given in text' 
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Exercises S10-6 
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1-1 Reflection in x-y plane ^ " 

1-2 Reflection in y-z plane " * % . 

1-3. Reflection in x-z* plane 
T-k' Identity - 

1-5 'Reflection in plane through a-axic vith h$° to .y-axis 

1-6 Reflection in plane through y-axis with ^5° angle to z-axis 

1-T Reflection in plane through z-axis with h$° angle to x-axis 

o 6 ° ' 

I-o Reflection in plane through x-axis with 135 angle to y-axis 

1-9 Reflection in plane through y-axis with 135° angle to z-axis 

I-1'O Reflection in plane through z-axis with 135° angle to x-axis 
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